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PEEFACE. 



This Text-Book haa been written expressly for Second and 
Third Year Students of Applied Mechanics. It, therefore, 
forms a suitable companion to the Author's Text- Book on 
Steam and Steam Engines. It also forms a direct continu- 
ation of his Elementary Manual on Applied Mechanics ; 
for it 'overs the Advanced Stage of the Science and Art 
Departments Examinations, and treats on many points 
-demanded by the Honours Section. It will, moreover, be 
found of considerable use to those who aim at passing the 
Advanced and Honours Stages of the same Examinations in 
Machine Construction and Drawing, as well as the Exam- 
inations of the City and Guilds of London Institute in 
Mechanical Engineering. At the same time, the treatment 
•of the subject is sufficiently general to satisfy the wants 
of other engineering students who do not happen to have 
these Special Examinations in view. 

The book has been divided into six parts : — 

I. The Principle of Work and its Applications. 
II. Gearing. 

III, Motion and Energy. 

IV. Strength of Materials. 
V. Graphic Statics. 

VI. Hydraulics and Hydraulic Machinery. 



VI PREFACE. 

Parts I. and II. are now issued together as a First 
Volume. These two parts consist of Nineteen Lectures 
under the following general headings: — Definitions of 
Matter and Work — Diagrams of Work — Moments and 
Couples — The Principle of Work applied to Machines — Fric- 
tion of Plane Surfaces — Friction of Cylindrical Surfaces 
and Ships — Work absorbed by Friction in Bearings, &c. — 
Friction usefully applied by Clutches, Brakes, and Dynamo- 
meters — Inclined Plane and Screws — Efficiency of Machines 
— Wheel Gearing — Friction Gearing — Teeth of Wheels — 
Cycloidal Teeth — In volute Teeth; Bevel and Mortice Wheels 
— Friction and Strength of Teeth — Belt, Rope, and Chain 
Gearing — Velocity-Ratio and Friction of, and Horse-Power 
Transmitted by. Belt and Rope Gearing — Miscellaneous 
Gearing. 

Great stress has been laid on principles, definitions, and 
uniformity of notation and symbols. The explanations, 
illustrations, and examples are such as will enable students- 
to apply leading principles to practical work. In most 
instances direct reference has been made by footnotes to 
the latest and best books and to papers read before the 
leading Engineering Societies at home and abroad. 

In every part of the subject a number of examples have 
been fully worked out, and at the end of each Lecture 
a series of carefully selected questions has been arranged in 
the precise order of, and relating solely to, the subject- 
matter of the Lecture, so that teachers and students may 
have a minimum of trouble in finding suitable examples. 

The Author has to thank many of his old students 
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and friends for their kind assistance in connection with the 
production of this book. 

Great care has been taken to avoid errors, but if any 
should be observed by readers, the Author will be glad to 
have them pointed out, and to receive any suggestions 
tending to increase the usefulness of the book, 

ANDREW JAMIESON. 



The Glasgow and West of Scotland 
Technical College, 

Septemherf 1895. 
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Applied Mechanics is that branch of applied science which 
explains the principles upon which machines and structures are 
made ; how they act, and how their strength and efiS.ciency may 
be tested and calculated. 

In this treatise, we shall be chiefly concerned with the appli- 
cation of mechanical laws and principles to the determination 
of the equilibrium of machines, when acted on by forces; the 
transmission of power by machines and fluids ; the stresses in, 
and the stability of, structures in general. 

Although the student is expected to possess an elementary 
knowledge of the subject as far as it is treated in the author's 
Manual on Applied Mechanical yet it is necessary to define, and 
explain briefly, in their respective places, the more elementary 
terms which will be used in this book. The student should not 
content himself with merely learning by rote the definitions 
herein given, but he should first get a clear understanding of 
the whole meaning of the things defined, and then endeavour to 
acquire the facility of defining the terms in his own words. 

Definition.— Matter is anything which can be perceived by 
our senses, or which can exert, or be acted on by, force. 

What matter is in itself we know not, we only know it by 
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its properties, its effects on other pieces of matter, and on our 
senses. 

DEFiNiTioN.^Force is that which produces, or tends to pro- 
duce, motion or change of motion in the matter upon which it 
acts. 

So far as we are concerned we shall consider that mechanical 
force acts on matter either by a "push," "thrust," or "pressure," 
or by a "pull." 

Unit of Force. — Since force is a measurable quantity, we must 
have a unit of force by which to measure other forces. In 
this country two units of force are in use, called, respectively, 
the Gravitation Unit and the Absolute Unit. The gravitation 
unit of force is adopted by engineers ; and is used in the solu- 
tion of most Statical problems in Theoretical Mechanics. The 
absolute unit of force is generally adopted in physical investiga- 
tions ; and, also, for convenience in most Kinetic problems in 
Theoretical Mechanics. 

The distinction between these two units of force will be under- 
stood from the following definitions : — 

Definition. — An Absolute Unit of Force may be defined as 
that force which, acting for unit time on unit mass, imparts to 
tt unit velocity. 

This is the general definition of an absolute unit of force, and 
by substituting proper units for time, mass, and velocity we get 
the various absolute units of force for any system in which 
time, mass, and length are adopted as the fundamental units. 
An absolute unit offeree is, therefore, quite independent of the 
various values of gravity at different latitudes and of all other 
variable forces. In other words, it is an independent and invari- 
able unit of force. 

If the units of time, mass, and velocity be the second, 
pound, and foot per second respectively, we then get the 
following : — 

I>EFiNmo]f. — The British Absolute Unit of Force, called the 
Poxudal, is that force which, acting for one second on a mass of 
one poimd, imparts to it a velocity of one foot per second. 

Definition. — Our Gravitation Unit of Force, called the Pound, 
is the force required to support a mass of one pound avoirdupois 
against the attractive force of gravity at Greenwich sea level. 

Hence, the magnitude of a force, in gravitation units, is 
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numerically equal to the mass in pounds which it ia just cap- 
able of supportiDg against gravity. 

Since all places on the earth's surface (even when at the same 
sea level) are not at the same distance from the centre of mass 
of the earth ; since the earth is not of uniform density, and since 
the effect of centrifugal force due to the earth's rotation, varies 
with the latitude (being greatest at the equator and zero at the 
poles), it is evident that the gravitation unit of force will vary 
with the locality. It is less at places near the equator than at 
places near the poles. For this reason, then, physicists have 
adopted the Absolute or Invariable Unit when dealing with 
problems in which the results are to be independent of locality 
and show a high degree of accuracy. 

Relation between the Gravitation and Absolute Units of Force* 
-~The symbol g may be defined as the number of feet per second 
by which the attractive force of gravity would increase^ during 
every second, the velocity of a body falling freely in vacuo near 
the earth's surface. The value of g is about 32*2 at the latitude 
of London. Clearly, then, the gravitation unit is g times the 
absolute unit. 

Hence, A force of one pound » g poundals. 

Or» A force of one poundal « - pound. 

Defihition. — ^Work is said to be done by a force when it over* 
comes a resistance through a distance along the line of action of 
the resistance. 

Hence, if a force act upon matter and causes relative motion 
of its atoms, or relative change of motion between one body and 
another, then the force is said to do work. 

In the mechanical sense of the term, work implies two things 
— (1) that some effort has been exerted or a resistance overcome; 
(2) That something is moved or a displacement takes place. 
Hence the two elements of work are effort (or resistance) and 
motion (or displacement).* 

* The word " effort ** ia a very expressive term, implying the positive or 
active aspect of force; whereas the word ^* resistance'* naturally conveys 
to one the negative or opposing aspect of force. By Newton's Third Law 
action and reaction (or effort and resistance) are equal and opposite, 
hence the terms "effort and action'' or "resistance and re-action" are 
variously used in problems to denote one and the same force, according to 
the way in which the problem is viewed. 
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The work done by a force is measured by the product of 
the numerical value of the force and the numerical value of the 
displacement along its line of action. 

Definition. — The British Unit of Work, called the Foot-pound 
(ft.-lb.), is the work done when a force of one pound acts tlurough 
a distance of one foot along its line of action. 

Definition.— The British Absolute Unit of Work, called the 
Foot-poundal (ft.-pdL), is the work done when a force of one 
poundal acts through a distance of one foot along its Ime of 
action. 

The student will readily see that the gravitation unit of work 
is equal to g absolute units. Hence, to convert ft. -lbs. into 
fb.-pdls., multiply the former by g — i,e., by 32*2 for the latitude 
of London. 

Let P = Force in lbs. (supposed to be constant or uniform). 

„ L = Displacement of force in ft. (this displacement 
being along the line of action of the force). 

Then, from the above definitions, we get : — 

Work done = (P x L) ft.-lbs. 

The work done by a variable force will be considered in our 
next Lecture. In any case, if P represents the mean or average 
force during the displacement L, then P x L is the work 
done. 

Example I, — The bore of a pump is 8 inches, and the vertical 
lift is 54 yards, find the weight of the column lifted. If the 
stroke of the pump bucket be 9 feet, and the number of strokes 
8 per minute, find the work done in one hour. 

. Answer. — Diameter of bucket = 8 ins. = f ft. ; vertical lift or 
head of water = 54 x 3 = 162 ft.; stroke of bucket = 9 ft.; 
number of strokes of bucket = 8 x 60 = 480 per hour. 

(1) To find ike weighJt of the colum^n lifted, 

iff 2 

Volume of water lifted = Volume of column = j ^ ^« 

„ „ = -7854 X {if X 162 = 56-55 cub. ft 

/. Weight of column lifted = 56-55 x 62-5 = 3,535 lbs. 
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(2) To find the work done per hour. 

Work done in one stroke » Total pressure on bucket x stroke. 
„ „ « 3,535 X 9. 

/. Work done per hour » 3,535 x 9 x 480. 
„ „ » 15,271,200 ft.-lb8. 

Work done by a Force Acting Obliquely to the Direction of 
Motion. — Beferring to the preyious definition of work, the 
student will notice that the £9u:tor L, in the product P x I^ 
means the displacement of the point of application of the force, 
P, along its line of action. In many cases the line of action of 
the force is oblique to the line of motion, and we now proceed 
to show how the work done is measured in such cases. 

Consider the case of a body being drawn along a smooth in- 
clined plane, A B, by an effort, P, whose line of action is inclined 
at an angle, ^ to A B. 




a O 

WOBK DOKX BY A FOHCX ACTIKO ObUQUKLT. 

Now, from elementary principles we know that P can be 
resolved into two components at right angles to each other* 
One (P cos 6) in the direction AB, and the other (P sin f) at 
right angles to A B. The point of application, O, of P, moves in 
a direction parallel to A B, and, hence, by the definition just^ 
referred to, the latter component (P sin $) does no work, the 
only effect of this perpendicular or normal component is to 
diminish the pressure between the body and the plane AB. 
Hence, the only part of P which is effective in causing motion 
is the component (P cos d) parallel to A B. 

Let the body be displaced from A to B. 

Then, Work done = P cos ^ x A B = P x A B cos ^. 

But, A B cos ^ is the length of the projection of the displace- 
menty A B, on the line of action of the effort P, or, what is the 
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same thing, it is the length of the projection of the displacement 
on a line parallel to the line of action of P.* 

If we consider the resistance to motion instead of the effort, 

we get : — 

Work done = component of W parallel to A.B x displacement, AB. 
„ „ » W sin a X A B. 
W X ABsina. 
W X BC. 

Here, again, B C is the length of the projection of A B on the 
direction or line of action of the resistance, W. 

Hence, we have the following statement, which is often 
useful : — 

The work done by a force is equal to the product of the force 
into the length of the projection of the displacement on the line 
of action or direction of the force. 

Example II. — A body is dragged along a floor hj means of a 
cord which makes a constant angle of 30° with tbe floor. The 
tension in the cord is 10 lbs., weight of body 30 lbs. Find (1) 
the work done in drawing tbe body 10 feet along the floor ; and 
(2) tbe pressure between the body and the floor. 

Answer.— Here P = 10 lbs. ; W = 30 lbs. ; ^ = 30° ; L = 10 ft 

Resolving P into two components at rigbt angles to each 
other; one in the direction of motion, and the other perpendi- 
cular to it, we get : — 

.Horizontal component = P cos 0. 
Vertical component = P sin ^. 

Hence, (1) Work Done = P cos ^ x L. 

„ „ = 10 X cos 30" X 10. 

2 



= 100 X 



= 86-6 fl;.-Ibs. 



* Let AB and X Y, be any two lines inclined to each other at an angle, $, 
From A and B draw perpendiculars A a, B & to X Y. Then a 6 is call^ the 




Orthogonal Pbojection. 

orthogonal f rejection of line A B on line X Y, and clearly a & s= A B cos ^. 
In the text the term projection is to be nnderstocd as orthogonal prqjectwn* 
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(2) The pressure between the body and the floor is equal to 
the weight of the body diminished by the vertieal or normal 
oomponent of P. 

PresBnre between body and floor = W — P sin ^. 

„ „ = 30— 10 X 8in30\ 

« 30 — 10 X ^ = 25 lbs. 

Proposition I.— The work done in lifting a body is indepen- 
dent of the path taken. 

When a body of weight, W, is lifted through a vertical height, 
h, the work done is simply W A, and is quite independent of the 
path described by the body in arriving at its new position. 

Suppose the body to be translated from, A to B along any 
route, A a ft B. Consider 
the work done in moving 
the body from a to by 
these two points being 
taken so near to each 
other that the part of the 
curve, a b, lying between 
them may be regarded as 
a straight line. Through y^^^^ ^^^ ^^ Independent of the 
a draw a c horizontal and Path Taken. 

meeting a vertical through 

b at the point c. Then abc is a small triangle, and since the 
resistance overcome is simply that of the weight, W, acting 
vertically downwards, we get : — 

Work done from atob^Wxbc. 

By dividing the whole path, A B, into a great number of 
parts such as a 5, we get for total displacement, A B : — 

Work done = W x 2 6 c, 

where 2) 5 o denotes the sum of aU siLch small vertical distances 
like ba, 

But, 25c = BC = A. 

Work done = W x /r.* 

Pkoposition II. — The work done in reusing a body or syrtem 
of bodies is eqnal to the total weight raised mnltipMed l^ the 

* This result might have been deduced at once by assominff the resnlts 
jnst previously obtained for the case of the inclined plane, by observing 
that Ji C is equal in length to the projection of the displacement, A a 6 B, 
on the direction of the resistance, VV. This being a more general case 
tlian the one cited, we have thought it better to give an independent prooL 
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vertical height throngh which the centre of gravity of the 
body or system of bo&es has been raised. 

Suppose we have a number of weights, Wj, Wo, "W«, &c., at 

different heights, A^, Aj, ^3, 
w, Wi vy &c., respectively, above a 

1 vv, ^ I Y* ^ given plane, M N. Let 

^ V W ? II ' *^® ^*9' ^^ *'^® system be 

j , t' j I j I at ^, at a height, A, above 

w' it*wl SL ^* rt* "* ^^ *^^ *^® weights be 

fl f^J tjj 4^^ w' i* t" now lifted into different 

|l ji [ ' I I j\ 1! 1! positions, so that the 

?J r*.» A I ii \\^n heights above MN are 

i| P •! !l |» !• I' H,, Ho, Ho, &c., respec- 

^ ^ ' ' " " ' ' '' '' ■ ' N tivdy, and their eg. at a 
Work donb in Raising a Systbm u • u/ tt rr\. 

OF Bodies. height H. Then, 

^otoZ iiwA; done = Wj (Hj - h^ + ^^(Ha - Ag) + ^z{^^ - ^3) + <fec. 
But, by a property of the e.g. we know that 
W1H1 + W2H2 + W3H3+ . . . =(Wi + W2 + W3 + .. . )H. 
And, 

^I ^1 + ^^2^2 + ^8*3+ • • • =(Wi + W2+ W3 + . . . )h.* 

Subtracting the latter equation from the former, we get : — 
Wi(Hi - ^ij) + W2(H2 - A2) + W3(H3 - A3) + . . . 
= (Wi + W2 + W3+ ...)(H-A), 
/. Total work done = {Wi + W2 + W3+ . . .)(H -/r)=W(H -/r). 
Where, W = Wi + W2 + W3 + , &c. 

And, H — A- = vertical height through which the e.g. of the 

system has been raised. 

Although we have taken a system of disconnected weights in 
proving the above proposition, the student will clearly perceive 
that the result arrived at is true generally, whatever form the 
material may have. 

The following simple examples will show the application of 
the two preceding propositions : — 

Example III. — A uniform beam, 20 fb. long, and weighing 
30 cwts., is lying on the ground. Find the work done in raising 
it into a vertical position by turning it about one end. 

* The stadent will readily see that these results are arrived at by taking 
the moments of the weights about the plane, M N, and then applying the 
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Answer. — The centre of gravity of the beam is 10 ft from 
either end, and, during the operation of lifting the beam, this 
point will describe an arc, which is the quarter of the circumfer- 
ence of a circle whose centre is at the end of the beam in contact 
with the ground. The vertical height through which the eg. is. 
raised is, therefore, 10 ft. 

Hence, by the two preceding propositions. 

Work done = whole weight of beam x height through 
which its eg. is raised. 
„ „ = (30 X 112) X 10. 
„ = 33,600 ft. -lbs. 

Example IV.— A cistern 22 ft. long, 14 ft. broad, and 12 ft. 
deep, has to be filled with water from a well 7 ft. in diameter. 
The vertical height of the bottom of the cistern above the free 
sur£Eu;e of the water in the well is 100 ft. when the operation of 
filling the cistern is commenced. Water flows into the well at 
the rate of 462 cubic ft. per hour. Find the work done in filling 
the cistern, supposing 30 minutes are required for the operation. 

Answer. — During the operation of filling, the surface of the 
water in the well will fall, say x ft., from E F to H K. 

The volume of water taken from the well = volume of water 
E F H K + volume of water run in during the operation. 



But, Volume of water taken from loeU 
= volume of tank A B D 
= 22 X 14 X 12 (cub. ft.) 
Volume of water represented by E F H K 



A.I— *^A--: 



AT ,2 



X = ', 



n 

14 



X 7 XX (cub, ft.) 



11 
14 



Volume ofvxiUer run in in 30 minutes 
= ip = 231 (cub. ft.) 

^ X a; + 231 = 22 X 14 X 12 
a: == 90 ft. 



Clearly, then, the e.g. of the water has been 
raised from G, to Go, or through a height of 
46 + 100 + 6 = 161 ft. 

,*• Work done in filling cistern 




Work done in 
Filling a Cistebn. 



(22 X 14 X 12 X 62^) x 161 » 34,881,000 ft.-lbs. 
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Lecture I. — Qfestiok8. 

1. Define the terms forc^ and toorik dtmt by a force. What are the miifta 
of force and work as adopted by engineers in this coantry ? State the rela- 
tions between the gravitation and absolnte nnits of force and work, aad 
say why the latter units are so desirable for many scientific purposes. 

2. A punching machine is provided with a flywheel and dnven by an 
engine at such a rate that two holes are punched in three minutes. The 
plate operated on is 1 inch thick, and it is estimated that a mean pressure 
of 69 tons is exerted through the space of 1 inch. Find the average work 
done per minute by this machine. Ans, 8,586*6 ft. -lbs. 

3. A body weighing 100 lbs. is pushed along a horizontal plane by a force 
of 25 lbs. , the direction of which makes an angle of 45° with the plane. 
Find the work done in moving the body through a distance of 100 feet, and 
the pressure between the body and the plane. If the direction of the force 
be reversed, so that it now becomes a pull, find the work done during a 
displacement of 100 feet, and the pressure between the body and the plane. 
A713. (1) 1,767 ft. -lbs, ; 117-67 lbs. (2) 1,767 ft. -lbs. ; 82-33 lbs. 

4. Find the work done in turning a cubical block of stone about one of 
its edges until the diagonals of its end faces are vertical. Length of edge 
of cube, 4i ft., 8.g., 2*5. Ans. 13,270 ft. -lbs. 

5. A cistern 22 ft. long, 10 ft. broad, and 8 ft. deep, has to be filled with 
water from a well 8 ft. in diameter and 40 ft. deep. Supposing no water 
to flow into the well during the operation of filling the cistern, ascertain 
how far the surface of the water in the well is depressed, and the work 
done in filling the cistern when the bottom of the latter is 36 ft. above the 
free surface of the water in the well at the beginning of the operatiim. 
Ans, 35 ft.; 6,325,000 ft. -lbs. 



NOTES ON LECTURX I. AND QUESTIONS. 11 



12 



LECTURE 11. 

CoNTXNTS. — Graphical Representation of Work Done — ^Diagram of Work 
for any Varying Force— Case I., When the Force varies directly as 
the dispbtcement— Examples I., II., III., and IV.— Case II., When the 
Force varies inversely as the displacement — Boyle's Law — Proposi- 
tion—Work Done by a Gas Expanding according to Boyle's Law- 
Example V. — Indicator Diagrams — Rate of Doing Work — Definition 
of Power or Activity— Definition of Horse-Power — Example VI.— 
Useful and Lost Work— Definition of Efficiency— Table of Efficiencies 
— Examples VII. and VIII. — Qaestions. 

Graphical Representation of Work Done. — ^We have already seen 
that work is the product of two factors — force and displacement. 
Now a force can be completely represented by a straight line, 
and so also can a displacement. Since an area is of two dimen- 
sions, it follows at once» that work done can be represented by 
an area. In our elementary manual on Applied Mechanics, we 
have shown how. to represent by diagrams, the work done for 
several simple cases. For a uniform force the diagram of work 
is a rectangle ; for a uniformly increasing or uniformly decreas- 
ing force the diagram will be triangular or trapezoidal in shape. 
The shape of the diagram will, however, depend on the manner 
in which the force varies with the displacement. 

A correct diagram of work must fulfil the following condi- 
tions : — 

il) Its area must represent the tvork done, 
2) It must show to the eye the manner in which the force varies 
in magnitude during the displacement. 

Diagram of Work for any Varying Force.~We shall now show 
that, if the force during any given displacement be represented 
in magnitude by the ordinates of the curve, and the displacement 
by the corresponding abscissae, the work done will be represented 
by the area of the figure enclosed between the curve, the initial 
and final ordinates, and the axis of x. 

Let OxyOy be rectangular axes; Oo; being the axis along 
which displacements are to be set off, and Oy the axis along 
which forces are plotted. 

Suppose the force at the beginning of the motion to be repre- 
sented by the ordinate, O A, and at the end of the motion by B C, 
then A E C is called the curve of resistance. At any intermediate 
point, such as a, the force or resistance will be represented by 



DIAGRAM OF WORK FOR A VARYING FORCR 
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tLe ordinate, a e. The work done during the displacement, O B, 
will be represented by the area, O A E G B. 

9 




at 
• DitpUieemenU • — >- 

Graphical Representation of Wobk Done by a Vartino Forcb. 

For, suppose the force to be uniform during the displacement, 
O D, then :— 

We have now to show that the work done during the displace- 
ment, D B, is represented by the area, D E B. 

Take any two ordinates, aCy hd, indefinitely near to each 
other. The lengths of these ordinates represent the magnitude 
of the forces at the points a and h respectively. Now, since the 
ordinates are indefinitely near together, the difference in their 
lengths will be indefinitely small. In that case acdh may be 
considered a rectangle (its breadth being infinitely small). Hence, 
the work done during the infinitely small displacement, a 6, will 
be represented by the small rectangular strip, acdb. By divid- 
ing the displacement, D B, into an infinite number of indefinitely 
small portions, such as a 6, and drawing the ordinates at these 
points, an infinite number of narrow rectangles will thereby 
be obtained. Hence, it is clear that the work done during the 
displacement, B D, is represented by the sum of these elementary 
areas, 

i.e.y The Work done during displctceTnent D B = Area D E B ; 
.*. Total work done during displacement O B = Area O A E C B. 

• The sign ( = ) is here used as an abbreviation of the words " m repre- 
sented hy/^ and must not be employed in its usual sense as meaning *^%8 
equal to.'* The text will enable the student to attach the proper meaning 
to the sign used. 
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Two particular cases of work done by varying forces will now 
be considered. 

Oasb I. — When the force varies dhrectly as the displacement 

When we stretch or compress a piece of anjr solid elastic 
material — e.g., a helical or spind spring, or a bar of iron or steel — 
the resistance offered is directly proportional to the extension 
or compression produced, when these are small compared with 
the length of the body. Thus, if a force of 10 lbs. be re- 
quired to stretch a spiral spring 1 inch, then a force of 30 lbs. 
will be required to stretch the same spring 3 inches, and so on. 

We may state this law thus : — 



Or, 



Force x Displacement 
P« L 

p 
F = cL; or =-= c, 



where e is some constant quantity depending on the nature of 

the material. 

Hence, if P is the force required to stretch or compress the 
material by an amount L, and p the force required to stretch or 
compress Uie material by an amount /, then 

IBip^Juil. 

We shall now show that in the 
diagram of work for this case, 
the line of resistance is a straight 
line. 

Set out AB to represent the 
displacement L, and AD to re- 
present L 

Let the ordinate B represent 
P. Join A C, and through D 
draw the ordinate D £. Then 
D £ will represent p. 




Diagram ov Wobx wnxir 

THB FOBOB VABUS AB 
>mTt DiaPLAflElCSHT. 



By similar triaii|^d% 




DE : BO - AD 


: AB 


».«., DE : P = I 


: Li 


But, p : T = I 


: l) 



;}■••" 



E 



Again, the areas of the triangles A D E, ABC represent the 
work done during the displacements A D and A B respectiyely. 



WORE DONE ON AN SLASTIO SPRING. 
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For, 



Work done during ) 
displacement A D J 



area of A ABE. = JDExAD. 



Work done during 1 _ i ; 
displacement I ) ^^ 

Similarly, 

Work done during I ^ i p t 
displacement L J °^ 
Also, 

„ „ = i(BO + DE) X DB. 

The above results are true whether the force uniformly in- 
creases or uniformly decreases. The following examples will 
render the above principles clear : — 

Example I. — Show, by a diagram or otherwise, how the work 
done in stretching an elastic spring is obtained; 5 fb.-lbs. of work 
are required to stretch a spiral spring 3 inches ; what force in 
lbs. will be required to stretch the game spring 6| inches ) 




^ C^"'- -^ 

Diagram oy Work in Strbtchino a Springs 

Answer. — Let p, P denote the forces required to stretch the 
spring 3 inches and 6f inches respectively. 

Then, area of A A I) E represents the work done in stretching 
the spring from A to D. 
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But,b; 



Or, 

Again, 
Or, 



Work done dtiring ) _ i -n -p a n 
displacement AD / " * i^iJ- x Ai;, 

„ „ =JjE?x3 = f^ inchrlba. 

•y the question, 

i? = 40 lbs. 
T:p = AB: AD. 

P : 40 = 6J : 3 

40 X 6j _ 



P = 



= 90 lbs. 



Example II. — ^A spiral spring is stretched through 1 inch by 
a force of 10 lbs. Find the work done in stretching it through, 
an additional length of 2 inches. Draw the diagram of work 
done; giving dimensions. (Adv. S> and A. Exam., 1890.) 

C 



^D) AG BAM FOR^ 
.ADDITIONAL WORK: 



^n^r- _ _ *>" ^ ^ — ^ .^B 



I 



Answer. — Let p and P denote the forces required to stretch 
the spring 1 inch and 3 inches respectively. 

Then, area of A, AD E, represents the work done in stretch- 
ing the spring from A to D. 

Also, the work done during the displacement 

DB = area A ABC - A ADE = |(BO + DE) x BD. 
But, DE:BC = AD:AB. 

10 : P = 1 : 3. 
P =. 10 ^ 3 



%,e,, 



1 



= 30 lbs. 



Substituting this value of P in above equation — 

• The work done = J (B C + D E) x D B. 

„ = I (30 + 10) X 2 = 40 inch-lbs. 



DIAGRAM OF WORK IN ELEVATING A CHAIN. 



17 



Example III. — A chain weighing 2 lbs. per foot passes over a 
fixed smooth pulley, so that 14 feet hangs over on one side and 
6 feet on the other. Show by a diagram the work which will be 
done in pulling round the wheel until the upper end of the chain 
is 1 foot above the lower end. 



H 



^~N 




.^-^ 



r 



V*. «*'• 



^ 



Diagram of Work in Elsvatino a Chain. ^V^ 

<^ 

II 

Answer. — Clearly the resistance to be overcome at the begin- 
ning of the motion is the weight of the difference of the two 
parts of the chain hanging from the pulley. That is, the initial 
resistance = weight of a length of (14 - 6) = 8 ft. of chain. 

Initial resistance = P = 8x2 = 16 lbs. 

When the upper end of the chain is pulled down so as to be 
1 ft. above the lower end, the displacement will be 3i ft, and 
the 

Final resistance ='p^lx2 = 2U>s, 
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We can now constmct the diagram of work. Set off A B to 
represent the displacement, = 3^ ft Make A represent the 
initial resistance, » 16 lbs., and B D represent the final resistance, 
^ 2 lbs. Join D C, then the trapezoid A B D C is the diagram 
of work, and its area represents the work done. 

Work done = area A B D 
„ „ =i(AC + BD)xAB 
„ „ =i06 + 2) X 3i 
„ = 31-6 ft.-lbs. 

Of course, the student will readily see that it is not always 
necessary to construct a diagram of work before arriving at the 
answer. All that is necessary to know, is the mean resistance 
during the displacement. Thus, in the above example, the 
mean resistance is the arithmetical mean between the initial 
and final resistances. This, multiplied by the displacement, 
gives the answer. 

Example IV. — Four cwts. of material are drawn from a 
depth of 80 fathoms by a rope weighing 1*15 lbs. per linear foot: 
how many units of work are expended ? 

Answer. — Here the resistance to be overcome at the beginning 
of the lift = whole weight of rope + weight of material. 

Whole weight of rope = (80 x 6) x 1-15 = 552 lbs. 

Weight of material raised =4 x 112 = 44 8 lbs, 

.-. Besistanceatbeffin- ) 553 + 443 = 1,000 Iha. 
mng oj Ixjt J 

If we suppose the whole length of rope to be hauled in when 
the material is brought to the surface, then the resistance to be 
overcome at end of lift is simply that of the weight of the 
material to be raised. 

/• Resistance at end of lift = 448 lbs. 

We can now construct the diagram of work. Set off A B to 
represent the displacement, = 80 x 6 = 480 ft. Set off A C to 
represent the initial resistance due to weight of rope, = 552 lbs. 
Make A D represent to the same scale as A C, the resistance 
due to the weight of the material, = 448 lbs. Join C B, then 
triangle A B C is the diagram of work for the rope or variable part 
of the load. Complete the rectangle, ABED; then ABED 
is the diagram of work for the material, or constant part of the 
load. D C B E is the diagram of work for the whole load. 



WORK IN ELEVATING A LOAD BY A ROPE. 

Hence, 

Work expended during lift » Area D C B E, 

„ = J (D C + E B) X A B, 

«i(l>0<>0-». 448) X 480, 
« 347,520 ft.-lb8. 
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DiAOBAH Gv Work in Elevating a Load bt a Rope or Ghaiv. 



We could have arrived at the answer quite simply by finding 
the work done in lifting the rope and material separately, and 
then adding together the results. Thus : — 

Work done in lifting rope = toeight of rope x height throtvgh 

which its eg, is raised 
„ = 552 X J X 480 = 132,480^.-Z6«. 

Work done in lifting material = 448 x 480 = 21 5,040 ^^.-^ft*. 
Total work expended = 132,480 + 215,040 
= 347,520 ft..lbs. 

Case II. — When the force varies inversely as the displacement. 

We have seen that, when a solid elastic material is stretched 
or compressed within certain limits, the resistance ia propor- 
tional to the extension or compression. When, however, we 
compress a gas or allow it to expand, the law expressing the 
relation between the pressure applied and the expansion or 
compression produced, is different from that in the case of a 
solid. By expansion or compression of a gas we mean the 
increase or decrease produced in its volume. 
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Botle's Law. — The pressure of a fixed mass of a perfect 
gas, at a coDstant temperature, varies inversely as the volume it 
occupies.^ 

Let P - absolute pressure, or elastic force, of gas per 
square foot. 

„ V « volume of gas in euhicfeet; 
Then, I" <* y- 

Or, P V « c, a constant. 

The student should carefully note that Boyle's Law is true 
only for perfect gases, and, also, that the temperature must 
remain constant throughout the changes of volume. Boyle's 
Law is very nearly true for dry atmospheric air, and may be 
applied to most other gases when these are not near their 
points of liquefaction. 

The value of the constant, c, for a given mass, depends on the 
nature of the gas under consideration; and also, on the constant 
temperature maintained. Thus, the constant for air at a tem- 
perature 32' F. and a mass of one pound is (14*7 x 144 x 12 '34) 
= 26,214 ft.4bs., at atmospheric pressure. Where, 12*34 is the 
volume in cubic feet of 1 lb. of air at 32" F. and 147 lbs. the 
pressure per square inch. 

Proposition.— The work done per unit area on or by a gas 
during a change of volume is equal to the product of the average 
pressure per unit area into the change of volume. 

Let P = average pressure of gas in lbs. per sq. ft., 
„ Yi = initial volume of gas in cub. ft., 
„ ¥3= final „ „ „ 

Then, Work done « P (V^ />^ V^) ft.-lbs. 

For, suppose we have a cylinder fitted with an air-tight fric- 
tionless piston, the area of the latter being A square feet. Let 
this piston enclose a volume of gas in the cylinder equal to V^ 
cubic feet. Now, let the piston move through a distance, L, feet 
in the cylinder, either by doing work in compressing the gas, or 
by allowing the gas to do work during its expansion. If the gas 

* For an experimental demonstration of this law, and its applications to 
the steam engine, see the author's works on the '* Steam Engine.'' In all 
applications of Boyle's Law, dbaolute pressures must be taken. The pres- 
sure of tiie atmosphere may be taken at 14*7, or^ roughly, 15 lbs. per square 
inch absolute. 
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now occupy a volume, Vj cubic feet, and the average pressure 
on the piston during its displacement be P lbs. per square foot 
then : — 

Work done = P A x L {ftAhs,) 
But, A L = Change of volume of gas, 

i.e.y „ = Y2 ^Yiicub, ft,) 

Work done = P (Vg /^ Vj) ft.-lbs. 

This result is true whatever be the size and shape of the 
vessel containing the gas. When the vessel is of uniform cross 
sectional area, it may be convenient to consider only the dis- 
placement of the piston, the total pressure on the piston being 
taken as the effort or resistance. Examples of this will be 
given immediately. 

Work done by a Gas Expanding according to Boyle's Law. — 
We are now in a position to be able to find the work done by 
or on a gas during a change of volume when the change takes 
place at constant temperature on a constant mass of gas. 

Let p^ = initial absolute pressure, 
^, t?! = „ volume, 
„ P2 = final absolute pressure, 
M Vo = » volume. 




.-.?.-- "J^- ib 

DiAGBAM or WoKK Illustkating Boylb's Law. 

liCt O A and O D represent the initial pressure and volume 
respectively • B C and O B the final pressure and volume. 

Consider the work done during the small increase of volume a b. 

Let O a = V and Ob = v + At? 
Then ab = Av, 
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Let p B mean pressure during increase of volume A v» 
Then, Work done from a to b — p Av, 

Total tvork done during 1 _, y a 

eocpansion from D <o B J "" ^ 

Now, in the limit, when a & is taken infinitely small, p will 
denote the pressure corresponding to the volume t?, and A t?, 
will, according to the notation of the Calculus be denoted by dv. 

Total work done during \ _ Z"^* , 
expansion from, Jy to "B) '~ } ^ 

But, by Boyle's law, 

pv =;?iVi ^p^v^^oi 

p=PxV^y^ 



V 

m. Total work done\ /v^ j^ 



otaA wor/c done 1 /o^ 
during eapansion / = / Pi^i 
from DtoB j J v^ 

••p^t^j I — (since jpit7i=s a constant) 



-=\pxV^logev\ 

= Pi ^1 (log* t72 - loge Vi) 



£2 



Similarly,- " ^-Pi^loge^ 

Total work done j 
during expansion > = », t?, log* ^. 
from D to B ) ^* ^ ^ v^ 

Where log« — is the Napierian or hyperbolic logarithm of the 

ratio of the final to the initial volume.^ This ratio — , is often 

^1 
called the ratio of expansion, and is denoted by the letter r. 
Since the above is true whether the gas be expanded or com- 
pressed, we get : — 

Work done during expansion ^^ \ ^ ^ n loa r 
compression between v^ and v-^ J "^ ^ ^* 
Or, „ „ ^^p^D^^^S^r. 

•'. M ,1 =c lege r. 

Where c is the constant in the equation pv = c. 

* The curve EecKC is a rectangular hyperbola, the axes Osb, Oy being 
asymptotes. 
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The following example will impress the above results more 
firmly on the mind : — 

Example V. — Calculate the work done when 10 cub. ft of 
air at an initial absolute pressure of 45 lbs. per square inch, is 
expanded at constant temperature to a volume of 60 cub. ft. 
Find, also, the final pressure.* 

Answer. — Here, P^ = 46 x 144 = 6,480 lbs. per sq. ft. 
Vj « 10 cub. fU 
Vj = 50 „ 

'• =- V- - 10 - ^- 

Then, 

Work done during expansion ■■ Pi V^ log^ r 

„ „ = 6,480 X 10 X log* 5 (JiAbi.) 

Beferring to a table of hyperbolic logarithms, we find : — 

loge5 - 1*6094. 
/. Work done during expansion « 6,480 x 10 x 1-6094, 
,, „ ^ 104,289-92 ft.-lb8. 

Next, to find the final pressure. 

Here, Pt^2 '^ Pi^i'> 

jPa X 60 = 45 X 10. 

i.e., Ps "* — ^ — * ® I^B* Absolute per sq. in. 

Indicator Diagrams. — As an important application of the 
diagram of work we may here briefly refer to indicator dia- 
grams obtained from a steam or gas engine. Every engineer 
knows the importance of obtaining correct diagrams of work 
done by the steam or gas in the working cylinder of his engine. 
By an inspection of the cards thus obtained, he is able to 
detect faults in the working of the engine, which could not be 
revealed by any other method. For example, from such 
diagrams he can at once tell whether the valves are properly 
set; the manner in which the pressure on the piston varies 
throughout the stroke ; the state of the vacuum in the con- 
denser, if it be a steam engine, and a multitude of other facta. 
He can also calculate the area of the diagram, and thereby deduce 
the horse-power developed in the cylinder. Lastly, he can 

* Expansion at constant temperature is called " I$othermal" expaniuoiu 
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compare this indicated horae-power with the brake horse-power 
given oiit at any point of the machinery during its transmission, 
and so find the power spent on friction, &c. 

Rate of Doing Work. — In the definition and examples of work 
given in this and the last lecture it will be noticed that no refer- 
ence was made to the time taken to perform the work. Thus, 
in Example III., we saw that the work done in raising the 
4 cwts. of material and the rope was 347,520 ft.-lbs., and this 
result is true no matter what time was taken to accomplish it. 
It did not affect the question of work done whether the material 
was raised in twenty minutes by the action of men on a wind- 
lass, or in one minute by the action of a steam engine. But, if 
we wish to compare those two agents in respect to the rate at 
which they perform the work, it is clear that this will be in the 
proportion of 1 : 20. Thus : — 

J, . ^, . J Work done 



BaJte at which the men work 
Rate at which the engine works 



20/ 1 20' 



Hence, although the amount of work done is the same in 
both cases, yet the rate of doing the work is inversely as the 
time taken to do it. 

Definition. — Power and Activity are the terms nsed to denote 
the rate of doing work. 

It is evident, that in order to compare the respective powers 
of two agents, we must have a standard or unit of power. The 
unit of power adopted in this country is the Horse-Power. 
This unit was first introduced by Watt in estimating the power 
of his engines, and is still the unit adopted by British engineers. 

Definition. — The Unit of Power, called the Horse-power, is 
the rate of doing work corresponding to 550 ffc.-lbs. per second, 
or 33,000 ft.-lbs. per minnte, or 1,980,000 ffc.-lbs. per honr. 

Although a horse's power was thus defined by Watt, yet no 
horse is capable of working at the above rate for any length of 
time. The actual power of a good horse, working for 10 hours 
a day, is found to be about 22,000 ft. -lbs. per minute instead of 
33,000 ft.-lbs. per minute. The term, however, is still retained 
by engineers, although it is not now used in its original sense. "^ 

* For historical account of this term, see the author's Elementary Manned 
on Steam and Steam Engines, p. 122, 
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Let P = Average pressure or effort exerted, in Iba 
„ L = Displacement of P, in feet. 
„ T = Time taken to perform a given amount of work. 
„ H.P. = Horse-power. 

P X L 
Then^ H.P. = - — =, , when T is expressed in seconds. 

OOU X 1 

P X L . . 

,, ,, minutes. 



33,000 X T' 
P X L 



hours. 



1,980,000 X T ' " 

Example VI. — The two cylinders of a locomotive engine are 
each 17 inches in diameter. Length of stroke, 24 inches. Mean 
effective pressure of steam on pistons, 80 lbs. per square inch. 
Diameter of driving wheels, 6 feet. Speed of engine and train, 
30 miles per hour. Find the horse-power exerted by engine. 

Answek. — (1) Find the work done per revolution of driving 
wheels : — 

Total effective pressure I _ p __ ^ ^2 
on each piston j - -^^ — j " P> 

„ „ » = n "^ ^^^ "^ ^^ = 18,165-7 lbs. 

Since there are two equal cylinders, and each piston makes 
two strokes per revolution of the driving wheels, we get : — 
Total work done per revolvr I _ o p or, 
tion of driving wheels ) ~ ^ ' 

„ „ = 2 X 18,165-7 X 2 X 2; 

„ „ = U5,326'6yt.'lbs. 

(2) Find the number of revolutions of driving wheel per hour, 

30 miles per hour = 30 x 5,280 {ft. per hour). 

Circumference of ) -r. 22 n t r *\ 

driving wheels | = 't D = ^ x 6 (feet). 

••• ""^jSlj^llr } - ^y^ = MOO (^ Hour)., 

-y- X 6 

■■■ ^ w""* "^^ P" I . H5.325-6 X 8,400 (AJS..) 
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Useftil and Lost Work.— Up to this point, we have had no 
occasion to refer to the relation between the Useful Work given 
out by a working agent, and the Whole Work Expended, A 
machine is erected to perform a given amount of work, which is 
called the UseftQ Work, but during the working of the machine 
a considerable part of the whole work expended is absorbed in 
overcoming frictional resistances, &c., and this work is usually 
apoken of as the Lost Work. The sum of the Useful Work and 
the Lost Work is equal to the Total Work Expended ; or, 

Total Work Expended » Useftil Work + Lost Work. 

Definition. — The Efficiency of a Machine is the ratio of the 
Useftd Work Done to the Total Work expended. 



Or, 



Efficiency 



Useftil Work Done 
Total Work Expended ' 



Now, the useful work done is always less than the total work 
expended, hence the efficiency will always be a number less than 
unity. What is known as the Percentage Efficiency is the 
efficiency, as found above, multiplied by 100. We shall have 
examples of the efficiencies of several machines later on ; but 
in the meantime it may be instructive to note the efficiencies of 
a few of the more common machines. 

Tablb ot Efficiencies. 



Names of Machines. 



Effigienot. 



Peboeetaob 
Effiqueot. 



Wheel and Compound Axle, 
Simple Screw Jack, . 
Worm and Worm Wheel, . 
Block and Tackle, . 
Weston's Differential Blocks, 
Hydraulic Ram, 
Pumps for Braining Mines, 
Turbine, . . . • 
Overshot Water- Wheel, . 
Undershot „ (Common), 

„ „ (Poncelet's), 

Breast Wheel, .... 
Best Compound Steam Engine, 
Gas Engine, .... 



•58 

•25 
3 to *6 

•75 

•4 

•6 

•66 
7 to •S 



6 
to 



•6 

•8 „ 
•75 „ 



58 

25 
30 to 60 

75 

40 

60 

66 
70 to 80 
60 „ 80 
30 „ 40 

60 
50 to 70 
80 „ 90 
75 „ 80 



Example VII. — What horse-power is required to lift 3,000 
cubic feet of water per hour to a height of 80 feet, supposing \ 
of the power to be lost by friction, &c. 1 
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Answer. — Weight oftuater raised \ _ 3,000 x 62-5 _ ^ ^^ ^^ 

every minute J 60 * 

.'. Useful work done per minute '^ 3,125 x 80 = 250,000 JiAbs. 

Let T.H.P. denote the theoretical horse-power required, t.e., 
the power required when all frictional losses are neglected, and 
A.H.P. the a>ctual horse-power required. 

£at, according to the question, i of the a^chwl power is lost 
in friction, &c. 

A.H.P. - i A.H.P. = T.H.P. 
ic, f A.H.P. « T.H.P. 

AJ[.P. = i X 7-67-lOL* 

Example VIII. — If there were 4,000 cubic feet of water in a 
mine, whose depth is 60 fathoms, when an engine of 70 horse- 
power began to work the pumps, and the engine continued to 
work for 5 hours before the mine was cleared of the water, 
find the number of cubic feet of wat^r which had run into the 
mine per hour, supposing \ of the power of the engine to be 
lost in the transmission. 

Answer. — Let x = number of cub. fb. of water nm into the 
mine in one hour. 

Then, 

Volume of toater\ 4,000 , o/\n\ r ^ 
pumpedper hour} -"^ + ^ {x + 800) cuh.fi. 

••• ^J^l;^* ^^ } = (« + 5W) X 62-5 X {60 X e)fi.-lh^ 

Now, since \ of the power of the engine is lost in the trans^ 
mission, the remaining ^ will be employed in doing the abore 
work. 

t.e., (a; + 800) x 62-6 x (60 x 6) « f x 70 x 33,000 x 60. 

r^ . QAA 70 X 88 X 2 . , ^ , 
Or, X + 800 = s (cub. ft.) 

X = 3,306-6 cub. ft. 

* The method of answerinff this clasB of qaestions is very frequently 
misTLnderstood by students, in an example like the above the student is 
very liable to increase the uarfid work by \ of its amount and then find 
the H.P. required. The author finds the above method of answering the 
question appeals more directly to students. 
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Lecture IL— Questions. 

1. A spiral spring is stretched through 4 inch by a force of 10 lbs. Find 
the work done in stretching it through an additional length of 2 inches. 
Draw the diagram of work done, giving dimensions. Ana. 60 inch-lbs. 

2. A chain weighing 3 lbs. per foot passes over a fixed smooth pulley, 
BO that 20 feet hangs on one siae, and 10 feet on the other. Find the work 
done in pulling round the wheel until the upper end of the chain is 6 iuches 
above the lower end. Explain clearly the method of setting out the 
diagram of work in this case and construct it. Ans. 74*8 ft. -lbs. 

3. A steel wire rope weighing 9 lbs. per fathom is employed to raise 2 
tons of material from a depth of 100 fathoms. Find, by calculation, and 
by a scale diagram of the work, the work done during the lift, supposing the 
whole length of rope to be wound on the drum at end of lift. Also find the 
resistance oflFered at ^, i, and } lift respectively. Ans. (1) 2,958,000 ft. -lbs., 
or 1,320-5 ft. -tons; (2) 5,165 lbs.; (3) 4,930 lbs.; (4) 4,705 lbs. 

4. Investigate an expression for the work done when a gas is compressed 
from a volume Vj, to a volume t72, the compression being isothermal — i.e., 
at a constant temperature. Find the work done in compressing 10 cubic 
feet of air at a pressure of 15 lbs. per square inch absolute till its pressure 
is 75 lbs. per sq. in. absolute; given log^ 5 = 1'6094. Ans, 34,763 ft. -lbs. 

5. Find the work done in exhausting a chamber of 100 cubic feet 
capacity to ^ of an atmosphere, atmospheric pressure being taken at 
14*7 lbs. per square inch absolute. Hyperbolic expansion being assumed. 
Ans, 141,770-56 ft -lbs. 

6. How is the working power of an agent measured? When is an 
agent said to work with 1 horse-power? One agent (A) lifts 50 lbs. 
through 100 feet in 4 minutes; a second agent (B) lifts 2 lbs. through 
150 feet in a quarter of a minute ; what ratio does A's working power bear 
toB's? Ans. A :B = 25:24. 

7. The travel of the table of a planing machine cutting both ways is 9 
feet, and the resistance to be overcome while cutting is taken at 400 lbs. 
If the number of double strokes made in one hour oe 40, find the horse- 
power absorbed by the machine. (S. & A. Exam., 1889.) Ans. 0*145 H.P. 

8. In employing furnace ventilation in a coal mine, there is a furnace at 
the bottom of a shaft which is estimated to raise 100,000 cubic feet of air 
at 50° F. through 170 feet in 1 minute. What is the rate at which the 
furnace does work as estimated in horse-power ? Note. — A cubic foot of 
air at 50" F. weighs -078 lb. (Adv. S. & A. Exam., 1892.) Ans. 40-18. 

9. A pump is worked directly from the ram of a water- pressure engine, 
the cylinder of which is 6 inches in diameter, that of the pump being 8} 
inches. The head of water in the supply-pipe which gives the pressure is 
450 feet, and that in the delivery pipe is 160 feet: find the ratio of work 
done to total work expended. Ans. '708 : 1. 

10. One thousand cubic feet of water has to be raised to a height of 
200 feet per minute : the question is, how many horse-power will it be 
necessary to employ, supposing that one quarter of the power is lost 
through friction and other causes ? Ans. 605 H.P. 

11. A builder finds that water accumulates in the space for a foundation 
at the rate of 1,500 cubic feet per hour. This water has to be pumped to 
a height of 20 feet. The question is, what amount of power will be required 
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to keep the said foundation dry, sapposing that only 0*6 of the power 
applied is available for useful effect? Ans, 1-58 H.P. nearly. 

12. Steam enters a cylinder at 80 lbs. per square inch absolute, and is 
cut off at i of the stroke. Diameter of piston, 40 inches, length of stroke, 
5 feet. No of revolutions, 50 per minute. Back pressure, 3 lbs. per 
square inch absolute. Find the horse-power of the engine, assuming the 
ateam to expand hyperbolically, log« 3=1 0985. Ans. 1,009 H. P. 



Htpebbolic or Napierian Logarithms of Ratios ot Expansion. 



No. 


Logarithm. 


No. 


Logarithm. 


No. 


Logarithm. 


No. 


Logarithm. 


1 





3-5 


1-2527629 


6 


1-7917595 


8-6 


2-1400661 


1-25 


•2231435 


3-75 


1-3217559 


6-25 


1-8325814 


8-75 


21690536 


1-5 


■4054652 


4 


1-3862943 


6-5 


1-8718021 


9 


2-1972245 


1-75 


•6596157 


4-25 


14469189 


6-75 


1-9095425 


9-25 


2 2246236 


2 


•6931472 


4-5 


1-5040773 


7 


1-9459100 


9-5 


2-2512918 


2-25 


•8109303 


4-75 


1-5581446 


7-25 


1-9810014 


9-75 


2-2772673 


2-6 


•9162907 


5 


1-6094379 


7-5 


2-0149030 


10 


2-3025851 


2-75 


1-0116009 


5-25 


1-6582280 


7-75 


2-0476928 


12 


2-4849065 


3 


10986124 


5-5 


1-7047481 


8 


20794414 


15 


2-7080502 


3-25 


1-1786549 


5-75 


1-7491998 


8-25 


2-1102128 


18 


2-8903847 



so NOTES ON LECrURB II. AND QUESTIONS^ 
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LECTURE III. 



GoNTKNTB. — ^Moment of a Force— Definition of the Moment of a Force — 
Conventional Signs of Moments— Algebraic Sum of Moments — Equi- 
librium of a Body under the Action of Several Forces — Principle of 
Moments— Exaoiple I. — Couples — Definitionb relating to Couples — 
Propositions L, II., and III. — Example II. — Work Done by Turning 
Efforts and Couples — Diagram of Work Done by a Couple of UDiform 
Moment— Work Done by Variable Moments — The Fusee — Correct 
Form to be given to the Fusee — Questions. 

Moment of a Force. — When a body is free to turn about an 

axis, and is acted on by a force, P, whose line of action is in a 

plane perpendicular to 

the axis (but not passing iH 9 nwnr r7 9f 77 it 77 

through, the same) the 

effect of P is to rotate the 

body about that axis. 

The mecLSure of this 
turning effect depends on 
two things, viz. — (1) The 
magnitvde of the force^ 
and (2) TJie perpendicular 
distance between the axis 
and the line of action of the 
force. Thus, if the axis 
be perpendicular to the 

plane of the paper, and O its intersection therewith, then the 
turning eff*ect of P is measured by the product, P x ON; ON 
being the length of the perpendicular from O upon the line of 
action, A P, of the force, P. This product is called the Moment 
of the Force, P, with respect to the axis through 0. 

When the force acts in a plane perpendicular to the axis, then 
it is best to define the moment of the force with respect to the 
point O \ the point O being the intersection of the axis with the 
plane of the force. We then get the following definition : — 

The Moment of a Force, with respect to a point, is measnred 
by the product of the force into the length of the perpendicular 
drawn from the given point to the line of action of the force. 

From the above it will be seen that a force has no moment 
about a point in its own line of action. 




Moment of a Fobox. 
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In general, when we wish to find the moment of a given force 
with respect to a given axis in the body on which the force acts, 
we have to resolve the given force into two components, viz. — 
(1) One in a, plane perpendicular to the axis ; (2) The other per- 
pendicular to this plane — i,e,, parallel to the axis. The product 
of the former component into the length of the perpendicular 
from the axis upon its line of action, gives the required moment. 
The component parallel to the axis measures the thrust or pull 
along the axis. At the same time the component in the perpen- 
dicular plane gives a measure of the transverse pressure at the 
axis. The proof of these statements will be given immediately. 

Conventional Signs of Moments— Algebraic Sam of Moments. — 
In problems relating to the moments of a number of forces 
acting on a body which is free to turn about a given axis, it is 
necessary to distinguish in sign between the moments of those 
forces which tend to turn the body in one direction about the 
axis, and those tending to turn the body in the opposite direc- 
tion. If the moments of the one set of forces be regarded as 
positive, then those of the otliier set must be regarded as negative. 
Which direction of rotation is to be considered as the positive 
direction is a matter of little importance, so long as a distinction 
in sign is made and adhered to throughout the investigation. 

By the term " Algebraic Sum " is to be understood the sum 
of the several quantities considered (whether moments or any 
other quantities differing in sign), each taken with its proper 
sign attached ( + or - ). 

Equilibriom of a Body under the Action of several Turning 
Forces. — The tendency of a force to turn a body about a given 
point depends only on the product of the two ifactors (1) effort 
and (2) its perpendicular distance from the point. It therefore 
follows that if any number of forces act in the same plane on a 
body and tend to turn it about a given point, the result will be 
the same (so far as the turning effect is concerned) as that of a 
single force acting in the same plane, and having a moment 
equal to the sum of the several moments. If some of the forces 
tend to turn the body in one direction and the others in the 
opposite direction ; and, further, if the sum of the moments of 
the one set be equal to the sum of the moments of the other set, 
so that the algebraical sum of the moments is zero, it follows 
that the body will have no tendency to turn in the one direction 
more than in the other. In other words, the body will be in 
equilibrium so far as rotation is concerned.'^ 

* The proofs of these statements are given in books on Theoretical 
Mechanics. 
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. Principle of Moments.— If any number of forces, acting in the 
same plane, keep a body in eqoilibriam, then the som of the 
moments of the forces tending to tarn the body about any axis 
in one direction, is equal to the sum of the moments of the forces 
tending to turn the body about the same axis in the opposite 
direction. 

Conversely. — If the sum of the moments of the forces in the 
one direction is equal to the sum of the moments in the opposite 
direction, tb.e body will be kept in equilibrium. 

The Principle of Momenta is sometimes stated in the following 
brief but useful form : — 

When a body is kept in equilibrium by any number of co-planer 
forces, the algebraical sum of the moments of all the forces about 
any point in their plane is zero. 

Conversely.— If the algebraical sum of the moments about 
any point in their plane is zero, the forces are in equilibrium. 

Example I. — A uniform beam weighing 1 ton rests on sup- 
ports at its ends, 20 ft apart. Weights of 5, 10, and 15 cwts. 
rest on the beam at distances of 6 ft. apart, the weight of 5 cwts. 
being 4 ft. from one of the supports. Find the reactions at the 
points of support. 



R,-j?^cwl» 



ft^^^S cwt^ 




i , 

W ^20fnoU 
To Illustrate Examplb on Momxnts. 

Answer. — ^According to the Principle of Momenta just stated, 
we may take moments about any point in the plane of the forces, 
in order to find E^ and Rg the reactions at the points of support. 
The student, however, will find it advantageous to take moments 
about one of the points of support; for then, the moment of 
the reaction at that point will vanish, and he will thus have 
an equation containing only one unknown quantity — ^viz., the 
other reaction. 

3 
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Suppose we take moments about the point B, then we get :— 

Ej X AB = Wi X DB + (Wg + W) CB + W3 X EB. 

Substituting Talues, we get : — 

Bi X 20 = 5 X 16 + (10 + 20) X 10 + 15 X 4 = 440 (cwt-ft.), 

440 
Bi = -2Q- = 22 cwts. 

Now, we caai either take moments about A, and find Rg ^^ ^^^ 
sftme way as we have found £^ ; or, we may make use of our 
knowledge of parallel forces (since the above system is one of 
parallel forces) and get R^ '^^^ latter method is the simpler. 
Adopting this method, we get : — 



Or, 



Rg = 5 + 10 + 20 + 15 - 22 (cwts.) 
Bo == 28 cwts. 



Couples. — ^We shall now show that all questions relating to 
turning forces are really questions involving couples compounded 
with single forces. 

Definition. — ^A Couple is a system of two equal and oppositely 
directed parallel forces, whose lines of action do not coincide. 

Definition. ^The Arm of a couple is the perpendicular dis- 
tance between the two equal forces. 

Definition. — The Moment of a couple is the product of one 

of the equal forces into the 
arm. 

Thus, if a body be acted 
on by two equal and op- 
posite parallel forces, P, P, 
whose points of application 
are A and B respectively, 
then these forces consti- 
tute a Couple. If M N be 
drawn ± to A P and B P, 
then the length of this' 
perpendicular is called the 
Arm of the Couple, and the 
Moment of the Couple » 
P xMN. 




Moment of a Cottple. 



From an inspection of the figure it will be seen that the effect 
of a couple acting on a body is to produce rotation. A couple^ 
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lias no effect in producing translation of the body on which 
it acta. 

We shall now prove the following important Propositions 
regarding couples. 

Proposition I. — The Algebraic Sum of the Moments of the two 
forces of a couple about any 
point in their plane is con- ^ 

stant ; or in other words, ^ 

The Moment of a Couple 
about any point in its plane 
is constant 



M 



N 



-•O 



Let Pj, Pg be the equal 
forces constituting the 
couple and O be cmy | ! 
point in the plane q« the mombnt op a Couplb about a Poiht. 
couple. 

From O, drop the perpendicular O N M on the lines of action 
ofP^andPa- 

Then, % Moment of P^ about O = Pj x O M. 

And, „ P2 „ --PgxOK 

Moment of Couple about = P^ x O M - P^ x O N. 

i.e.y „ „ = ?! X M N. 

But P^ X M N is clearly a constant quantity. It is, in fact,, 
what we have already defined as the Moment of the Couple. 
Hence, we see that the moment of a couple about any point in 
its plane, is independent of the position of that point with respect 
to the couple. 

Bemembering, then, that a couple has no translatory effect on 
the body on which it acts, and that its rotatory effect is measured 
by its moment, we at once obtain the following corollaries from 
the above Proposition : — 

(1) A Couple may be considered as acting anywhere in its own 
plaoie. 

(2) A Couple may be replaced by another of equal moment and 
si^ and acting in the same plane. 

(3) The Resultant of two or more Couples acting in the same 
plane, is a couple whose moment is equal to the algebraic sum of 
the moments of the component couples.^ 

* Independent proofs of these propositions are usually given in books on. 
Theoretical Mechanics. 
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Proposition II.— ^A force acting on a rigid body can always 
be replaced by an equal force acting at any given point together 
with a couple. 

Let P be a force acting at the point, A, in a rigid body, and 
let O be the given point. 

At O, introduce two opposite forces, P^ and Pg, each equal to 
P, and having their line of action, P^ O Pg, parallel to A P. 

Then, obvio\isly, the introduction of these two equal and 
opposite forces at O will not aflfect the action of P at A. We 
have now a system of three forces acting on the body, which is 

equivalent to the single 
force, P, at A. But, clearly, 
two forces of this system — 
viz., P and Pj^-constitute 
a coujjle, the moment of 
which is P X ON. The 
action of this couple is 
simply to produce rotation 
of the body. The remain- 
ing force, P2, is that part 
of the system which pro- 
duces or tends to produce 
A Force Replaced by a Fobck translation The magm- 

AND A Couple. ^^^^ ^nd direction of P2 

are always equal and 
parallel, respectively, to those of the original force, P. 

If O represents the intersection of the plane of the forces 
with an axis round which the body is free io turn, then the 
moment = P x O N, and the transverse pressure on the axis 
is P2 = P. 

Proposition III.— A force and a couple acting in the same 
plane are equivalent to or, may be replaced by, a single force 
in that plane. 

This is the converse of Proposition //., and might have been 

assumed here without proof; but we prefer giving a proof since it 

exhibits a method or process of reasoning useful for other purposes. 

Let a force, P, and a couple whose moment is Q x ^, act in the 

same plane on a rigid body. 

Replace this couple by another of equal moment and similar 
in sense, and having its forces each equal to P, the given force. 
[See Oors. (1) and (2), Prop. I.] 

Let the arm of this new couple hep. Then we must have : — 

T X p ^ Q X q. 
Or, ^ Q X g ^ 
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!N^ow, rotate this new couple in its plane into such a position 
that one of its forces acts along the same line as the given force 
P at A, but having its direction opposite to that of P. [See Cor. 
(1) Prop. I., and right hand fig. below]. We have then a system 
of three equal forces, two of which — viz., P, P^ at A — neutralise 
each other, and then we are left with the single force P2, acting 
along a line B Pg parallel to A P, and at a distance p from it, 
such that p = qQ/'P, 

Several important applications of the preceding propositions 
will be met with throughout the present treatise. 



^' V 
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A FORCB AND A COUPLB KePLACED BT A FOBCB. 

Example II. — A uniform platform, AC, turning about a hinge 
at A, is kept in a horizontal position by means of a chain, C H, 
fixed to a hook, H, in the wall vertically over A. A barrel 
weighing 6 cwts. is placed on the platform at B. Determine the 
tension in the chain, and the magnitude and direction of the 
reaction at the hinge. A; given weight of platform = 2 cwts., 
AC = 6 feet, A B = 5 feet, and A H = 8 feet. 

Answer. — (1) To find T the tension in the chain, C H. 

From A drop the perpendicular A N on C H. Take moments 
about the hinge. A, so as to eliminate the reaction at that point. 
Then, by the Principle of Momenta^ we get : — 

TxAN = WxAB + m;xAG 
„ „ =6x6 + 2x3 = 36 cwt.-ft. 



T=^i«^cwt. 



(1) 



We have now to determine the length of A N in feet. 



38 



LECTURE nr. 



The easiest way to find this, is to express the area of the 
right angled triangle, A OH, in two ways, and then equate these. 




To Illustrate the Tension in the Chain and the Reaction 
AT the Platform Hinge. 

Thus, Area aACH = J(CHx AN). 

Also, „ „ = J (A X A H). 

i (OH X AN) = i (AO X AH). 
^ ^^ AC X AH 



Or, 


6x8 48 ^ 
OH OH"' 


But, 


CH= VAC« + AH«. 


Or, 

From eqn. (2) 


» = V 6" + 82 = 10 ft. 
AN = ^=4-8 ft. 



(2) 



And, „ (1) 



T = II = 7-5 cwts. 



I*tT» 


«B horizontal oompoaent 


ofT 


« T. 


• yeriical 


M 


9f 


Ta 


= T cos ^s^ 


HOA 




99 


-^•^"i^ 


= 4'5 cwti. 




T„ 


= T sin .^ 


HOA 




If 


^7.5x«^ 


= 6 cwts. 





QUESTION ON TENSION AND REACTION. S9 

(2) To find the reaction at the hings^ A. 

EefiolTe the tension, T, in the chain, C H, into two oomponenti^ 
viz., one along C A and the other perpendicular to C A« 



Then, 
Also, 



Now, let II denote the reaction of the hinge at A, and let 
Ka, "Rt) represent the horizontal and vertical components of R. 
Then since the only horizontal forces acting on the platform are 
Ea and Ta, these must be equal and act in opposite directions. 

Ra = T;i = 4-5 cwts. 

Again, R,;, T^, W, and w constitute a system of parallel 
forces in equilibrium. 

Rp + T^ = W + t£; 

Rt, = 6 + 2 - 6 = 2 cwts. 
But, R2 = R| + R2 

i.e,, R2 « 4-52 + 22 = 24-25 

R = V 24^ = 4-92 cwts. 

(3) To find the direction of the reaction^ R. 

Since R;i acts from A to C, and R|, acts vertically npwards, 
it at once follows that the direction of R lies along some line 
between A C and A H. 

Let r denote the length of the perpendicular from C upon the 
]ine of action of R. Then, taking moments about 0, we get by 
the Principle of Momenta : — 

Rxr«=WxCB + w;xOG 
Or, 4-92 xr=6xl + 2x3 = 12 cwt.-£fc. 

r = ^i^= 243ft 
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To set oat the line of action of B. we may proceed thus: — 
With centre, C, and radius, r = 2*43 ft. draw an arc of a circle 
above line A 0. From A draw a tangent to this arc. Then the 
direction of the reaction is along this tangent. 

^o^.— When the student has studied the Lectures on the Graphical 
Methods of determining the stresses in structures he should return to this 
problem, and determine graphically the tension in the chain, C H, and the 
magnitude and direction of the reaction of the hinge at A. 

Work Done by Taming Efforts and Couples. — ^We are now in 
a position, to be able to find the work done by taming forces 
and couples, and to construct the diagrams of work done by 
such efforts. 

Case I. — Work Done by Uniform Moments. — Let O be a point 
in the plane of the turning or twisting effort, P, round which 
the body is rotating. 

Then, Moment of P about = M = P x O N = Pr. 



*ro 




Uniform Moment. 



Let the body make n complete turns. 

Then, Displacement of P = 2 at rn 

/. Work done br/l?=^F x2vrn = 'Prx2'3rn = Mx2^n, 

But 2 ^n is the circular mecLswre of the angle turned through 
by the effort, P. 

Let & denote this angle — i.e., let tf«2flrn. 

Then, Work done by moment, M, dor- ) m 4 

ing angular displacement, ^/ ~ ^^» • • • (^) 

Now we have already seen that every turning effort may be 
regarded as equivalent to a couple of equal moment *to the effort 
and a force equal and parallel to the effort acting at the point O. 



WORK DONE BY A COUPLE OF UNIFORM MOMENT. 
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For the present we are only concerned with the turning effect 
of the effort or couple ; hence, if a body is rotated by a couple 
of moment, M, through an angular displacement, $ : — 



Then, 
Where, 



Work done by couple = M ^, 



(2) 



= 2^n, 



Diagram of Work Done by a Couple of Uniform Moment — From 
equations (1) and (2) it will be seen, that the quantity, tf, or 2 cr w, 
has the same relation to the equation for the work done by a 
couple, that L had in the previous expressions (P x L) for the 
work done by a force ; only, that here ^ represents an angvlar 
displacement while in the previous case L represented a linear 
displacement. And, just 

as we can construct a dia- ^ - ^ 

gram of work for linear 
displacements, so also, can 
we construct a similar dia- 
gram of work for angular 
displacements. 

Hence, draw two rect- 
angular axes, ox^ oy. Set 
off O A to represent the 
turning moment, M, and 
OB to represent the 
angular displacement, 6. 

Then, if the moment of 
the couple be uniform, the area of the rectangle O A C B repre- 
sents the work done. 




o< e-'Zirn -^'B' 

Diagram of Wobk fob a 
Uniform Moment. 



i,e., 



Work Done =: Area OACB = M^. 



Case II. — Work Done by a Couple of Variable Moment. — If 
we wind up a flat spring (such as the main spring of a watch 
or clock) or twist a helical spring or a wire or shaft by an effort 
in a plane perpendicular to its axis, the twisting moment re- 
quired is proportional to the angle of twist within certain 
limits. This law may be stated briefly, thus : — 

Mx ^. 

We can prove, as in Lecture I., that the diagram of work for 
such cases as the above will be a triangle or a trapezoid accord- 
ing as the spring or shaft is in a neutral or initial state of stresa 
-when we begin to further twist or untwist it. 



LStrruRE in. 



ThoB, let ihe material be in an unBtresaed eonditicni to begin 
with ; and let M^ ^ the twisting moment oocresponding to ^ 




Diagram of Work for a Varxablx Moubht. 

angle of twist, ^2- Then, for any other angle of twist, 0, we 
get the corresponding twisting moment, M, from the proportion 

Hence, if A B, AH, and B C represent ^2» ^9 ^^^ ^2 ^ ^speo- 
tively, we see that M will be represented by the ordinate H K. 
For, obviously, 

HK : B0 = AH i AB=tf : ^2. 

.^. H K represents the twisting moment for angle of twist, 4, 
to the same scale that B C represent M2. 

Hence, Work done in twiating \ , . a t> n \ yjc a 

If the initial and final angles of twist be &^ and ^2 respectively, 
then 



Work done in twisting material ) 
through angle {d^- ^1) J 



^reaDBCE 

i(M2+M,)(tf2-^i). 



The Fusee. — As an illustration of the manner in which the 
variable twisting moment of a coiled spring may be compensated, 
and thus secure a uniform turning effort, we may instance the 
case of the fusee as adopted in many watches, clocks, and 
chronometers. In such cases, the driving of the works at a con- 
stant rate is the object aimed at, and this naturally requires a 
constant turning effort in the wheel work, this effort being just 
"Sufficient to overcome the frictional and other resistances offered 
by the mechanism. Kow, one of the most compact and ooBr 
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venient pieces of mechanism into which mechanical energy can 
be stored is that of a coiled spring, and since the very nature of 
the spring is such, that its moment decreases as it uncoils, we must 
employ some compensating device between this variable driving 
force and the constant resistance. The fusee does this in a most 
accurate and complete manner. Looking at the accompanying 
figures and index to parts, we see that the barrel, B, which oon- 




The Fusee tor a Clock ob Wjaoa. 



Index to Parts. 



B represents Barrel. 
F ,, Fusee. 

BW „ Hatchet wheel. 



TW represents Toothed wheeL 
WS ,, Winding square. 



tains the watch or clock spring, is of uniform diameter, and that 
between the outside of this barrel and the fusee, or spirally 
grooved cone, there passes a cord or chain. When the winding 
key is applied to the winding square, WS, and turned in the 
proper direction, a tension is applied to the cord, and it is wound 
upon the spiral cone, thus coiling up the spring inside the 
barrel, B ; for the outer end of this spring is fixed to the peri- 
phery of the barrel, and the inner end to its spindle or axle. 
When the spring is fully wound up it exerts the greatest force, 
but it acts at the least leverage, since the cord is on the groove 
of least diameter. When the spring is almost uncoiled it acts 
at the greatest leverage, for then the cord is on the groove 
of largest diameter. Consequently, the radii of the grooves* 
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of this cone are made to increase in proportion as the force 
applied to the cord decreases, in order that there shall be a 
constant turning effort on the works of the clock or watch. 

Correct Form to be given to the Fusee Curve. — ^We shall now 
show that the true form of the fusee curve is that of a rectangular 
hyperbola for equalising th^ effect of a spring of uniform elas- 
ticity, and when neglecting the other connections. 

Let A BCD be the diagram of work for the spring inside 
the barrel, B. Then, from what has been said above, A BCD 
will be a trapezoid. 

Let B C represent P, the force which the spring (inside the 
barrel) exerts on the cord or chain when it is fully wound up. 




DlAGBAM OP WOBK, &0., TOR THE FuSEE. 

Similarly, let G H represent p, the tension in the cord or chain 
at any other instant. 

Let the ordinates E B, K G, and FA, represent the several radii 
at which the cord acts on the fusee. Then E K F will be the curve 
required to be given to the fusee. Thus, B E represents the 
radius at which the tension, P, in the cord acts when the spring 
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inside B is completely wound up. Similarly, G K represents the 
radius of the fusee corresponding to the tension, j?, in the cord. 

Produce C D till it meets B A at O. Take O as the origin. 
Let O G = «, G K = y, and O B = 5. 

Then, if we have a constant ttvisttng moment acting on the 
fusee spindle : — 

p X y ^ Si constant (m) . . • (^) 
But, j3 : P = 03 : 6 

P 
6 

p 

Where w = -^ = a constant. 

6 

Substituting this value for j? in equation (1) we get : — 
nxy =: m 

Or, 05 y = — = a constant. 

n 

But this is the equation for a rectangular hyperbola referred to 
the axes O X, O Y which are its asymptotes. We have met with 
this curve before when treating of the expansion or compression 
of gases according to Boyle's law. 

In practice, the fusee is made as nearly as possible to this 
shape. Then the fusee and spring, are connected, as shown by 
the figures on page 43, and tested by fixing an L-shaped lever 
(with an adjustable weight on the long arm of this adjusting 
rod) to the winding square, W S, and finding whether the ten- 
sion in the cord or chain (as due to the spring enclosed in B) 
is balanced in every position by the same turning effort on 
the lever. 

Should the turning moment of the combined spring and fusee 
be thus found to be greater when the spring is fully wound up 
than when it is nearly run down, the initial tension of the 
spring is too great. To lessen this, the ratchet wheel, R W, is 
eased back a tooth or two, the cord readjusted, and the above 
experiment repeated until the nearest approach is arrived at to 
a uniform turning effort on the works of the timepiece. 
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Lecture HI. —Questions. 

1. Define the moment of a force with respect to a point. When is ft 
moment reckoned positive and when negative? Draw an equilateral 
triangle, ABC, and suppose each side to be 4 feet long. A force of S 
units acts from A to B, and a force of 10 units from C to A. (a) Find the 
moment of each force with respect to the middle point of BC; (6) Find 
a point with respect to which the forces have equal moments of opposite 
signs. Ana. (a) 18 V 3$ {b) Any point on the resultant. 

2. State the principle of moments and hence show that the moments of 
two forces about any point in their resultant are equal and opposite. A 
rod is supported horizontally on two points, A and B, 12 feet apart. 
Between A and B points C and D are taken such that A C =B D = 3 feet. 
A weight of 120 lbs. is hung at C, and a weight of 240 lbs. at D. Take a 
point O midway between A and B and find with respect to O the 
algebraic sum of the moments of the forces acting on the rod on one side 
of O. (You may neglect the weight of the rod. ) Ans. 540 ft. -lbs, 

3. In a blowing engine of the overhead beam construction the area of 
the steam piston is 2,712 square inches, and the mean pressure of the 
steam is 30 lbs., while the area of the piston of the blowing cylinder is 
16,272 square inches. The leverage of the working beam is as 15 on the 
steam side to 20 on the opposite side ; what is the pressure of the air as it 
leaves the blowing cylinder ? Ans. 3*75 lbs. per square inch. 

4. A safety valve, 3 inches in diameter, is held down by a lever and 
weight. The distance from the fulcrum to the pin of the valve is 6 inches. 
Weight of valve 5 lbs. Weight of lever 15 lbs. Distance from fulcrum, 
to centre of gravity of lever 16 inches. Find where a weight of 60 lbs. 
must be placed on the lever so that the steam may blow off at a pressure 
of 56 lbs. per square inch. Ans. 35*1 inches from fulcrum. 

5. Define a couple, its arm, and its moment. Show that two couples, 
whose moments are equal and of opposite signs, are in equilibrium when 
they act in the same plane on a rigid body. If forces act from A to B, 
B to C, and C to A, along the sides of a triangle, ABC, and are pro- 
portional to the sides along which they respectively act, show that they 
are equivalent to a couple. 

6. Show that a force acting at a given point A, may be replaced by an 
equal parallel force acting at any other point B, and a couple whose 
moment equals moment of original force about B. 

7. Find the resultant of a rorce and a couple acting in the same plane. 
Draw a square, A B C D, and its diagonal, A C. Two forces of 10 lbs. 
each act from A to B and from C to D respectively, forming a couple. 
A third force of 15 lbs. acts from C to A. Find their resultant, and show 
in a diagram exactly how it acts. Ans. R = 15 lbs. 

8. State the principle of moments, and apply it to the solution of the 
following question : — A B, A C are sheer poles secured to a base plate in 
the ground at B and C, and held in position by a wire guy or tension rope, 
A E, attached to the ground at E, D is the middle point of the line joinmg 
B and C, and B C is perpendicular to E D. Given A B = A C = 216 feet; 
B C = 14 feet ; D E = 40 feet ; A E = 65 feet. Find tension in the guy 
rope when a weight of 20 tons is suspended from A. Ans. 13*55 tons. 

9. Explain, with a sketch, the use of a fusee in equalising the variable 
force of a spring coiled within the barrel of a watch. Find uie theoretical 
form to be given to the curve of the fusee. 
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10. A safety valre, 3} inches in diameter, is held down by a lever and 
spring. The arrangement has to be so constructed that each pound of 
additional pressure per square inch on the valve will be registerea as such 
on the spring at the end of the lever. Neglecting the weights of the lever 
and valve, you are to determine the relative distances of spring and valve 
from the fulcrum of the lever. After the valve has been set, determine 
the additional pressure per square inch which will be necessary to lift the 
valve -^ inch, the spring requiring a force of 10 lbs. to extend it 1 inch. 
You may neglect the weights of the lever, valve, and spring. Sketch 
the arrangement. Ana. 9*625 : 1; 4*82 lbs. 
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LECTURE IV, 

<7oNTENTS. — Principle of Work — Principle of the Conaerration of Energy — 
Definition of "Energy — Useful and liost Work in Machinery — Proposi- 
tion — Principle of Work Applied to Machines— Definition of Efficiency 
— Object of a Machine — Definition of a Machine — Simple or Elementary 
Machines — Force Ratio — Velocity Ratio — Mechanical Advantage — 
Relations between the Advantage, Velocity Ratio, and Efficiency of a 
Machine — Examples I. and II. — Questions. 

Before taking up the subject of simple machines we shall give 
a brief statement of another important principle in Mechanics 
known as the " principle of work." 

Principle of Work. — If a body or system of bodies be in 
equilibrium under the action of any number of forces, and receive 
a small displacement, the algebraical sum of the work done by all 
the forces is zero. 

Conversely. — If the work done be zero, the forces are in 
equilibrium. 

We may verify the truth of the principle of work by assuming 
the principle of moments, or the principle of the parallelogram 
of forces, &c,; or, conversely; having assumed the principle of 
work we can verify the truth of the principle of moments, or the 
principle of the parallelogram of forces. After all, the principle 
of work is only a particular case of the more general principle 
called the Principle of the Conservation of Energy, which is now 
universally accepted by all scientists, and may be stated thus: — 

Principle of the Conservation of Energy. — The total energy of 
any material system is a quantity which can neither be increased 
nor diminished by any action between the parts of the system, 
though it may be transformed into any of the forms of which 
energy is susceptible. {Clerk Maaywell) 

Definition. — Energy confers upon a body possessing it the 
ability to do work. 

The principle of the conservation of energy, therefore, asserts 
that there can be no increase or decrease in the energy of any 
system without an equivalent loss or gain of energy in some 
other system. If in any isolated system there be an increase in 
one form of energy this can only happen at the expense of some 
of the other forms of energy in the system. 

4 
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Hence, the total energy in the Universe is a constant quantity. 

We may change energy of one form into that of another, but 
"we can never change the total amount. 

UseM and Lost Work in Machinery. — In the case of machines, 
it is true, that the useful work is much less than the work put 
into the machine. A part of the total energy exerted is rendered 
unavailable for useful work, this part being employed in over- 
coming the friction at the rubbing surfaces; by setting up 
vibrations in the machinery. Sic; and these reappear in the 
forms of heat and sound energy, &c. The energy thus mis-spent 
is a direct loss to the engineer, and he has to contrive means 
for its reduction; although, he can never hope to entirely 
eliminate it. 

Since the student is still expected to give a demonstration or 
verification of the Principle of Work; when, say, the truth of 
the Principle of Moments is assumed, we herewith give such a 
demonstration in its usual form as it appears in most works on 
this subject. 

Peoposition.—To verify the truth of the Principle of Work 
by assuming the truth of the Principle of Moments. 




Principle op Wobk and op Moments. 

Let A F B be a rigid lever capable of turning about a fulcrum 
at F. Let forces P and W act at the extremities A and B 
respectively. Let the three forces, P, W, and the reaction. at F, 
be a system of forces in equilibrium. 

Then, by the Principle of MomentSy we have > — 

P X AF = W X BF 
Or, .P:W = BF:AF (1) 

Now, conceive the system to receive a small displacement), 
the forces being still in equilibrium. For this displacement it 
is best to conceive the lever tilted through a very small .lo^le .^, 
round the fulcrum, F ; its new position being A' F B'. 
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Then, 

Work done hy V = P x A' M 

„ „ W = -(W'x B'N) 

Total work done = P x A' M - W x B' N . . (2) 

But, from the similar A«, N F B' and M F A', we get : — 

B'N : A'M = B'F : A'F 

„ =BF:AF 

/. From eqn. (1), B' N : A' M = P : W 

W X B'N = P X A'M 

Hence, from eqn. (2), we get: — 

Total work done = P x A'M - P x A'M = 0. 

This rerifies the principle as stated above. 

The student should now prove in a similar manner the con-, 
verse statement, and also, verify the truth of the Principle of 
Moments by assuming the Principle of Work. 

Principle of Work Applied to Machines. — When applied to 
machines the Principle of Work takes the form : — 

Total work expended = Useful work done + Work lost in the machine. 
Or, Work put in = Work got oat + Lost work. 

If we denote these three quantities by Wt, W^, and W^ re- 
spectively, we can write the above equation thus : — 

Wt = Wu + W,, (I> 

Definition. — The ratio which the nseftd work done bears ta 
the total work expended is called the efficiency of the machine. 

i.e.. Efficiency = 5????1^???^^^???_ = -^ . . (II> 

^ Total work expended W^ ^ ^ 

The efficiency of an actual machine is always a proper fraction. 
The efficiency could only be unity in the case of a perfect 
machine, or where we assume the entire absence of frictional 
and other losses. In such theoretical cases we state the Principle 
of Work in the following form : — 

Total work expended = Usefol work done. 

Object of a Machine. — The object of a machine is to enable us 
to perform work of various kinds, either by our muscular exer- 
.ticms or by utilising the forces of nature. 

We may define a machine either from a stiUieaL or from a 
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Mnematical point of view. Regarded Statically, it is an instru- 
ment for cfhanging the magnitvde, direction, or place of application 
of a given force. Einematically, it is an instrument for changing 
the direction or the velocity of a given motion^ or hot/i direction and 
velocity. 

Combining these two statements, we get the following : — 

Definition. — ^A machine is an instniment, or combination of 
movable parts, constructed for the purpose of transmitting and 
modlQing, in various ways, force or motion, or both force and 
motion. 

Or, a machine may be defined to be a combination of resistant 
bodies whose relative motions are completely constrained, and by 
means of which the natural energies at our disposal may be trans- 
formed into any special form of work. {Prof A, B, W. Kennedy.) 

Simple or Elementary Machines. — ^AU machines, however com- 
plicated, are merely combinations of two or more of the following 
mechanisms : — 

1. The Lever and Fulcrum. 4. The Inclined Plane. 

2. The Pulley. 6. The Wedge. 

3. The Wheel and Axle. 6. The Screw. 

In reality, there are only two elementary mechanisms distinct 
in principle — viz., the Lever and the Inclined Plane. The Pulley 
and the Wheel and Axle are but modifications of the Lever ; 
whilst the Wedge and the Screw are but particular cases of the 
Inclined Plane.* 

Force Ratio — Velocity Ratio — Mechanical Advantage. — In con- 
sidering any machine it is desirable to know the ratio which 
the applied force or effort bears to the resistance or load over- 
come. This is termed the Force Ratio. Also, the ratio of the 
velocities of the points of application of the effort and resistance. 
This is termed the Velocity Ratio. In this treatise we shall 
denote the applied force or effort by P or Q according as fric- 
tional resistance is neglected or taken into account ; W being 
the resistance or load in both cases. 

Then, P = Theoretical force required to overcome resistance, W. 
And, 0, = Actual „ „ „ W. 

Also, Theoretical Force Ratio = ^^ \ 

W (in) 

And, Actual Force Ratio = ^1 

* For descriptions, &c., of these simple mechanisms, see the author's 
Elementary Manual of Applied Mechanics. 
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Let V = Velocity of the point of application of the effort P or Q. 
„ V = „ „ „ „ resistance, W. 

Let X = Displacement of the point of application of P or Q. 

» y — » » » "'. 

Then, in a given time or period of motion of the machine, it 
is clear that :— ' 

Velocity of P or Q Displacement of P or Q in a given time 
"Velocity of W Displacement of W in the same time 

Or, 1 = 5 . . 

"" 2/ V (V^ 

TT 1 -x. T) X. aj P or Q's displacement / ' • • v / 

t.e., Velocity Ratio = - = ^, .T . — ^ — 

' y W's displacement ] 

The reciprocal of the force ratio is usually spoken of as the 
Mechanical Advantage of the machine.* Hence : — 

«„, X. 1 J X Resistance overcome W ,„_., 

Theoretical advantage = hhi r- — i-s ^s = -ri- (^I) 

^ Theoretical force required P ^ ^ 

Actual advantage ^ Resistance overcome ^W 
^ * Actual force required * * Q 

Relations between the Advantage, Velocity Ratio, and Efficiency 
of a Machine. — ^Neglecting friction and applying the " Principle 
of Work " to any machine, we get : — 

W X its displacement = P x its displacement. 
Or, Wxy = Txx. 

W _x^ 

P " tf 

W V 

Or, from Equation (V), ^ = — 

le., Theoretical Advantage = Velocity Ratio. 

* In some treatises on Applied Mechanics the force ratio and Mechanical 
AdtjarUage are synonymous terms, but, since in many problems it is desir- 
able to know what ratio P or Q bears to W, we have chosen the former 
term (force ratio) to denote either of these ratios, retaining the term 
" advantage " in its original sense, to denote the reciprocal of the /o?'C€ ratio 
or the ratio of the load overcome to the force required to overcome it. 
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Again, in any machine we get : — 

.„rn . _ Useful work done _Wy 

Total work expended ~ Qx 
W P 
„ " "o" ^ w ^^^^ Equation (VIII). 

P 

" =Q 

-^ . _ Theoretical force to overcome W j 
~ Actual force to overcome W 



(IX) 



i.e. 



Weston's Diffebektial 
Pulley Block. 



Example I. — Determine the rela- 
tion between P and W in Weston's 
differential pulley block — (1) by the 
Principle of Moments, (2) by the Prin- 
ciple of Work. The radii of the 
pulleys are 4J inches and 4J inches. 
Taking' the efficiency of the machine 
at 40 per cent., find the effort re- 
quired on the 
hauling chain in 
order to raise a 
weight of \ ton. 
What is the 
actual advan- 
tage in this ma- 
chine ? 

Answer. — Let 
R and r denote 
the radii of the 
larger and 
smaller pulleys 
respectively. 
Then :— 

(1) Since the 

weight, W, is 

Skeleton Figure of supported by 

Weston's Differential two parts of the 

Pulley Block. ^^^^^^ ^^ ^^ ^^^^^ 

that the tension in each part is W/2. 
Considering the upper or differential 
pulley we see that it is acted on by 
three forces at the circumferences, viz. : 
— The tensions in the two parts of the 
chain supporting W, and the pull, P, 
along the hauling part of the chain. 
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Taking moments round the centre of the pulley pin, and 
applying the Principle of Moments, we get : — 

W W 

^ Z 

Or, Px R=^(R-r), 

P R - r 



W "2R'- 

(2) Suppose the system to receive such a displacement that 
the differential pulley makes one complete turn, W being raised 
during the operation. Then : — 

The displacement of P = aj =* 2 tt R. 

One pfcrt of the chain supporting W is overhauled by an' 
amount = 2 ^ R, while the other part is let out by a length 
= 2 irrr The weight, W, will, therefore, be raised by an amount 
equal to the algebraical mean of these two displacements of the 
supporting chain* 

Or, 

Displacement of W = y = ^ (2 -r R — 2 ir r) = at (R --r). 
Hence, by the Principle of Work, we get : — 

Tx = Wy; or, ^ = ^, 



W 



X 



P 



^(R-r) R^r 
^•^•' W"" 2^R -~2W' 

This is, however, the same result as before. 

Effi ' — TJseful work done _ Wy _ W R - r 

^ "" Total work expended ~ Q a: " Q 2 R ' 

In the example, the efficiency = 40 per cent. = -4 : W = 560 lbs. ; 

Hence, 560 4| - ^i ^ ggO 1 

^ Q 2 X 4J Q 36' 

560 „„i„ 
= 38-8 lbs. 



4 X 36 



Actual advantage = 5 = ^ = 1*^. 
vJ 38a 1 
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Example il. — It is found by trial that when P is on the 
point of lifting Q by means of a single fixed pulley, P = (1 + m) Q, 
where n» is a fraction depending on the friction of the parts 
of the machine. If three such pulleys are combined into "a 
block and tackle," find the effort requisite to raise a given weight 
by means of it. If m equals 0*2 so that an effort of 60 lbs. 
would just raise a weight of 50 lbs. in a 
single fixed pulley, find the number of 
ft. -lbs. of work done against friction, when 
a weight of 1,000 lbs. is raised 20 ft. by 
means of a block and tackle of three such 
pulleys. (S. and A. Adv, Theor. Mechs. 
Exam. 1883.) 

Answer. — (1) Let the figure represent 
the block and tackle consisting of three 
pulleys or sheaves. (In this figure we 
have drawn the pulleys of different sizes 
for the purpose of showing clearly the 
various ropes and exhibiting the forces). 

Let Pj be the effort required to raise a 
given weight, W, by means of this system 
I ^^-K^ of blocks. Let Pg, Pg, P4, denote the ten- 

Y A sions in the three parts of the rope aa 

I " ' shown. 

\^ ^ Then, from conditions stated in question, 

we get : — 

P, = (1 +m)Ps . . . (1) 
P, = (l+m)P3 ... (2) 
P3 = (l +m)P, . . . (3> 

Adding together the corresponding sides 
of equations (1), (2), and (3), we get: — 




Question on the 
Pulley Block. 



Pj + P2 + Ps = (1 + m) (P^ + P3 + P,). 



= Pj + P3 + P, + m (P^ + P3 + P,). 



But, 



P. + P. 



Pj = P, + m (P2 + Ps + P*)- 
+ P^ = W. 



Pj = P^ + m W 



(4> 



Multiplying together equations (1), (2), and (3), we get: — 

P,P,Ps=(l+«»)*P2P3P4. 



P, = (l+m)'P,. 



Or, 



?* = 



(1 + mf 
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Substituting this value for P^ in equation (4), we get: — 

Pi { (1 + m)' - 1 } = m(l + mfW. 
Or, (m' + 3 m' + 3 m) Pj = w ( 1 + mf W. 

i.e.y (w' + 3 w + 3) Pi = (l+mfW. \ 

Or, Pi- a + /»)^ \' • • (^> 

(2) In the example given, m = 0*2, and we may find the 
effort, Pj, required to raise a weight, W = 1,000 lbs. 
From equation (5), we have : — 

P = — (13 X 1,000 lbs. 

0-2' + 3x0-2+3 

When W rises 20 feet, then clearly Pj will be displaced 
3 X 20 = 60 feet. 

Work done hyV^ = 474-72 x 60 = 28,483-2 ft.-lbs. 

And, Work done oti W = 1,000 x 20 = 20,000 ft.-lbs. 

.-. Work done against friction = 28,483-2 - 20,000 = 8,483-2 ft. -lbs. 

We might also find the efficiency of this machine. 

r,^. Wy w^+3m + 3 1 
Efficiently = -p-^ = -3 — x -^ 

Where x = displacement of Pj, and y = corresponding dis- 
placement of W, and y : a; = 1 : 3, there being three parts of rope 
supporting W. 

Efficiency = — i- = -7021 = 70-21 per cent. 

o X i'l 2o 

Hence, 29*79 per cent, of total work expended is lost in 
friction. 
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Lectubb IV.— Questions. 

• 1. State the principle of work, and apply it to show that a balanced 
lever whose arms are 2 and 3 will remain in equilibrium when weights 
which are as 3 and 2 are suspended at its ends. 

2. Apply the principles of moments and of work in determining the 
relation between P and W in the wheel and compound axle. A weight of 
20 lbs. draws up W lbs. by means of a wheel and compound axle. The 
diameter of the wheel is 5 feet, and the diameters of the parts of the 
compound axle are 9 and 11 inches respectively ; find \V. Ana. 1,200 lbs. 

3. A compound axle consists of 2 parts, the diameters being 10 and 12 
inches respectively, and a rope is coiled round them in opposite directions 
so as to form a loop, upon which hangs a pulley loaded to 48 lbs. Con- 
sidering the parts of the rope to be vertical, find the force which, acting' 
■at a leverage of 4 feet upon the axle, will just balance the weight. Sketch 
the arrangement. Ans. i lb. 

4. In a compound wheel and axle, where the weight hangs on a single 
movable pulley, the diameters of the two portions of the axles are 3 and 2 
inches respectively, and the lever handle which rotates the axle is 12 inches 
in length. If a force of 10 lbs. be applied to the end of the lever handle, 
what weight can be raised ? Ana. 480 lbs. 

5. Define the terms force ratio and velocity ratio as applied to machines. 
What must be the difference in the diameters of a compound wheel and ^, 
axle so that the velocity of P may be 100 times that of W, the length of 
the handle being 24 feet? (S. and A. Adv. Exam., 1887.) Ans. 1*2 iuches. 

6. In a compound wheel and axle, let the diameter of the large axle be 
6 inches, and that of the smaller axle 4 inches, and the length of the handle 
20 inches; find the ratio of the velocity of the handle to th«^ of- the Weight 
raised. Ana. 40 : 1. 

7. Define the terms, force ratio, velocity ral^o, theoretieal and actual 
advantages and efiiciency of a machine. A tackle consists of two blocks, 
each weighing 10 lbs. The lower or movable block has two sheaves, and 
the upper or fixed one has three sheaves. It is found that a force of 56 lbs. 
is required to raise a weight of 200 lbs. suspended from the hook of 'the ' 
lower block. Find (1) the theoretical advantage, (2) the aetual advantage, 
(3) the efficiency of the machine, (4J the percentage efficiency. If W rises 
6 feet, what length of rope must be hauled in? Ana. (1) 4*76 : 1; (2) 
3-67 : 1 ; (3) -71 ; (4) 71 ; 30 feet. 

8. Describe Weston's differential pulley. If the weight is to be raised 
at the rate of 5 feet per minute, and the diameters of the pulleys of the 
compound sheave are 7 and 8 inches respectively, at what rate must the 
chain be hauled ? (S. and A. Adv. Exam. 1888.) Ana. 80 feet per minute. 

9. State and explain the principle of the conservation of energy and show 
that the principle of work is only a particular case of this general principle. 

10. State the principle of work and apply it to determine the relation 
between P and W in Weston's differential pulley block. In such a block 
the radii of the pulleys are 6 inches and 4^ inches respectively. Taking 
the efficiency of the machine at 60 per cent. ; what force must be applied 
to the hauling chain in order to raise a weight of 1 ton ? What is^ the 
actual advantage in this machine? Ana. 224 lbs. ; 10 : 1. 

11. Explain the methods which you would adopt to find the mechanical 
advantage and efficiency of any machine, such as the ordinary block and 
tackle, or a Weston's differential block. Having found the theoretical 
pull (P) and the actual pull (Q) required to raise a given weight (W), what 
would be the efficiency of the machine ? Give reasons for your answer. 

^ns. Efficiency = P/Q. 
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LECTURE V. 

Contents. —Definition of Friction— Limiting Fricti*n— Definition ©f Coeffi- 
cient of Friction — Static and Kinetic Friction — Ordinary Laws of 
Friction for Plane Surfaces — Morin's Experiments— General Result) of 
Beeent Experiments on the Friction of Plane Surfaces— Simple Methods 
for Finding the Coefficients of Friction and Angles of Repose — Defini* 
tion of Angle of Repose — Limiting Angle of Resistance and its Defini- 
tion — Examples I. and II. — The best Ajijgle of Propulsion or Traction — 
Example IIL^Questiong. 

Definition.— Friction is the term used to denote the resistance 
to motion whieh is experienced when one body is made to slide 
over the surface of another. 

The true cause of friction is the roughness of the surfaces in 
contact. The surfaces of all bodies are more or less rough, and, 
when examined by means of a microscope, they are found to be 
covered with minute projections, which are smaller the smoother 
the surface. When one surface rests upon another, the projec- 
tions of the one appear to fit 
•into corresponding hollows in 
the other. Hence, to move 
the one surface relatively to 
another a certain force must 
Magnified Skction through Two ^ exerted either in separating 
EouGH Surfaces in Contact. {i.e., lifting) the surfaces suffi- 

ciently to clear these projec- 
tions ; or, in breaking off some and clearing others. By inter- 
posing a lubricant, such as oil or grease, between the surfoces, 
the friction may be greatly diminished. In such cases, the 
surfaces do not appear to be in actual contact, but are separated 
by a thin film of the lubricant, over which they slide. The 
amount by which the friction is thus diminished depends on 
the nature and quantity of the lubricant between the rubbing 
surfaces. 

Limiting Friction. — Friction is thus a tangential resistance 
offered to the motion of one body over the surface of another. 
Thus, if the body, B, is made to slide along the surface, M N, by 
the force, P, the frictional resistance, F, always acts along the 
common tangent to the two surfaces in contact. "Whilst B is 
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just beginning to move, the resistance, F, increases from nothing 
to a certain limit, so that any further increase of P causes the 
body to slide. The greatest amount of friction thus called into 
play is usually spoken of as the LimitlTig Friction. It depends 
for its magnitude on the 
reaction, R, between the J 

surfaces in contact (due to 
the weight of the body, W) 
and the nature of those 
surfaces. The limiting fric- 
tion, F, is measured by the 
least force, P, which just 

causes sliding to take place LnnTwo"Fw«^OK. 

in a horizontal plane. 

Definition.— The Coefficient of Friction (fi) is the ratio of the 
Limiting Friction, F, to the Normal Reaction, B, between the 
surfaces in contact. 

F 
ie., Aft = g ; or, F = /A R, 

Static and Kinetic Friction.— It has been proved experimen- 
tally that the '* limiting friction" between surfSeu^es at rest 
relatively to each other, is slightly different in magnitude from 
that between the same surfaces when in motion. The former 
has been called Static Friction or Friction of Rest, whilst the 
latter is called Kinetic Friction or Friction of Motion. 

Ordinary Laws of Friction for Plane Surfaces. — In 1785, 
Coulomb, a French officer, published the results of a series of 
experiments carried out by him on the friction of plane surfaces. 
These results he embodied in the following statements, usually 
called the ordinary laws of friction : — 

Law I. — The friction between two bodies is directly propor- 
tional to the normal pressure between them. 

Law II. — The friction is independent of the areas of the 
surfaces in contact. 

Law III. — Kinetic friction is less than static friction, and is 
independent of velocity.* 

It will. at once be seen, that these three laws may be com- 
prised in the single statement that. The coefficient of friction 
depends only on the nature of the surfaces in contact. 

* For experimental methods of verifymg these laws see the Author's 
McTnetUary Manual on Applied Mechanics, 
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Morin's Experiments. — Coulomb's experiments were not con- 
sidered sufficiently extensive to thoroughly establish the truth 
of the above so-called laws. The whole subject has, however, 
been reinvestigated by several persons, notably by General Morin 
during the years 1831-34. The results of Morin's experiments 
were, for a long time, regarded as conclusively establishing the 
above laws. This was no doubt true within the limits of the 
pressures and the velocities he employed ; but, in some recent 
experiments, which have been carried out with much greater 
care and wider variations, both in pressures and velocities, the 
laws of Coulomb were found to be erroneous. The coefficients 
of friction, instead of being independent of pressure and velocity^ 
are shown to vary considerably with the pressure, velocity, and 
temperature. 

General Results of Recent Experiments on Friction of Plane 
Surfaces. — (1) With dry surfaces the coefficient of friction in- 
creases with the intensity of the pressure. The highest pressure 
employed by Morin was little more than 100 lbs. per square 
inch, and it is just about this pressure that deviation from 
Coulomb's law appears to begin. This increase in the friction 
with high pressures is probably due to abrasion of the surfaces; 
but, when the same surfaces were well lubricated the reverse 
took place. 

(2) The lowest pressure employed by Morin was about f lb. 
per square inch, but in recent experiments with pressures lower 
than this, the coefficient of friction was found to increase as the 
pressure decreased. 

(3) With high velocities the coefficient diminishts as the 
velocity increases. These results are only true with velocities 
greater than those employed by Morin;* With all velocities 
under 10 feet per second it has recently been found that the 
coefficient of friction is quite independent of the speed. 

Simple Methods for Finding the Coefficients of Friction and 
Angles of Repose. — (1) Take two pieces of the materials to be 
tested. Let one of these, A B, be shaped like a lath and laid on 
a table, while the other, CD, is made to slide on its upper surface 
as shown by the figure. The bodies are pressed together by a 
weight, W, which may be varied at pleasure. The reaction, R, 
between the two surfaces will be W + -weight of block, C D. 
Now load the scale pan, SP, with small shot until the block, 
CD, moves freely along AB. 'The motion may require to be 
aided by a little tapping on the table, since static friction is 
greater than kinetic friction. The experiment should be re- 

* 10 feet per second was the Wgh»t yfilojaty in Moida'*-«xpcrim«oi». 
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peated two or three times, taking care that P, the force causing 
motion, is not more than is necessary to just keep C D moving 
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at a uniform rate. Next remove SP and weigh it carefully. 
Let this weight be P units.* 

F P 
Then, The coefficient of friction = A^ = g = g- 

(2) Incline the plane A B gradually until C D just begins to 
slide downwards, the table being gently tapped to overcome th& 
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static friction. Let a be the angle which the plane AB now 
makes with the horizontal, then : — 

The coefficient of friction = /^ = tan a. 

For, resolve W along A B and at right angles to A B. Then: — 

The component along A B = F = W sin a. 

Wcosa. 



And the component at ) ^ x> . 
-right angles to A B, j 

F W sin a 



^ = E 



W cos a 



tan a. 



* If P be in pounds, ounces, grammes, or grains, R minst also be rin 
pounds, ounces, grammes, or grains. 
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The angle a is called the "angle of repose" or "angle of 
friction " for the materials A B and D. Hence : — 

Definition. — The angle of repose is the greatest angle at 
which a plane may be inclined to the horizon before a body 
placed on it will begin to slide. 




50 ?9 to so fo 80 90 WQ 

Diagram of Angles of Repose. 



The above diagram exhibits the " angles of repose " for several 
of the more common materials, together with the values of their 
coefficients of friction. 

Limiting Angle of Resistance.— If we attempt to push the 
block, C D, along A B by means of a sharp pointed rod inclined 

to the vertical as shown; 
then, it will be found that, 
however great the pressure 
exerted, no relative motion 
will take place unless the 
rod be inclined to the ver- 
tical at an angle at least 
equal to the angle of repose. 
Thus, let 9 be the angle 
which the direction of the 
force, P, makes with the nor- 
mal reaction, R, when sliding is just about to take place. Resolve 
P parallel and perpendicular to A B. Then, clearly, the limiting 
friction, F, between A B and C D is equal to the component of P 
parallel to AB — i,e,, F »= P sin 9. Also, the perpendicular 
pressure between the surfaces (neglecting the weight of CD) 
is R = P cos f . 
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t^= -D = 



P sin 9 



tan f . 



P cos ^ 

But we have just seen that /i* = tan a. 

fi* = tan f = tan a. Or, 9 = a. 

Hence, when a body is made to slide along the surface of 
another, the direction of the total reaction makes an angle with 
their common normal (at least) equal to the angle of repose. 
This angle is called the limiting angle of resistance and may be 
thus defined. 

Definition.— The limiting angle of resistance is the greatest 
angle which the total reaction between two surfaces can make 
with the normal before sliding takes place. 

(3) Another method for finding the average coefficient of 
friction is the following : — 

Take a plane, A B, made of one substance and inclined at any 
angle, 6 (greater than the angle of repose). Allow a block of 
the other substance to 

slide along a given length, v 

B A, of the inclined plane, \ ^ r^ 

and note its velocity when 
it reaches the point, A. 
Next calculate the vertical 
height, B E, corresponding 
to the length, B D, of the 
plane through which the 
tx)dy would require to 
slide in order to acquire 
the same velocity as before, 
if there was no friction. 
To get this height, B E, let v be the actual velocity of the body 
at A. Then, neglecting friction, this velocity would be acquired 
when the body reached the point D, such that : — 




Finding the Coefficient ©f Friction. 



V =2g xBE, 
Set off this distance along B C. 



Join A E. 



Then :— Average coeffi of Met. from B to A = ^-^ = tan a. 

Let BO represent the total force, P, impelling the body 
down, B A, against friction and generating the velocity, v, then 



^ See Contents for Lecture on Motion. 
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B E will represent the force which goes to generate the velocity 
alone, since in the second case l^e final velocity is the same 
as in the first and, by hypothesis, no frictional resistances are 
overcome. Hence, the force which overcomes the friction alone, 
will be represented by the difference between B C and B E — i,e., 
by EC. 

Now, we know that: — 

P : R = B C : A 0. 
Hence, F:P:R = EC:BC:AC. 

_ F _ EC 
^"R"AC* 

The chief difficulty in making an expwiment of this kind 
would be in finding the velocity, v, at A. It is much easier to 
find the time taken to move from B to A. Suppose this time to 
be found. Let it be, ty seconds. Then assuming the body to be 
uniformly accelerated, we get s = Jv«, orAB = ^vt* 

2AB 

Example I. — Let the plane, A B, be 10 feet long and inclined 
to the horizon at an angle of 30**. Suppose the time taken to 
slide from B to A to be IJ seconds. Then the velocity at the 

foot of the plane is v = — ^7= — = — feet p^ second. 



40 40 
The height B E = ^ = |-^^-| ^ ^'^^ ^^' 
Then, since angle B A = 30", /. BC = JAB = 5 feet. 
CE = 5 - 2-76 = 2-24 feet. 



Also, AC ^ ^/aB' - BCf = ^75 = 8-66. 

^ = tan^EA0=J^ = ||-^ = .2586 

and this corresponds to an angle of friction of 15* nearly. 

This method of obtaining the coefficient of friction, although 
both interesting and instructive, is, however, so complicated and 
attended with so many difficulties that reliable results could not 
be obtained in a class-room or ordinary laboratory. 

ExAMPLis II.— ^A plank of oak lies on a floor with a rope' 
* See Lecture on Motion, &c., in this treatise. 
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attached to it. When the rope is pulled horizontally with a 
force of 70 lbs. it just moves, but when pulled at an angle of 30* 
to the floor a force of 60 lbs. moves it. What is the weight of 
the plank and the coefficient of friction between it and the floor) 

Aksweb. — Let W denote the weight of the plank in lbs., 

„ li* „ coefficient offriction between the 

floor and the plank, 
frictions in the two cases. 



5'i,F, 



-ff/«ir 



nrw-F^wn^ 



^»eO}h% 




W W 

Example on Coefficient of Friction. 



W. 



In the first case, when P is parallel to the floor, we get R^ > 

/aW* 70 (1) 

In the second case, when P is inclined at an angle of 30° to the 
floor, the reaction between the floor and the plank will be less 
than W by the vertical component of Pg. 

R2- W - P2sin30"=W-60xi = (W-30)lbs. 

P2 = A^ 1^2 = A^ (W - 3^) 1^- 
But Fg = Pg cos 30" = 30 ^3 lbs. 

.-. /.(W-30) = 30^3 (2) 

We have now obtained two equations, (1) and (2), containing 
the two unknown quantities, W and /a. loy solving these equa> 
tionfi these quantities can be found. 

Divide (2) by (1), then 



W^80 
W 



30^3 
70 



3^3 

7 • 



7W -210 = 3^3, W. 

210 
1-8 



W 



70 



Prom equation (1), /* « w 



116*6 lbs. nearly. 
6 nearly. 



G8 



LECTURE V. 



From this example it appears that the pull, P (which is some- 
times called the traction), decreases as its direction becomes more 
inclined to the line of motion. Thus, when P is parallel to the 
floor, the pull required is 70 lbs., but when inclined at an angle 
of 30** it is only 60 lbs. It is also clear that P does not con- 
tinually decrease as the angle of traction increases. For, when 
P makes an angle of about 90° with the line of motion, the ten- 
dency of P is to lift W and not to move the body along the floor 
at all. Hence, there must be some definite angle for which the 
pull, P, will have its minimum value. 

The Best Angle of Propulsion or Traction. — We shall now 
show that the best angle of propulsion or traction for given 
materials is equal to their angle of repose. 



P^ ^ 



^syfT-P sin $ 




T 

W-^Psin0 

Tub Best Angle of Propitlsion or Traction is the Angle of Eeposb. 



Let P make an angle, 9, with the direction of motion. Let a 
be the angle of repose for the two materials. Then fi = tan a. 

formal pressure between the bodies = R =W ± P sin tf.* 

Resistance to motion . . . . = F = ^ R = ^ ( W ± P sin 6). 

Force causing motion . . . . = P cos ^. 

P cos ^ = /£' (W ± P sin 6) 

P (cos & ^L fi, sin $)= fiW. 

* The sign is + when P is pushmg the body, as shown by the left-hand 
figure ; and - when P is pulling the body, as shown by the right-hand 
figure. Hence, throughout the following investigation the upper sign will 
refer to the left-hand figure and the lower sign to the right-hand figure. 
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Or, P = -. . But, JJ, = . 

COS ^ + /» Sin ^ ' cos a 

TT T^ Wsina _, W sin a ,-. 

Hence, P = ^ . . . , /. P = ~- -,^ _^-r (1) 

COS tf COS a qp sm d sin a' cos (tf ± a) ^ ' 

Hence, P will have its minimum value, for a given load, W, 

when the fraction j-t—t — v is a minimum. Now, the denomi- 

cos (tf ± a) ' 

nator of this fraction is the only quantity which can be made to 
vary, since «, and therefore also, sin a is a constant quantity 
for the same materials* Consequently, the fraction will be a 
tninim^um when its denominator is a maximum — i,e,, when cos 
(^ ± a) is a maximum. But the maximum value of a cosine ia 
unity, and this occurs when the angle is 0. 

When cos (tf ± a) = 1, tf ± a = 0, or tf = + a.* 

Hence, the least push or pull required to move a load, W",, 
along a horizontal plane is, by equation (1), 

P = W sin a 

and the direction of the push or pull makes an angle a, equal 
to the angle of repose, with the horizontal plane. 

Example III. — A body weighing 200 lbs. is drawn along a 
horizontal plane, by a rope making an angle of 30** to the plane. 
Find the force necessary to move the body, supposing the co- 
efficient of friction to be "5. Find, also, the least force which 
would just suffice. 

Answer. — (1) Referring to the previous right-hand figure, 
we get : — 

P cos 30** = F = /^R - ;tt(W - P sin 30") 

P X -^ = -5 (200 - P X 1) 
•866 P = 100 - -25 P 

* The upper or ( - ) sign, here refers to the case wherein the body i» 
\ieiiig pushed, while the lower or ( + ) sign refers to the case wherein the 
body is being pulled. In the first case, we see that P will be a minimum 
when = - o,— ».c., when the force, P, is directed from below upwards and 
inclined to the horizon at an angle, a, equal to the '* angle of repose." 
Similarly, the;>u//, P (right-hand tigure), will be a minimum when 6= +a, 
—i.e,, when F is directed upwards and inclined to the horizon at an 
angle, a, equal to the '* angle of repotte." 
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(2) The least force necessary to move the body is, according 
to the above results, 



P = W sin a. 



Now, 



-Or, 



tan a 


= 


/*, 






sin* a 


= 


^^ 






cos^ a, 




sin^a 


=r 


^^(1. 


■ sin' 


«), 


sin a 


= 


f^ 




•5 










Vl4. 


1^' 


n/1-25 


P 


= 


200 X 


•447 = 


= 89-4 lbs. 



•447 



In this case the direction of P makes an angle of 26.^° nearly 
with the horizontal plane. 

The student should now prove that the same holds true when 
a body is pulled up an inclined plane by a force, P, which makes 
an angle, e, with the incline — viz., that the force will be least 
when e =i Uj the angle of repose. 
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Lecture V.— Questions. 

1. What is friction ? State the ordinary laws of friction, and explain by 
aid of sketches and concise descriptions how they may be proved experi- 
mentally. What is meant by the ''coefficient of friction;'* ''angle of 
repo&e ; " " angle of friction ; " and "limiting angle of resistance ? '' 

2. Define the coefficient of friction and the angle of friction. A weight 
of fiOO lbs. is placed on a table, and is just made to slide by a horizontal 
pull of 155 lbs. Find the coefficient of friction, and the number of degrees 
in the angle of friction, by drawing it to scale. (S. & A. Adv. Tneor. 
Mechs. Exam., 1886.) Ans. 31. 

3. The saddle of a lathe weighs 5 cwts., and it is moved along the bed 
of the lathe by a rack and pinion arrangement. What force, applied at the 
end of a handle 10 inches in length, will be just capable of moving the 
saddle, supposing the pinion to have 12 teeth of 1^-inch pitch, and the 
coefficient of friction between the saddle and lathe-bed to be 0*1, other 
fiiction being neglected ? Sketch the arrangement. (S. & A. Adv. Exam., 
1891.) Ans. 13-36 lbs. 

4. A body weighing 50 lbs. is pulled along a rough horizontal plane by a 
force whose line of action makes an angle of 45*" with the plane. If the 
coefficient of friction between the body and the plane be 0*2, find the 
magnitude of the pull and the pressure between the body and the plane. 
Ans. 11 -78 lbs.; 41*6 lbs. 

5. A body is resting on a rough horizontal plane, and is acted on by a 
force whose line of action is inclined 45** to the plane. The force is gradually 
increased until the body is just about to move ; find the ratio of the force 
everted, to the weight of the body, the coefficient of friction being 0*25. 
Ans. ^/2 : 5, or 1 ; 3*5. 

6. A body lying on a rough table can just be moved by a horizontal pull 
of 20 lbs. ; but, when pulled at an angle of 30*" to the horizon, the force 
required is found to be only 18 lbs. Will you explain the reason for this 
ditt'erence, and find the weight of the body and the coefficient of friction 
between it and the table? Ans. 41 lbs.; *49. 

7. A body weighing 100 lbs. is drawn along a horizontal plane by a rope, 
making an angle of 20° with the plane. Find the force required, supposing 
the coefficient of friction to be 0*15. Find, also, the least force which would 
just pull the body along the plane, and the angle which its direction would 
make with the plane. Ans. 15 lbs.; 14*75 lbs.; 8i^ 

8. A body of known weight is ])laced on a rough horizontal plane and 
pulled in a certain direction. Find (1) the force of the pull which will just 
make the body slide, and (2) what must be the direction of the pull that it 
may be the least that will make the body slide ? Suppose that P is the 
least pull as above determined, and that the body when pushed by a force, 
P] (acting along the same line as that in which P acted), is on the point 
of sliding, show that Pi (1 - /u^) = P (1 + /u^), /u being the coefficient of 
friction. (S. & A. Adv. Theor. Mechs. Exam., 1887.) 

9. A force of 15 lbs. per ton of load, is required to maintain the motion 
of a train on a level line. Determine the coefficient of friction between the 
driving-wheels and rails when an engine of 30 tons weight can just keep in 
motion a train of 350 tons (including weight of engine). Give a diagram 
illustrating the method employed by you in arriving at the answer. 
^718. 0078. 
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LECTURE VL 

Contents. — Friction of Cylindrical Surfaces — General Morin's Experiraente 
— Hirn's Experiments— Prof. Thurston's Experiments — Prof. Fleeming 
Jenkin's Experiments — Beauchamp Tower's Experiments on Journals — 
Practical Examples of Lubricating Journals — Experiments on Collar 
Friction — Friction of a Pivot Bearmg^liesults of the Experiments — 
Friction of Railway Brakes — Friction between Water and Bodies 
Moving through it — Frictional Resistance of a Ship Propelled through. 
Sea Water — Examples — Questions. 

Friction of Cylindrical Surfaces. — In the preceding lecture we 
only dealt with the friction of plane surfaces. It is equally 
necessary, however, that the engineer should study the friction 
of cylindrical surfaces. With this object in view we shall give 
a brief summary of the results of the experiments carried out 
by the principal authorities on this subject prior to the year 
1883, and then state the conclusions arrived at by the "Research 
Committee on Friction," appointed by the "Institution of 
Mechanical Engineers," which now constitute the standard and 
most reliable experiments on this subject. 

General Morin's Experiments. — Morin also made experiments 
on the friction of axles, and he arrived at the same general 
conclusions as were explained in Lecture V. for plane surfaces ; 
the only difference being, in the values of the coefficients of 
friction. The diameters of his journals reached a maximum of 
4 inches, but the speeds never exceeded a sliding velocity of 
more than 30 feet per minute, and the pressures 160 lbs. per 
square inch of the nominal bearing surface. By nominal bearing 
surface is meant, the projected area of the journal on a dia- 
metrical plane — i.e., on a plane containing the axis of the journal. 
Thus, let d denote the diameter and I the length of the journal 
in inches, then : — 

Nominal hearing surface = dl square inches. 

If R be the total reaction or load in pounds, and p the 
intensity of pressure, or the pressure in pounds per square inch 
on the journal, then : — 

R = pdl; orp = ^. 

* If the arc of the circle embraced by the brass bush, upon which the 
shaft actually bears, be indicated by the chord, d', subtended by it, then: — 

"R = pd' L or p =-, ' 
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The values of (i» in the equation F = /^ R, as given by Morin, 
are : — for dry journals '18 to -25, for those greased and wet with 
water, -14 to '19; intermittently lubricated, -07 to -12; and for 
•continuous lubrication, '03 to 'OS. The friction ivas found to be 
independent of the velocity and proportional to the load. The 
-coefficient of friction thus depending only on the natiwre of 
the bearing surfaces. In more recent experiments with cases 
approaching those which occur in actual practice, it has been 
shown that the values of /j^ are much smaller than those given 
by Morin, and, further, that the friction is entirely dependent 
on the more or less thorough lubrication of the bearing: 

Hirn's Experiments.* — In 1885, M. Hirn published the results 
<)f a long series of experiments, chiefly on lubricated journals. 
These results show, that instead of the coefficient of friction 
being a constant quantity for the same materials, it is more 
nearly proportional to the square root of the velocity of rubbing, 
r, and inversely proportional to the square root of the intensity 
of pressure, p. 



Or, 



'-'4 



"Where c is a constant quantity found by experiment. Hence, 
we see that the friction in those experiments varied directly as 
the square root of the load, area, and velocity. 

Vv I V 

- X R = c yJ-^ X R = c JRdlv. 

'dl 

For ordinary conditions of working the friction thus appears 
to have varied as the square root of the velocity. The friction 
diminished as the temperature increased,t and the best results 
were obtained after the lubricant had been working for some 
time between the surfaces. 

* In 1880, C. J. H. Woodbniy, of the Institute of Tedinology, Boston, 
Mass., U.S.A., read a paper before the American Society of Mechanical 
Engineers (see vol. i., p. 74, et seq.) on "Measurement of the Friction of 
Lubricating Oils." He states that his experiments proved that theco- 
efficient of friction varies in an inverse ratio with the pressure for high 
speed lightly-loaded spindles. Further, that the coefficient of friction at 
150° F. was about 75 per cent, less than at 75" F.; and, therefore, mill 
owners should keep their machinery warm in winter. 

, + See a paper by M. G. Adolphus Hirn, read before the Soci§t6 Indus- 
trielle de Mulhouse, June 28, 1884, where water is used to control the 
temperature of the bearing surfaces of oil testing machines ; also. The 1886 
Cantor Lectures on ** Friction," by Prof. Hele Shaw. 
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Prof. Thnrston'a Expeiimenta.^ — Professor E. H. Thurston, of 
XJ.S.A., has cailried out a number of experiments to determi&e 
the e£Pect of changes, not only in yelocity, but also in pressure 
and temperature, upon the Motional resistance of lubricated 
beamings. His conclusions are, that the coefficient at first de- 
creases, but after a certain point increases with the velocity ; 
the point of change varying with the pressure and temperature. 
Very few details, however, are given of the way in which these 
experiments were carried out, and, consequently, we cannot here 
enlarge further upon them. 

Prof. Fleeming Jenkin's Experiments, t — A number of experi- 
ments was carried out by Prof. Jenkin in connection with the 
difference between Static Friction or the Friction of Rest and 
Dynamic Friction or the Friction of Motion. He experimented 
at extremely low velocities, and showed, that in certain cases, 
the coefficient of friction decreases gradually as the velocity 
increases, between speeds of -012 and -6 foot per minute, thus 
indicating the probability of a contintwus rather than a sudden 
change in the value of the coefficient of friction between the 
conditions of rest and motion. 

Beauchamp Tower's Experiments J — (1) Description of Machine, 
— In experimenting on the friction of lubricated bearings, and 
on the value of different lubricants, one of the difficulties which 
is first met with is the want of a method of applying the lubri- 
cant, which can be relied upon as sufficiently uniform in its 
action. All the common methods of lubrication are so irregular 
in their action that the friction of a bearing often varies con- 
siderably. This variation, though small enough to be of no 
practical importance, and to pass unnoticed, in the working of 
an ordinary machine, would be large enough utterly to destroy 
the value of a set of experiments, say, on the relative values of 
various lubricants ; for it would be impossible to know whether 
an observed variation was due to a difference in the quality of 
the oil, or in its rate of application. The first problem, there- 

* *• Friction and Lubrication," p. 185. ** American Association for the 
Advancement of Science, " Aug. 1878, p. 61. ** The Theory of the Finance of 
Lubrication and on the Valuation of Lubricants by Consumers," " Friction 
and Lost Work in Machinery," N.Y., 1885, and on **The Real Value of 
Lubricants,'- Jany. 5th, 1885, see Traris, Am, Soc, Mech, Engs,, vol. xiii. 
Also see the 1891 vol. for ''Special Experiments with Lubricants," by 
B. J. E. Denton of Hobokin, N.J., U.S.A. He deals with, the lubrication 
of stfsam cylinders and of journals subjected to heavy pressures. 

t Proceedings of the Roycd Society, 1877, p. 93. 

t By the kindness of the Council of the Institution of Mechanical 
Engineers, London, the author is permitted to make the following extracts 
trtm their Proceedings and Report on Friction Experiments, Nov. 1883. 
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fore, which prei^ented itself, in the present experiments, was to 
devise a method of lubrication such as would be perfectly uniform 
in its action, and would form an easily reproducible standard 
with which to compare other methods. These conditions were 
best fulfilled by making the bearing run immersed in a bath of 
oil. By this method the bearing is always supplied with as 
much oil as it can possibly take ; so that it represents the most 
perfect lubrication possible, and is a good standard with which 
to compare other methods. It is at all times perfectly uniform 
in its action. It is very easily defined and reproduced ; and it 
a] so has the advantage that the temperature of the bearing can 
be easily regulated by gas jets under the bath. Experiment 
showed that the bath need not be full ; the results obtained 
were the same when it was so nearly empty that the bottom 
of the journal only just touched the oil. 




Beauchamp Tower's Apparatus for Testing the Friction 
OF Journals. 

The above figure represents the arrangements for conducting 
the experiments. The shaft, S, was of steel, 4 inches diameter 
and 6 inches long, with its axis horizontal and driven by a belt 
acting on a pulley keyed to its outer end. 

A gun-metal brass, B, embracing somewhat less than half 
the circumference of the journal, rested on its upper side. The 
exact arc of contact of this brass was varied in the different 
experiments. Besting on this brass was a cast-iron cap, C^, 
from which was hung by two bolts a cast-iron cross-bar, G^y 
carrying a knife-edge, KE. ' The exact distance of this knife- 
edge below the centre of the journal was 5 inches. On this, 
knife-edge was suspended the cradle which carried the weights, 
W, W, applied to the bearing. The cap, bolts, and cross-bar 
were put together in such a manner as to form a rigid frame, 
connecting the brass with the knife-edge. If there had been no 
friction between the brass and the journal, the weight would 
have caused the knife-edge to hang perpendicularly below the 
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axis of the journal. Friction, however, caused the journal to 
tend to carry the brass and the frame to which it was attached, 
round with it, until the line through the centre of journal and 
the knife-edge, made such an angle with the perpendicular, that 
the weight multiplied by the distance from the knife-edge 
to that perpendicular, offered an opposing 
moment just equal to the moment of fric- 
tion. 

Suppose r = radius of the journal. 

„ I = distance of the knife-edge from 
the perpendicular. 

„ w = the weight. 
And, 

{Ixw) = the moment of friction. 

The friction at the surface \ the moment _ w x I 
of the journal, j ~ ^ ~ ^ 

Hence, the coefficient of) Frictionat surface of journal _ ^ 
friction, ~ ~ ~ 




Indicating 

Coefficient of 

Friction. 



'}- 



So that the coefficient of friction is indicated by ^ in terms of r, 
no matter what the weight is. As an example, suppose I was 
equal to r, the coefficient of friction would obviously be 1 ; or if 
I was ^jj of r, then the coefficient of friction would be y^^. 

In order to avoid the difficulty of determining accurately 
'v^hen the knife-edge was perpendicularly under the centre of 
the journal (a knowledge which was necessary in order to obtain 
a measurement of I, and which was very difficult to obtain owing 
to the considerable friction between the brass 
and the journal when at rest), each experiment 
was tried with the journal revolving in both 
directions, and the sum of the values of I on 
both sides was measured ; and then the co- 
efficient of friction was indicated by the chord 
of the whole angle, included between the 
two lines of inclination caused by the friction, 
with the rotation in the two directions, the 
chord being expressed in terms of the diameter 
of the journal (see figure). Each result was 
thus a mean of two experiments, one with 
the axle running in one direction, and the other with it running 
in the other direction. In order to read the value of the co- 




Indicating 

Coefficient of 

Friction. 
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efficients thus obtained, a light horizontal lever, L, was attached 
to the frame connecting the brass to the knife-edge. It was 
62 J inches long, or twelve and a-half times the distance between 
the centre of the journal and the knife-edge ; so that, at the end 
of the lever, the chord indicating the coefficient of friction was 
magnified twelve and a-half times. As a, chord of 4 inches at 
the knife-edge represents a coefficient of 1, a chord of 50 inches 
at the end of the lever also represents a coefficient of 1, while 
5 inches represents a coefficient of y\y, J-inch of y J^, and ^inch 
of yij^^yij^. The position of the end of the lever during each ex-« 
periment was recorded by a tracing point, attached to the end of 
the lever, and marking on metallic paper carried upon a revol- 
ving vertical cylinder, P. The distance between the two lines 
obtained by running the axle both ways, when measured on 
the above scale, indicated the value of the coefficient. 

(2) Method of Experimenting, — Early in the experiments it 
was found, that immediately after the motion of the shaft was 
reversed, the friction was greater than it was when the shaft 
had been running in the same direction some time. This 
increase of friction, due to reversal, varied considerably. It 
was greatest with a new brass, and diminished as the brass 
became worn, so as to fit the journal more perfectly. Its great- 
est observed amount was at starting and was about twice the 
normal friction, and it gradually diminished until the normal 
friction was reached after about ten minutes continuous running. 
This increase of friction was accompanied by a strong tendency 
to heat and seize, even under a moderate load. In the case of 
one brass, which had worked for a considerable time without 
accident, and had consequently become worn so as to fit the 
journal very accurately, this tendency to increase of friction 
after reversal almost entirely disappeared; and it could be 
reversed under a full load without appreciable increase of friction 
or a tendency to heat or seize. The phenomenon must be due 
to the surface fibres of the metal, which have been for some time 
stroked in one direction, meeting point to point and interlocking 
when the motion is reversed. The very perfectly fitting brass 
was probably entirely separated from the journal by a film of 
oil; and there being no metallic contact the phenomenon did 
not show itself. In consequence of the above facts, it was found 
necessary to proceed with the experiments in the following 
order. A complete series of experiments, with a gradually 
increasing load, was taken with the journal running in one 
direction; the load was then diminished by the same steps as it 
had been increased, and the experiments thus repeated, the 
shaft still running in the same direction, until the load had thus 
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been reduced to 100 lbs. per square inch, which was the load 
due to the unweighted cradle. The direction of motion was 
then reversed, and the shaft run for half an hour, so as to get it . 
thoroughly used to going the other way ; after this the load 
could be increased and the experiments taken without any diffi- 
culty. The experiments, as before, were taken at each step whilst 
both increasing and decreasing the load ; so that each recorded 
result is really the mean of four experiments, which have in 
many instances been taken several hours apart. 

This method of obtaining a direct indication of the coefficient 
of friction, by the angular displacement of the frame connecting 
the brass and knife-edge, would undoubtedly have been the best 
had the coefficient of friction been nearly as constant as it has 
hitherto been supposed to be. But as shown by the results, the 
coefficient of friction was found, instead of being constant, to 
vary nearly inversely as the load, and also to be much smaller in 
quantity than was expected; the consequence was, that with 
high loads the height of the diagram was very small. In the 
cases where with the greatest loads, a coefficient of only yijwu ^^*** 
observed, the distance between the two lines was only -^^j inch. 

Owing to these experiments showing that the moment of 
friction was much more nearly constant than the coefficient, it 
was resolved to alter the method of observation, and to measure 
the moment directly, instead of the coefficient. For this purpose 
the paper cylinder was removed, 

and a small lever, M (see accom- ' ^ 

panying figure), was connected to 7 ^^'^^ — ^ •« — ^= 

the main indicating lever in such ^ ^ f ^ 

a manner that the motion of the /i\ 

end of the main lever was magnified / | \ 

five times at the end of the small / J^ \ 

lever. The end of the small lever ' ^s.*^ -.^ 

was pointed ; and when the machine Second Arranqemknt 

was working, this point was brought of Ikdex. 

exactly opposite a fixed mark by 

putting weights into a scale-pan on the end of the main lever* 
The main lever was so overbalanced that under all circumstances 
some weight was required to be added to the scale-pan, in order 
to bring the end of the small lever to the mark, even when, in 
addition to the friction being greatest, the direction of motion 
of the journal tended most to depress it. The method of run- 
ning in both directions, and loading and unloading, was followed . 
as before. The weights in the scale-pan being noted, the moment 
of friction was given by half the difference between the weights 
in the scale-pan, when running ih one direction and in the other. 
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The following table is selected from those recorded in the 
Proceedings of tlie Institution of MecJianical Engineers as an 
example of the results obtained : — 

Bath of Mineral Oil. Temperature 90" F. 4-lNcn Journal, 
6 Inches Long. Chord of Arc of Contact of Brass = 3*92 Inches. 



Nominal 


Coefficients of Friction, for speeds as below. 


Load 
Lbs. 


















per 


100 rev. 


150 rev. 


200 rev. 


250 rev. 


300 rev. 


350 rev. 


400 rev. 


Sq. In. 


105 It. 


157 ft. 


209 ft. 


262 ft. 


314 ft. 


366 ft. 


419 ft. 




per rain. 


per min. 


per min. 


per min. 


per mm. 


per min. 


per min. 


Lbs. 
















625 


... 


•0013 


•00139 


•00147 


•00157 


•00165 




520 


• . • 


•00123 


•00139 


•0015 


•00161 


•0017 


•00178 


415 


... 


•00123 


•00143 


•0016 


•00176 


•0019 


•002 


310 




•00142 


•0016 


•00184 


•00207 


•00-225 


•00241 


205 


•00178 


•00205 


•00235 


•00269 


•00298 


•00328 


•0035 


100 


•00334 


•00415 


•00494 


•00557 


•0062 


•00676 


•0073 


The above coefficients x the nommal load = nominal frictional resist- 




ance per square inch of bearing. 


Nominal 
Load 
Lbs. 


Nominal Friction Resistance per square inch of bearing. 
















per 


100 rev. 


150 rev. 


200 rev. 


250 rev. 


300 rev. 


350 rev. 


400 rev. 


Sq. In. 


105 ft. 


157 ft. 


209 ft. 


262 ft. 


314 ft. 


366 ft. 


419 ft. 




per min. 


per mm. 


per min. 


per min. 


per min. 


per min. 


per min. 


Jbs. 


Lb. 


Lb. 


Lb. 


Lb. 


Lb. 


Lb. 


Lb. 


625 


... 


•81 


•865 


•92 


•98 


103 


... 


520 


... 


•64 


•72 


•782 


•84 


•886 


•924 


415 


... 


•51 


•594 


•664 


•73 


•785 


•83 


310 


... 


•44 


•494 


•57 


64 


•695 


•745 


205 


•364 


•419 


•48 


•55 


•61 


•67 


•716 


100 


•334 


•415 


•494 


•557 


•62 


•676 


73 



N.B. — The bearing carried the 625 lbs. per sq. in. running both ways, 
but seized on the weight being increased. 

The nominal load per sq. in. is the total load divided by 4 x 6. 

The actual load per sq. in. is the total load divided by 3^92 x 6. 

These quantities were obtained by a direct load on the lever. 

This was a thinner sample of mineral oil than that used in the previous 
experiments ; it was fluid at 50", while the oil previously used could only 
be described as grease at 50**. This will account for these experiments 
showing less friction than the former, except with the highest load, at 
which, the thin oil being overloaded and on the point of seizing, the friction 
is greater than with the thick oiL 
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Experiment showed that the friction varied considerably with 
temperature. All the oil-bath experiments were therefore taken 
at a nearly uniform temperature of 90**; the variation above or 
below this temperature was never allowed to be more than 1^\ 

(3) Results of ETsperiments, — The results of the experiments 
are recorded in Tables I. to IX. in the Proceedings of the InstUvr 
eion of Mechanical Engineers, The general results of the oil- 
bath experiments may be described as follows : — Tlie absolrUe 
Jriction (that is the actual tangential force per sq. in. of bearing, 
required to resist the tendency of the brass to go round with the 
journal) is nearly a constant under all loads, toithin ordinary 
working limits. Most certainly it does not increase in direct 
proportion to the load, as it should do according to the ordinary 
theory of solid friction. The ordinary theory of solid friction is, 
that it varies in direct proportion to the load ; that it is inde- 
pendent of the extent of sur^^ ; and that it tends to diminish 
with an increase of velocity beyond a certain limit. The theory 
of liquid friction, on the other hand, is, that it is independent of 
the pressure per unit of surface, is directly dependent on the 
extent of surrace, and increases as the square of the velocity. 
The results of these experiments seem to show that the friction 
of a perfectly lubricated journal follows the laws of liquid friction 
much more closely than those of solid friction. They show that 
under these circumstances the friction is nearly independent of 
the pressure per sq. in., and that it increases with the velocity, 
though at a rate not nearly so rapid as the square of the velocity. 

The experiments on friction at different temperatures indi- 
cate a very great diminution in the friction as the temperature 
rises. Thus, in the case of lard oil, taking a speed of 450 revolu- 
tions per minute, the coefficient of friction at a temperature of 
120* is only one-third of what it was at a temperature of 60**. 

A very interesting discovery was made when the oil-bath 
experiments were on the point of completion. The experiments 
being carried on were those on mineral oil; and the bearing 
having seized with 625 lbs. per sq. in., the brass was taken out 
and examined, and the experiment repeated. While the brass 
was out, the opportunity was taken to drill a ^in. hole for an 
ordinary lubricator through the cast-iron cap and the brass. On 
the machine being put together again and started with the oil 
in the bath, oil was observed to rise in the hole which had been 
drilled for the lubricator. The oil flowing over the top of the 
cap made a mess, and an attempt was made to plug up the hole, 
first with a: cork and then with a wooden plug. When the 
machine was started the plug was slowly forced out by the oil 
in a way which showed that it was acted on by a considerable 
pressure. A pressure-gauge was screwed into the hole, and on 

6 
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^M* maehine being started the pressure, as indicated by the 
gaoge, gradually rose to above 200 lbs. per sq. in. The gauge 
was only graduated up to 200 lbs., and the pointer went beyond 
the highest graduation. The mean load on the horizontal section 
of the journal was only 100 lbs. per sq. in. This experiment 
showed conclusively that the brass was actually floating on a 
film of oil, subject to a pressure due to the load. The pressure 
in the middle of the brass was thus more than double the mean 
pressure. No doubt if there had been a number of pressure- 
gauges connected to various parts of the brass, they would have 
shown that the pressure was highest in the middle, and dimin- 
ished to nothing towards the edges of the brass.* 

* Another set of experiments was afterwards made by Mr. Beauchamp 
Tower in order to investigate this poi n t more thoroughly. The results formed 
the second report on Friction presented to the Institution of Mechanical 
Engineers in January, 1885. This report confirms the above statement. 
Small holes were bored in the brass bush, and a different one of these hav- 
ing been connected during each test with a Bourdon pressure gauge, and 
the bearing having then been immersed in an oil bath, the exact oil pressures 
at nine different points on the bearing were measured. The pressure was 
foond to be greatest a little to the off side of the centre line of the bearing — 
i.e,, to that side towards which the shaft turned, gradually falling to zero 
at each edge. It was also found to be greatest in the middle of the length 
of the bearing. The total upward force of these recorded pressures was 
found to be within a few pounds of the actual total load on the bearing, 
thus showing that the load was wholly supported by the film of oil which 
existed between the shaft and its brass bearing. Or, to quote Mr. Tower's 
own words, ** It was possible to make the brass on a journal work so nicely 
that there was absolutely no metallic contact between the brass journal 
and the brass, the whole of the weight being borne by the oil. It seemed 
to him that the important practical inference was, that it was actually 
possible so to lubricate a bearing, that not only would metallic friction be 
altogether done away with, and thereby the amount of power lost by fric- 
tion be reduced, but metallic wear and tear would also be done away with. 
He would not say that such a result was actually possible in practice now ; 

but it was a reasonable one to aim at in 

^^^^i^iljl^^g^.^^ mechanism. By giving a sufficiently pro^ 

XSf^ ^^^^^^^^^3^^'S ON "''^ lul^rication, and by having the brasses 

SmF * j^' "' ^mp *^ arranged, that there should be a uni- 

. ^; /'' :5 OE. ifycm. pressure all over their surface, it was 

t i J l ' _; ^ possible to have wear and tear between 

, A \\' __^ metal and oil, instead of between metal 

toil- W^ / OJL :- and metal." 

IffygHJSfc-' / BATH : ^^ ^ ^^^ generally recognised that the 

"_4j?2^-^^_^__^^^X ' oil acts as a lubricant by merely furnish- 

=__z_-_3_^ -:: ing molecules rolling in between the two 

^ri izi— - z: - zi.-^^^'=lErzFJ=£ surfaces, but unless these molecules can be 

— — ' got in,^ there is no possibility of the diminu- 

JoUBSiibL AND OiL Bath» tion crf friction. The accompanying figure 

shows, in an exaggerated manner, what 

happens m the case of a well-lubricated journal when the brass is bored 

to a sJisrhtly larger radius than the shaft and the oil circulates freely, as 

•bowB by the snutU arrows* 
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The experiments with ordinary lubrication were begun with 
a needle lubricator, the hole from which penetrated to the centre 
of the brass. A groove in the middle of the brass, and parallel 
to the axis of the journal, extended nearly to the ends of the 
bearing for distributing the oil (see the first of the following 
three figures). It was found, that with this arrangement, the 
bearing would not run cool when loaded with only 100 lbs. per 
sq. in. ; and that not a drop of oil would go down even when the 
needle-lubricator was removed and the hole filled completely 
with oil, thus giving a head of 7 inches of oil to force it into 
the brass. It appeared as though the hole and groove, being in 
the centre of pressure of the brass, allowed the supporting 
oil-film to escape. This view was confirmed by the following 
experiment : — The oil-hole being filled up to the top, the weight 
was eased off the journal for an instant. This allowed the oil 
to sink down in the hole and lubricate the journal ; but imme- 
diately the load was again allowed to press on the journal the 
oil rose in the hole to its former level, and the journal became 
dry, thus showing that this arrangement of hole and groove, 
instead of being a means of lubricating the journal, was a most 
effectual one for collecting and removing all oil from it. It 
should be mentioned that care was taken to chamfer the edges, 
of the groove, so as to prevent any scraping action between them 
and the journal. 

As the centre of the brass was obviously the wrong place to 
introduce the oil, it was resolved to try to introduce it at the 
sides. Accordingly the centre hole and groove were filled up, 
and two grooves were made. These grooves were parallel to the^ 
axis of the journal, extending nearly to the ends of the brass, 
and were placed at equal distances on either side of the centre ;. 
they formed boundaries to an arc of contact, the chord of which 
was 31 inches (see the second of the following three figures). 
With mis arrangement of groove the lubrication appeared to be 
satisfactory, the oil going down into the journal and the bearing 
running cooL The bearing nevertheless seized with an actual 
load of only 380 lbs. per square inch. 

The arrangement of grooves was then altered to that usual 
in locomotive axle-boxes (see the third of the above three figures). 
The oil was introduced through two holes, one near each end 
of the braaa, and each connected to a curved groove ; the two 
citnred grooves nearly enclosing an oval-shaped space in the 
centre c^ the brass. At the same time the arc of contact was 
reduced till its chord was only 2i inches. This brass refused to 
take its oU or run cool. It would sometimes run for a short 
time with an actual load of 178 lbs. per square inch, but rapidly 
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heated on the slightest increase of the load. The brass having 
been a good deal cut about by altering and filling up grooves, 
it was considered desirable to have a new brass, and one was 
accordingly obtained. The grooves being made exactly the same 
as in the last experiment toith the old one, this brass seized with an 
actual load of ordy about 200 lbs, per sqrmre inch. The oil-box 
was completely cut away so as to allow a freer current of air 
round the bearing, and the lubricator pipes were soldered into 
the brass. The wicks were taken out of the lubricators and the 
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NEEDLE LVBR«)ATOR. SIDE FEED iqCO. STYLE 

Thbee Methods of Lubricatikg Beakings. 

Index to Pabts. 



O G represents Oil caps. 

B „ Brass bearings. 
OH ., Oil holes. 



O W represents Oil ways. 
S „ Shaft. 



lubricators filled full of oil, by which means oil was supplied to 
the brass under a full head of 9 inches ; and yet the oil refused 
to go down, and the underside of the journal felt perfectly dry to 
the hand, and speedily heated with a load of only 200 lbs. per 
square inch. 

The fact that this arrangement of grooves, which is found to 
answer in the axles of railway vehicles, was found to be perfectly 
useless in this apparatus, can only be accounted for by the fact, 
that a railway axle has a continual end play while running, 
which prevents the brass from becoming the perfect oil-tight fit 
which it became in this apparatus. The attempts to make this 
arrangement of lubrication answer were not abandoned until 
after repeated trials. It now became clear that there was no 
use in trying to introduce the oil directly to the part of the 
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brass against which the pressure acted, and that the only way to 
proceed was to oil the lower side of the journal, and trust to the 
oil being carried round by the journal to the seat of the pressure. 

The grooves and holes in the brass were accordingly filled 
up, and an oily pad, contained in a tin box full of rape oil, was 
placed under the journal, so that the journal rubbed against it 
in turning. The pad was only supplied with oil by capillary 
attraction from the oil in the box, and the supply of oil to the 
journal was thus very small ; the oiliness in fact was only just 
perceptible to the touch, but it was evenly and uniformly dis- 
tributed over the whole journal. The bearing fairly carried 
551 lbs. per square inch, and three observations were obtained 
with 682 lbs., but the bearing was on the point of seizing and 
did seize after running a few minutes with this load. It will 
be observed that in this instance, the bearing seized with very 
nearly the same load as it did in the oil-bath experiment with 
rape oil. 

These experiments with the oily pad show a nearer approach 
to the ordinarily received laws of solid friction than any of the^^ 
others. The coefficient is approximately constant, and may be 
stated as about ^^ ^^ ^^ average. There does not in this case 
appear to be any well-defined variation of friction with variations, 
of speed, according to any regular law. 

The results of the experiments with rape oil, fed by a syphon 
lubricator to side grooves, follow nearly the same law as the 
results obtained from the oil-bath experiments, as far as the 
approximate constancy of the moment of friction is concerned ; 
but the amount of the friction is about four times the amount in 
the oil-bath. 

The oil-bath probably represents the most perfect lubrication 
possible, and the limit beyond which friction cannot be reduced 
by lubrication; and the experiments show that with speeds of 
from 100 to 200 feet per minute, by properly proportioning the 
bearing-surface to the load, it is possible to reduce the coefficient 
of friction as low as xrnTry -^ coefficient of jj^ is easily attainable, 
and probably is frequently attained in ordinary engine-bearings, 
in which the direction of the force is rapidly alternating and the 
oil given an opportunity to get between the surfaces, while the 
duration of the force in one direction is not sufficient to allow 
time for the oil-film to be squeezed out. The extent to which 
the friction depends on the quantity of the lubrication is shown 
in a remarkable manner by the following table, which proves 
that the lubrication can be so diminished that the friction is 
seven times greater than it was in the oil bath, and yet that the 
bearing will run without seizing : — 
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CoHPAiiisoir OF THE Fkicticw with the DnTERBwr MirrsoBs cw 
Lubrication, under as nearly as possible the same circum- 
stances. Lubricant Rape Oil, Speed 150 Kevolutions pek 
Minute. 



Mode of Lubrication. 


Actual 

Load 

Lbs. 

per aq. in. 


Coefficient 
of Friction. 


Compara- 
tive 
Friction. 


Oil-bath, 

Syphon lubricator, . 

Paa under journal, . 


263 
252 
272 


•00139 
•00980 
•00900 


1 

7 06 
6-48 



Observations on the behaviour of the apparatus gave reason 
to believe that with perfect lubrication the speed of minimum 
friction was from 100 to 150 feet per minute; and that this 
speed of minimum friction tended to be higher with an increase 
of load, and also with less perfect lubrication. By the speed of 
minimum friction is meant, that speed in approaching which, 
from rest, the friction diminishes, and above which the friction 
increases. 

The following table gives the means of the actual frictional 
resistances at the surface of the journal per square inch of bear- 
ing, at a speed of 300 revolutions per minute, with all nominal 
loads from 100 lbs. per square inch up to 310 lbs. per square inch. 

They also represent the relative thickness or body of the 
various oils, and (in their order, though perhaps not exactly 
in their numerical proportions) their relative weight-carrying 
power. Thus sperm oil, which has the highest lubricating power, 
has the least weight-carrying power ; and though the best oil for 
light loads, would be inferior to the thicker oils if heavy pressures 
or high temperatures were to be encountered. 

Comparison of the Friction with the Various Lubricants 
Tried, under as nearly as possible the same circum- 
stances. Temperature 90**, Lubrication by Oil-Bath. 



lAbricant. 


Mean 
Resistance. 


Per 
Cent. 


Sperm oil, . 
lUpe oil, . 
Mineral oil. 
Lard oil, . 
Olive oil, . 
Mineral grease, . 


Lb. 
0-484 
0-512 
0-623 
0-652 
0-654 
1-048 


100 
106 
129 
1.35 
135 
217 
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ftmctical Examples of Lnlnicatmg Joamalft.— In the dkeiiflsion 
-which followed the reftding of the foregoing report, a method of 
lubricating crank-pins was mentioned which has proved •HO- 
cessfuL 




Method op Litbrioatiko Crank Tms, 
Index to Parts. 



C S represents Crank-shaft. B R represente Bhms xzng. 

CP „ Crank-pin. OW „ Oilmvay. 

OC „ Oil cup OH „ OiliMlfls. 

The oil from the oil cup, O C, passes into the liollow brass 
ring at R, and is driven outwards by centrifugal force to the 
point B, where it enters the oil way, O W. From thence it goes 
by the radial oil holes, O H, to form a film between the crank-pin, 
C P, and the surrounding Ijrass bush of the connecting-rod end. 

In discussing the third report, Mr. Daniel Adamson stated 
that his firm had adopted the method of cutting a flat on the 
shaft for the whole length of the journal of about J inch wide 
for each inch in the diameter of the shaft up to 8-inch shafts 
and rather less for larger ones. In the case of heavy horizontal 
shafts, such as those supporting large flywheels, this method 
was found to effectually carry forward the oil into the bearing 
and thxLS produce smooth running. 

The two following figures show Messrs. J. Bagshaw is Son's 




Bagshaw's Self- Oiling Pedestal. 
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self-oiling pedestal and svivel adjustable wall-bracket pedestal, 
which have been designed to minimise friction and the waste 
of oil. 

Another example, of the recent practice of lubricating several 
journals and slide blocks from one com- 
mon source of supply under pressure, 
is furnished by Belliss' high-speed com- 
pound engines for the direct driving of 
dynamos. It will be observed from the 
figure on the next page, that not only the 
main crank-shaft bearings, but also the 
crank-pins, slide-blocks, the upper ends 
of the connecting-rods, the piston- valve 
eccentric and its rod, are all supplied 
with oil from a small pump worked by 
the same eccentric which moves the 
piston valve. The oil is thereby forced 
through each bearing under a pressure 
of 10 lbs. per square inch, and is again 
and again sent on its soothing mission 
for months at a time, without change 
or great loss in quantity. A heavy 
lubricating oil is used, and it always 
returns to the small pump through a 
filter which removes any grit which it may have picked up from 
the bearings. This is a very different state of matters from 
the old " travelling oil-can " system, when the quantity of oil 
applied and the times of application were as erratic as the 
judgment of the attendant. 

Experiments on Collar Friction.— Mr. Tower also carried out 
some experiments on the friction of a collar bearing, for the 
purpose of ascertaining the friction in such cases as the thrust- 
bearings of propeller shafts. The results of these experiments 
constituted the third report of the Research Committee on 
Friction presented to the Institution of Mechanical Engineers 
in May, 1888. The collar or annular ring experimented with 
was made of mild steel, 12 inches inside and 14 inches outside 
diameter, and was pressed between two discs, the annular bearing 
surfaces of which were of gun-metal. Great difficulty was 
experienced with the lubrication, which was effected by means 
of four diametrical grooves cut in the face of the ring, \ of an 
inch wide and | of an inch long. From each of these, there 
extended in the direction of motion a shallow serpentine groove 
■^ of an inch wide and about 3 J inches in length. These grooves 
were each supplied by a separate pipe into which oil was dropped 



Baoshaw's Swivel 
Adjustable Wall- 
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from a reservoir. The minimum amount of lubrication necessary 
to prevent excessive heating of the bearing varied from 60 to 
120 drops of mineral oil per minute, according to the pressure 




BeLLTSS & COY.'S HiGH-SPEKD COMPOUND ENOnHE WITH CONTINUOUS 

Forced Lubbication to all Beabinos except Cylinders, Valves, 

AND THEIB GlANDS. 

and velocity of the rubbing surfaces, but except with small 
pressures, it was found impossible to keep the bearing cool 
without water running over it. The pressure was varied from 
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15 to 90 lbs. per square indi, wiiile the speeds ranged from 50 
'1x> 130 revoltrtions per minute. The results of these experiments 
'seem to show, that (1) this kind of bearing is evidently much 
inferior to a cylindrical journal in its capability of carrying 
weight, in fact, 75 lbs. per squaape inch being the maximum that 
could be safely borne at the highest^ and 90 lbs. per square inch 
at the lowest speed ; (2) the friction in this case follows the law 
of solid friction much more iiearly Idian that of liquids, or liquids 
and solids; (3) the coefficient of friction was independent of the 
speed but diminished slightly as the load was increased, and 
might be stated to be approximately "05 at 15 lbs. per square 
inch, diminishing to *033 at 75 lbs. per square inch. By far the 
most important fiawtor, however, in determining the friction was 
the rate of lubrication, in fact, it was conclusively shown that 
the presence of friction meant non-lnbrication. The following 
table shows the coefficient of friction at the different pressures 
and speeds : — 

FaicnoK ov a CoixAa Kxasimg. 
{A8 Condensed hy Prof . Unwinfrom Mr. Tower's Experiments.) 



Intensity of 




Speed in Devolutions pbh Minute. 




Pressure, P, 
in lbs. per 






















square inch. 


50 


70 


90 


110 


130 


15 


^=•045 


^ = •065 


fc = -043 


ft -^54 


fi, = -064 


30 


„ -037 


„ -048 


„ 050 


„ i)49 


„ -048 


45 


„ 036 


,. -040 


„ -036 


„ -036 


„ -037 


60 


„ 029 


„ -038 


„ i)36 


„ -a37 


„ -041. 


67 


„ 035 


» -033 


„ 035 


„ -036 


„ -038 


75 


„ -035 


« -034 


„ 035 


« -035 


,, -036 


82 


„ -034 


« ^32 


^ -035 






90 


« -031 


^ -044 




^ 


... 



Mr. Th0nijcra&, (liie torpedo boat builder) said, that he 
limited the ppessnre an bis thrust bearings to about 50 lbs. per 
square inch, and thus ihe Hmit of 70 to 80 lbs. arrived at by 
these experiments, received confirmation from his extensive 
practical experience of similar collar bearings. The pressures 
which can, however, be thus carried, depend (1) on the hardness 
and truth of the rubbing surfaces.* (2) On the freedom with 

* Thus, hardened steel working in a dense cast-iron bearing when well 
lubricated is capable of withstanding a greater pressure per square inch 
than anything else. 
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"which the lubricant can get in between the rubbing surfaces. 
This is often assisted by dithering or trembling or alternate 
pressure and relief, such as takes place at the thrust block of a 
steamer. (3) On the facilities for dissipating the heat generated 
through friction by admitting air freely to the bearing, since 
the rate at which heat was generated constituted the true limit 
to the load which a bearing will carry. 

Friction of a Pivot Bearing. — The experiments on this kind of 
bearing formed the fourth report of the Research Committee, 
which was presented to the Institution of Mechanical Engineers 
in March, 1891. From the two following figures with index 




Appabatus for Ascebtainiko the Friction of a Pivot Bearinq. 



IiTDEX TO Parts. 



F represents Footstep. 
B „ Bearing. 



OP 
P 

sc 
c 



Oil Press. 
Plunger. 
Steel Centre. 
Lever Plate. 
Chain. 



P G represents Pressure Gauge. 
O C „ Oil Chamber. 

S „ Upright Shaft. 

T „ Top of Shaft. 
BP ,, Bevel Pinions. 
DP „ Driving Pulley. 



to parts, and the following abbreviated description, the student 
will have no difficulty in comprehending how these important 
experiments were carried out. The footstep, F, and its bearing, 
B, were flat-ended and of 3 inches diameter. They were pressed 
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together with a known force by the aid of a small hand oil pump. 
The oil from this pump (which was fitted with an air-vessel) 
passed below the plunger, P, of the oil press, O P, and, at the 
same time, it acted upon the top, T, of the vertical shaft, S, to 
the lower end of which the footstep was fixed in the manner 
shown by the smaller figure. The pressure of the oil thus 
supplied from the pump was indicated by the pressure gauge, 
P G. Into the top of the plunger, P, there was inserted a piece 
of hard steel having a conical centre or centre-pop, wherein 
rested a hard steel centre, S C, screwed into the under side of 
the lever plate, L, which carried the bearing, B. 

A small chain, 0, was fastened to this circular plate, L, and 
lay in the groove turned in its periphery. The other end of the 
chain was so connected to a spring-balance (not shown) that any 
tendency of the plate to rotate (due to the friction between the 




Method of Lubricating Footstep and Beabino. 



Index to Parts. 



S represents Shaft. 
F „ Footstep. 
B ,, Bearing. 



U represents Upright Oil Pipe. 
OC „ Oil Chamber. 

„ Overflow Pipe, 



footstep and the bearing), stretched the balance and thereby the 
frictional moment between the footstep and its bearing was 
measured in inch-pounds. The upright shaft, S, received motion 
through the two bevel pinions, B P, a horizontal shaft and the 
driving pulley, D P, which was connected by a belt to a suitable 
motor. The lubrication of the footstep and its bearing was 
carried out automatically; for the arrangement shown in the 
annexed figure acted like an oil pump. The mineral oil from 
the pipe, TJ, passed freely by gravity to the centre of the foot- 
step, then radially along a diametrical groove, spirally over the 
flat surface, and finally it was forced up the sides of the bearing 
to the oil chamber, O 0, from which it again passed to the pipe, 
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XT, by the overflow, O. In fact, the faster the speed of rotation 
the quicker was the circulation of the oil.* 

Results of the £xperiments. — A series of experiments was 
first made with a steel footstep on a manganese bronze bearing, 
at speeds of 50, 128, 194, 290, and 353 revolutions per minute 
with loads varying from 20 to 160 lbs. per square inch of the 
flat surface. The manganese bronze bearing was then replaced 
by one with a white metal bearing surface, and observations of 
the friction at the various loads were made at 128 revolutions 
per minute. The coefficient of friction was obtained by dividing 
the readings of the spring balance as ascertained in inch-pounds 
by the total load on the bearing, or from the formula : — 



^ = 



P X A* 



Where S = spring-balance reading in pounds. 
„ L = leverage of chain, t 
„ P = pressure on the gauge shown in pounds 

per square inch. 
„ A = area of bearing in square inches. 

From the results thus obtained, it was found that the coefficient 
of friction was slightly larger with the white metal than with 
the manganese- bronze, but the difference was so small that the 
results may be looked upon as identical. Since the friction was 
mainly between oil and metal, instead of between metal and 
metal, it should be independent of the nature of the metal. 
Hence, it may be urged that with a perfect system of lubrication, 
applied under pressure to a bearing by means of a force pump, 
it should not matter much of what material the bearing and 
shaft or pivot are composed, so long as they are perfectly smooth 
and true. An examination of the results (see the accompanying 
set of curves) also show that the higher the speed the less the 
coefficient of friction became — e.g., from "0196 with a load of 20 
lbs. per square inch at 50 revolutions per minute it fell to -0167 

* It is worthy of mention that two opposite radial grooves were found 
to act better than three or four or any other number. 

t The true leverage of the chain is the actual leverage divided by the 
distance from the centre of the shaft to the centre of frictional resistance, 
which was assumed to be in this case 1 inch from the centre of the shaft. 
The centre of frictional resistance being assumed to be 1 inch from the 
centre of the shaft, we have : — 

F X 1 = S X L 

i.e., the moment of frictional resistance = S x L. 
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at 353 revolutions per minute with the same load ; and from 
•0221 at 50 revolutions and 120 lbs. load to -0054 at 353 revolu- 
tions and the latter load. Unfortunately, we think it was not 
proved how much of this reduction of the coefficient was due to 
increase of speed per ae; or whether the lower coefficient could 
not have been got at the lower speeds if equally good lubrication 
had been maintained. Some of this reduction at least (in the 




20 40 60 80 100 120 140 

LonA, Uv lbs. per sgiuire^ UvcJu 

CuBVEs Showing. Results op Experiments on Pivot Friction.* 



absence of direct observation on the point) may be put down to 
the better lubrication which the bearing or pivot automatically 
received at the higher speeds. Also, in actual practice, when- 
ever dithering or trembling comes into play, the lubricant gets 
more readily between the surfaces and thus produces more 
thoroughly the effect of liquid friction. 

In the discussion which took place on the above reports, it was 
pointed out that the introduction of two or more loose, hardened, 
steel washers between the bottom of the footstep and its bearing, 
or between a collar and its bearing, enabled heavier loads to be 
carried than without them. A difference of opinion was ex- 
pressed as to their precise action. We think, however, that 
Mr. Tower's explanation was the best, viz. : — that only one pair of 

* It would have been better, if after markings: the pohsts ritowing th« 
several observations, smooth curves had been drawn through the mean 
positions. We have, however, reproduced the above figure direct from the 
Proceedings of the Institution of Mechanical Engineers, 
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these interposed discs were rubbing at one time, but when these 
became heated the smallest tendency to seize occasioned more 
friction between the working pair than between some other 
pair ; consequently, these latter took up the work and thus the 
work was alternately divided between the several pairs of discs, 
giving time for each pair to cool before they again come into 
action. 

Experiments on the Friction of Railway Brakes.* — In 1878, 
Captain Douglas Galton and Mr. George Westinghouse carried, 
out some careful experiments on the friction of railway brakes. 
The brake blocks were made of cast-iron and the wheels had 
steel tyres. The pressure, and also the friction, between tho 
brake blocks and peripheries of the wheels were automatically 
recorded by means of hydraulic gauges. Two series of experi- 
ments were made; the first, to determine the coefficient of 
friction between the brake blocks and the tyres, which we shall 
term the "brake coefficient"; and the second, to determine the 
coefficient of friction between the wheels and the rails, when thf> 
former were "skidded," or prevented from rotating, which we shall 
term the " rail coefficient." From these experiments, the brake 
coefficient was generally greater with low than with high speeds. 
Thus, immediately after the application of the brakes, the brake 
coefficient was 0*18 for a speed of 17 miles per hour, while at a. 
speed of 47^ miles per hour, the coefficient was only 0-132., 
After the brakes bad been on for 5 seconds the coefficients at 
these speeds were 0*157 and 0*07 respectively. When the 
brakes had been on for 15 seconds, the coefficients were further 
reduced to 0*11 and 0*055 respectively. Thus we see, that the 
brake coefficient not only diminished as the speed increased, but 
diminished the longer the brake had been in contact with the 
wheel. As the speed decreased, the friction between the wheel 
and the brake continued to increase, until it became equal to the 
friction between the wheel and the rail. Then the wheel ceased 
to rotate and skidded along the rail. The " rail coefficient " was 
much lower than the " brake coefficient " and increased as the 
speed decreased. This increase was slow at first but increased, 
greatly as the speed got less, until, when the carriage was about 
to stop, or just before skidding, it became even greater than the 
" brake coefficient." The rail coefficient was also found to be 
greater with steel tyres on iron rails at high speeds, than with 
steel tyres on steel rails, f 

* See Proc. Inst. M.K, Juiie and October, 1878, and April, 1879. 

t In IVie PrarticcU Engineer for July 20, 1894, p. 49, it is stated that 
soft forged steel brake shoes have been proved to last luach longer, wear 
the w|ieela lew, and to be quite as effective as cast-iron. ) 
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Friction between Water and Bodies Moving through it.^ — 
The frictional resistance between water and bodies passing 
through it has been investigated by Col. Beaufoy in a memor- 
able series of experiments carried out in the Greenland Dock, 
near London, early in this century, and more recently by 
Dr. William Eroude at Ohelston Cross, and by Dr. Tideman 
at Amsterdam. 

Dr. Froude's experiments, being the most thorough and con- 
clusive, and those most commonly referred to in the calculations 
involved in the resistance of ships, we shall briefly describe 
them, as well as give a few of his results. 

They were made in a still water tank 278 feet long, 36 feet 
wide, and 8 feet 9 inches deep. 

The surfaces experimented upon were wooden planks, -^ inch 
thick, varying from 1 foot to 50 feet long, having both bow and 
stern sharpened so as to eliminate resistances other than fric- 
tional. These planks (with their upper edges IJ inches below 
the water level) were suspended from a carefully balanced frame- 
work (free to swing without friction fore and aft) attached to a 
dynamometric truck (set in motion by an endless steel rope) on 
rails fixed over the tank and running its entire length. The 
resistance of the specimen was communicated through a spiral 
spring to a lever, actuating a pen which recorded the tension on 
a cylinder revolving synchronously with the wheels of the truck. 
The time was separately registered by means of a pen connected 
with a chronometer. 

Dr. Froude set himself to determine : — 

1. The law of the variation of the resistance in terms of the 
velocity. 

2. The law of the variation of the resistance in terms of the 
length of surface. 

3. Variations of resistance with varying qualities of surfoce. 
The second of these problems requires a word of explanation. 

"Whereas, with short lengths, the resistance varied sensibly as the 
squares of the velocities, the rate of variation was found to fall 
continuously as the lengths were increased, until it became as 
low as the 1*83 power of the velocities with a specimen of 50 feet, 
which was the greatest length experimented upon. Dr. Froude 
has pointed out, that the cause of this diminution is to be sought 
in the effect of the forward motion, imparted by the friction of 
the surface to the stream lines in contact with it, or nearest to it. 
These stream lines have consequently a lower velocity, relatively 

* This latter part of Lecture VI. was kindly contributed by Mr. Robert 
Caird, of Messrs. Caird & Co., Shipbuilders and Engineers, Greenock. 
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to the specimen being towed past them, than the undisturbed 
water. 

The law of variation in terms of length of surface has not yet 
been satisfactorily investigated for lengths beyond 50 feet, and 
further experiments are very desirable. 

The foregoing table sums up the results of these frictional 
experiments. The columns A, B, and respectively refer to: — 

A. The power of the velocity, to which the resistance is 
sensibly proportional. 

B. Resistance in pounds per square foot of surface taken as a 
mean resistance over the whole length. 

C. Resistance per square foot taken at the specified dii^ances 
abaft the cut water which are given at the head of the 
columns. 

The resistances in this Table are those due to a velocity of 
600 feet per minute. 

The following table is deduced from these experiments and 
is in a form suitable for the Naval Architect : — 

TABLE II. 

Froude's Frictional Constants for Salt Water, Paraffin or 
Smoothly Painted Surfaces. 
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Fiictional Resistance of a Ship Propelled through Sea Water. — 
The frictional resistance of a ship is readily calculated from. 
Table II. by the formula : — 

R = At S Y" 

Where, R = Resistance in pounds. 
fj, r= Coefficient of friction. 
S = Wetted surface in square feet. 
V = Velocity in knots. 
n = The power according to which friction varies. 

The total resistance of a ship when propelled through water is 
composed of: — 

1. Frictional resistance. 

2. Eddy-making resistance. 

3. Wave-making resistance. 

The total resistance of a model is measured by a dynamometric 
apparatus identical with that described above. From it, the 
frictional resistance calculated from the table is deducted and 
the balance is the eddy-making and wave-making resistance (or 
residuary resistance). The calculation of the residuary resistance 
of an actual ship from that of a model follows what is called 
Froude*s Law of Comparison, which, briefly stated, is : — 

If the linear dimensions of a ship are X times those of its 
model, and if, at the velocities i;^, v^^ Vg . . . of the model 
in water, the resistances are r^, rg, r^ , , , then the resistances 
Rj, Rg, Rg . . . of the ship, at the velocities Y^, Y2, Yg . . . 
(which are respectively equal tov^V^X; v^mJ'K] ^3>v/^ • • •) will 
be Ri = X^ii R2 = xVg; Rg = X Vg * . . 

Example. — Applying the foregoing to the following case : — 

Model 10 ft. long ; 1-194 ft. broad ; 0-555 ft. draught of water. 
Ship 360 „ ; 43 „ ; 20 

X = 36 ; mJ~X = 6 ; x' = 46,65'6. 

Calcvlation of Frictional Resistance: — 

fi = -00888 (from Table II.) 

S = 24,500 square feet. 

Y = 12 knots. 
yr826 ^ 93.219. 

R = ^ S Y^'^ = .20,280-7 lbs. = 9-053 tons. 
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Residuary Ship Resistance, — If at a velocity of 3-378 feet per 
second (equal to 2 knots) the tank trial of the model gives a 
residuary resistance r = -23 lb., the corresponding speed of the 
ship will be :^— 

V mJ~^ = 3-378 X 6 = 20-268 feet per second. 
„ „ = 1216 feet per minute. 

„ „ =12 knots. 

And the residuary resistance of the ship at that velocity 
will be : — 

X V = 46,656 X -23 = 10,731 lbs. = 4-79 tons. 
Total Ship Resistance : — 

Frictional resistance (as above) = 9-053 tons. 

Residuary resistance ( „ ) = 4*790 „ 

Total resistance = 13-843 „ 



Reducing this to horse-power it becomes : — 

13«^ \!l^l" ^^^^ = 1142-6 Effective Horse-power. 
33,000 ^ 

'J 
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The calculation may, otherwise, be made directly from the 
total resistance of the model, correcting for surface friction by 
the method elaborated by Mr. K. E. Froude in his paper read 
before the Institute of Naval Architects in 1888. 

The above diagram shows the results of a similar calculation 
in graphic form. This figure is reproduced from an actual 
diagram worked out fiom a tank trial where X (or the linear 
ratio of dimensions between ship and model) was equal to 28. 
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LXCTURE VI.— QuBSMOira. 

1. Give a concise account of General Morin's, Hirn's, and Thurston's 
experiments on friction, and explain wherein their conclusions fell short 
of the results arrived at by the Institution of Mechanical Engineers. 

2. Give an account of some experiments on the friction of a well 
lubricated journal, and state what has been ascertained as to the magni- 
tude of the friction under varying loads, temperature, and velocity. Also 
state what you know as to the intensity of the pressure at different points 
of the bearing surface. (S. & A. Mach. Const. Uons. Exam., 1885). 

3. Give the results of some experiments which have been made to 
determine the coefficient of friction in a well lubricated bearing, and the 
greatest pressure to which the bearing may be subjected. State also at 
what portion of the surface of the bearing the lubricant should be intro- 
duced. Describe and give a sketch of the construction of a bearing for a 
sh&it which is required to run at a very high speed, assuming that the 
revolving parts cannot be perfectly balanced. (S. & A. Mach. Const. 
Hons. Exam., 1890). 

4. Describe and sketch any form of machine for measuring the friction 
-of lubricated journals. Show how you would deduce from it the co- 
efficient of friction. (C. & G. of L. Mech. Eng. Hons. Exam., 1892). 

5. Give a short account of Mr. Beauchamp Towers experiments and 
results on the friction of collar bearings. 

6. State what you know about the friction of pivot bearings. Sketch 
. and describe any apparatus which has been used for determining the same. 

7. What is your idea of the most perfect system of lubricating engine 
.bearings ? Give reasons for your answer, with sketches. 

8. State what you know about the friction between railway carriage 
wheels and their brakes and the permanent way rails. 

9. How is the f rictional resistance between a moving ship and sea water 
determined? What is meant by residuary and total ship resistance? 
Work out an original example to determine the effective horse-power 
required to propel a ship 400 feet long, 50 feet broad, and 25 feet draught 
at 15 knots, assuming, the constants j &c., given in the lecture. 
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Contents.— Calculation of Work Lost by Friction in Journals— Example 
I. — Corrections for Twisting Moment on Crank Shaft of Engine — 
Rolling Friction — Tractive Force— Anti-Friction Wheels— Friction of 
Flat Pivots and Collar Bearings — Friction of Conical Pivots — 
Examples II. and III. — Schiele's Anti- Friction Pivot — Frictional 
Resistance between a Belt or Rope and a Flat Pulley — Example IV. — 
Resistance to Slipping of a Rope on a Grooved Pulley — Questions. 

CaJcnlation of Work Lost by Friction in Journals.— If Coulomb's 
laws of friction be applied to the case of cylindrical surfaces, 
then the frictional resistance to rotation of a cylindrical journal 
in its bearing (measured along its tangent to the surfaces in con- 
tact) would be F = A6R; where, R is the total normal pressure 
acting on the journal. This would probably be the case if the 
journal and it 3 bearing were in contact along a very narrow 

longitudinal area parallel 
to the axis of the journal. 
If, however, the journal 
and bearing are well worn 
and a good fit, then con- 
tact will take place over 
a considerable area, and 
the distribution of pres- 
sure will vary from point 
to point. 

Suppose we consider a 
well fitting horizontal 
cylindrical journal and its- 
bearing, acted on by vertical forces, the resultant of which is E. 

"Letp = intensity of the normal pressure on any longitudinal 
area — for example, a b. 
„ / = the friction along the narrow longitudinal area at a b. 
„ I ^ the length of the journal. 

Then, p x a b y< I — Total normal pressure on the area a b. 

Resolving vertically, we get : — 

R = 2 (^ cos 6 X ab X I): 

Or, R = Z 2 (p cos ^ X a 6) (1) 




Fbiction op Joubnals. 
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If, iL = Coefficient of friction between the journal and its 

bearing. 

And, F = Total friction over the whole bearing. 

Then, F = 2/= AtZ 2i> x a6 (2) 

If we knew the law according to which /? varies from point to 
point, it would be an easy matter to calculate the frictional 
resistance in this case. When the journal and its bearing are 
well worn and a good fit, we may assume that the intensity of 
pressure at any point will vary as the vertical distance of the 
point below the diameter A B : — \ 

But this is the same law as that which would be followed by 
a heavy liquid enclosed in the semi-cylindrical space A C B, the 
total weight of the liquid being E. 

We know, that in such a case, the total normal pressure on 
the cylindrical surface A C B, would be = area of surface A C B 
X depth of e.g. of surface below A B x tveight of a cubic unit 
of the liquid. 

Let, d = diameter of journal. 

Then, Area of semi-cylindrical \ __ * _ i ^7 

surface A C B / ~ ~ ^ 

d 
And, Depth of e.g. of surfaces below AB = ic = -. 

We now require to find the weight of a cubic unit of the 
hypothetical liquid in A C B. 



Let, w 


= weight of a ( 


;ubic unit. 






Then, 










Vol. 


of semircylinder A B x 


V = 


R. 


• • 




ildH. 


w = 


R. 


Or, 






to = 


8R 
itdW 



Hence, The total normal pressure \ ^ \xw 
over whole surface A C B / 



2, . .. d 8 R 4 ^ 
p X ao =i rrdl x - x — = - ±w 

^ ^ ^ ^dU "^ 
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But from Equation (2) 
Hence, 



F 



4 4 

li - H = — At R. 



^ 2 
The fpictional moment, M = F x — ==-c?^R. 

^ AT , 

.•. Work lost in Mction in one ) -^ „ Ajv/r\ 
turn of journal | = M x 2 ^ = id^K (I) 

This result is only true on the assumption that the normal 
pressure varies as the depth of the point below A B, and since 
the surfaces are cylindrical, it is doubtfulif /t has the same value 
as in the case of plane surfaces. 

If the bearing be so well worn that its radius of curvature is 
slightly greater than that of the journal, we may suppose con- 
tact to occur along a narrow longitudinal area parallel to the 
axis of the journal. This state of affairs is shown in an ex- 
aggerated manner, by the annexed figure. The small area on 
which the journal bears, is not situated exactly at C (the lowest 

part of the bearing), but 
at or near D, such that 
the .^ COD = 9, the 
"angle of friction." This 
is due to the shaft tend- 
ing to climb out of its 
bearing. When the in- 
clination of the surfaces 
in contact is equal to the 
angle of friction, then slip- 
ping takes place. This 
occurs when the shaft bears 
at D, since the tangent 
plane at that place is in- 
clined at an angle, 9, to 
the horizon. 

Let R. = Resultant force acting oii the shaft, which for the 
present may be supposed to act vertically downwards through 
the centre of the shaft. At D, introduce a force equal, parallel, 
and opposite in direction to R. Then this is the resultant 
reaction (i.e., the resultant of the normal reaction and friction) 
at the point D. Through O, draw the common perpendicular 
O 6, to the forces R. Then those two forces form a couple, 
whose moment = R x 6. This frictional moment resists the 
rotation of the shaft. 




Friction op a Worn Journal. 
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M - R X O 6. 

But, O 6 = O D sin f - -^ sin p. 

M = J R c? sin p. 
Hence, 

Work lost in friction in ) ^. o -d w «;« ^ /tt \ 
one turn of journal } = M x 2^ = R^rfsmp. <n.) 

__, . tan (p (L 
Where, sin 9 = 



sj\ -^ tan^ 9 

For well lubricated journals p is very small, so that we may- 
assume that sin p = tan p = At, 

Then, Work lost in friction in I ^ « w p /tt \ 

one turn of journal |=Mx2* = ^«//.R. (II») 

For practical purposes it is more convenient to use formula 
(lift) than (I) or (Ila), remembering that /t is a special coefficient 
for journals, to be determined by experiment. 

We have seen, that the resultant reaction of the bearing at D 
is R and acts vertically upward. This reaction is tangential to 
a small circle, a 6, which can be described about O, and is spoken 
of as the ^^/riction circleJ' Let d^ be the diameter of the friction 
circle. 



^1 = 



Then, R X "2^ = M = ^c^a^R. 

/: d^^f^d (Ill) 

i.e.. Diameter of friction circle = /m, x diameter of jonmaL 

Hence, in cases of journal friction it is often convenient to 
draw the friction circle, and then the direction of the resultant 
reaction of the bearing may be easily determined. This resultant 
reaction is always a tangent to the friction circle. 

If the bearing has a cover, the- resultant force, R, must be 
increased by the tension in the bolts holding down the cover 
when calculating. M. 

Example I. — A horizontal shaft, 4 inches in diameter, resting 
in bearings at its ends, transmits power to various machines by 
means of belts passing over pulleys keyed to the shaft. The 
tension in the belts causes a horizontal force of 1,500 lbs., and 
a vertical downward force of 500 lbs. in a plane at right angles 
to the shaft. The weight of the shaft and pulleys is 10 cwts. 
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Coefficient of friction between the shaft and its bearings is 0*07. 
Find the horse-power lost in friction, the shaft m^ing 100 
revolutions per minute. 

Answer. — The forces acting on the shaft are (1) a horizontal 
force of 1,500 lbs. ; (2) a vertical force of 500 + 10 x 1 12 == 1,620 lbs. 
Since these forces act at right angles to each other, the resultant 
pressure on the bearings will be : — 

R = VP' + Q' = a/ 1500' + 1620' = 2207-8 lbs. 



^F=^yoOO lb8. 




Forces Acting on a Shaft. 

Each bearing may or may not sustain equal shares of this 
resultant load. This will depend on the arrangement of the 
pulleys on the shaft. Nevertheless, we may consider only one 
bearing of the shaft, and suppose the resultant load on this 
bearing to be R = 2207*8 lbs. Hence, from the formula already 
obtained, we get : — 

Work lost in friction in\ _^ /7 "R 
one turn of shaft j ~" a** •* 

... H.P. lost ia Motion =^^. 

OO A 

y X ^^ X 100 X -07 X 2207-8 



33,000 



= -49. 



Corrections for Twisting Moment on Crank Shaft of Engine. — 
Let O C be the crank, and H C the connecting-rod of an ordinary 
direct acting engine. Let P = total effective pressure on cross- 
head pin at H. Then, it is shown in the author's Text-Book on. 



TWISTING MOMENT ON A CRANK SHA^. 
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Steam Engines, p. 158, that the twisting moment on the crank 
shaft at O is P x O V ; where V is the point of intersection of 
the centre line of the connecting-rod with the line through O per- 
pendicular to centre line, H B, of the engine. This method of 
calculating the twisting moment at any point of the stroke is 
adopted when we wish to neglect the friction of the journals 
at H, C, and 0. We shall now determine the effect on the 




Finding thb Twisting Moments on Crank Shaft. 

twisting moment when the friction of the journals is taken 
into account. 

Draw the friction circles for the journals at H, C, and O, as 
described above.* 

Then the resultant pressure on a bearing must be tangential 
to its friction circle. Therefore, the thrust, Q, along the con- 
necting-rod must be tangential to the friction circle at H, 
and also to the friction circle at C. If the student considers 
the direction of motion at H and C, he will observe, that the 
line of thrust (which is a common tangent to the circles at 
H and C) must be drawn as shown. Thus, the thrust is actually 
along K D instead of H Y. This takes friction into account so 
far as the crosshead and crank-pin bearings are concerned. 

Let W represent the total vertical load on the crank-shaft, 
including the weight of the shaft itself. The crank-shaft is then 
acted on by two forces, Qj and W, as shown, Qj being equal and 
parallel to Q along K D. The resultant of these two forces is E, 
and the reaction of the bearing, which is also R, acts in the 
direction, G R, parallel to O R, and tangential to the friction 
circle at O. 



* On the figure the friction circles for these three journals have been 
drawn to a very much exaggerated scale for the sake of clearness. 
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Let G R cut O V at the point E. Then :— 

Effective twisting moment on crank shaft = F x £ D. 

For, from what has been already said : — 
Tvnating moment due to thrust Q along K D = P x O D. 

Where P is the horizontal component of Q, or, what is the 
same thing,^ P is the total pressure acting on the piston. 

(Similarly, since the horizontal component of R = horizontal 
component of Q = P. 

.•. The resisting mx)m^nt dtie to R along GRm = P x OE.* 

''• ^?n1;;ir^ff "°""* } = P(OD - OE) = P X ED.. (lY) 

It is evident, that as D approaches E, the effective twisting 
moment on the crank shaft diminishes, until when D coincides 
with E there will be no effective moment acting on the crank. 
This will occur at four positions of the crank ; two on either side 
of centre line of the engine. The angle which the crank makes 
with the centre line of the engine when D coincides with E, 
is called the " dead angle^ and when the crank lies within this 
angle (on either side of engine centre line), no pressure, however 
great, applied to the piston will move the engine* If the position 
of the crank had been taken in any other quadrant, say, in the 
quadrant YOB, then the direction of the thrust Q^ would be 
such that K D, the common tangent to the friction circles at H 
and C, would be drawn helow the centre line H C. The direction 
of the common tangent H D should, however, present no diffi- 
culty if the student only pays attention to the direction of 
rotation of the journal in its bearing. 

BoUing Friction. — The resistance which is experienced when 
a wheel or cylinder is rolled along a rough horizontal plane is 
called Rolling Resistance^ or Rolling Friction, This resistance 
is in general much less than sliding friction. It depends on the 
radius and breadth of the wheel and also on the nature of the 
surface over which the wheel rolls. It is found by experiment, 
that the resistance to rolling on a horizontal plane is expressed 
by a formula of the form 

P = — c. 
r 

* The thrust R along EK is in a similar condition to the thrust Q along 
K D ; thiat is to say, the friction circle at O can be looked upon as a small 
crank-pin circle and E R the direction of thrust of the connecting-rod. 
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Where, P = Pull required to overcome the resistance (as 

measured by a horizontal force at the axis of 

the 'rolling body). 
„ W = Total weight of the rolling body. 
„ r = Radius of rolling body. 

„ c = Constant length measured in the same units as r 

(depending on the nature of the surfaces in 

contact). 

We can best explain the nature of this resistance, and how the 
above formula is obtained, by considering the case of a cylinder 
or broad wheel rolling along an ordinary road. In such a case, 
the wheel sinks into the 
ground and leaves a rut 
along its course. The depth 
of this rut will depend on 
the total weight, W, on the 
wheel, the radius, r, and 
the softness of the ground. 
The result of the sinking 
is, that the force, P, applied 
at C is employed in con- 
tinually drawing the wheel 
over an obstacle at O, in 
front of the wheel. 

Let the height of this 
obstacle (or, what is the same thing, the depth of the rut) be 
B A = /t. Then, by taking moments about O, we get : — 



— r'^ — r 

\j*-«->E 


^^^^y/yy//^^^, 


y f 



w 

Rolling Friction. 



PxOD = WxOB, 



W W 

O D r 



- h 



OB. 



Put O B = c. Then, since h will, in general, be small com- 
pared with r, we may neglect it in the denominator on the 
right-hand side of the equation, and write 

Hence, we see where the constant c comes from, and why it 
is a length of the same units as r. 

Prom the results of the few experiments which have been 
carried out on rolling resistance on ordinary roads and rails, the 
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-above formula appears to hold good, and c is found to be inde- 
pendent of r. Thus, when r is expressed in inclies, c may be 
taken at from '02 inch to '025 inch for iron wheels and rails ; 
•06 inch to '1 inch for iron wheels on wood, the lower values 
being taken for the harder woods. For carriage wheels on good 
macadamised roads c may be taken at '5 inch ; but this value 
will vary considerably with the nature of the ground, being as 
high as 3 inches or even 5 inches with soft ground. 

If the surface over which the wheel rolls be very soft and 
elastic the expression for the resistance is more complex and is 
very difficult of explanation. Take, for example, the case of a 
wheel rolling along a thick sheet of india-rubber. In such a 

case the rubber will take 
the form shown by the 
figure, being heaped up 
both in front of and be- 
hind the wheel. When 
the wheel moves it tends 
to surmount and compress 
the rubber in front at B. 
But the rubber at B tends 
to avoid this compression, 
and, as a consequence, 
heaps itself up in front 
as shown. During the ac- 
tion, the rubber ^* creeps " 
over the surface of the wheel at B, and in doing so, a frictional 
resistance, F^, is set up which opposes the onward motion of the 
wheel. Again, as the wheel moves onward, the heaped-up 
rubber in the rear at D tends to regain its normal state of flat- 
ness of surface, and in doing so creeps down the surface of the 
wheel introducing a frictional resistance, Fg, in the direction 
shown, which resistance also opposes the progress of the wheel. 
Thus the wheel is retarded by the two frictional resistances, 
Fj and Fg, in addition to the other force necessary to overcome 
the obstacle in front, as explained in the case of the wheel on 
ordinary ground. 

Tractive Force. — By tractive force or traction is meant the 
effort necessary to draw a carriage or train along a level road 
or rail against the total frictional resistances. This total resist- 
ance includes axle and rolling frictions, the friction between 
the flanges of the wheels and the rails and the resistance of the 
air, &c. 

The following table gives the tractive force in lbs. per ton for 
different roads : — 
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Tractive Force tor DinrERENT Roads. 

Paved roads, 33 lbs. per ton. 

Macadamised roads, . . • . 44 to 67 „ „ 

Gravel roads, 140 ,, 150 „ ,, 

Common earth roads, .... 200 „ 250 „ „ 
Railway trains (moving slowly), . . 2 „ 8 „ „ 

In the case of railway trains, the Fesistanoe of the air increases 
-very rapidly with the speed of the train and with the velocity of 
the wind, so that at high speed the tractive forces required to 
keep the train moving along a horizontal line may be as high as 
50 lbs. per ton. 

Anti-Friction Wheels. — These wheels are so arranged that 
their circumferences form a bearing for an axle or shaft. The 
axles A and B of the two anti-friction wheels are placed near to 
each other, and the axle, 
C, whose friction it is de- 
sired to reduce, rests on 
their circumferences. By 
this means, the resistance 
to the rotation of is 
greatly diminished, and 
hence the arrangement is 
often resorted to in the 
case of philosophical and 
other delicate apparatus 
where the frictional resist- 
ances have to be reduced 
to a minimum. The con- 
trivance is neither suffici- 
ently simple nor compact 
and strong to be adopted 
for the ordinary bearings 
of large heavy shafts ; but 
a modification thereof is 
often met with in the ball 
bearings of the best constructed driving shafts for foot lathes, 
for American electric elevators, and for bicycles, tricycles, &c.* 
With ball bearings the friction is wholly that of rolling friction, 
but in the ordinary anti-friction Wheels the rolling friction may 

* See pages 91, 92, and 159 of the author's Elementary Manual of Applied 
Mechantca for these applications in the cases of Sir Wm. Thomson's Siphon 
Recorder and Atwood's Machine, &c. Also the Electrical Engineer of New 
York, Nov. 2nd, 1892, for a description of the ball bearings in the Sprague- 
Pratt Electric Elevator for High Servtee Duty. 

8 
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be neglected and then the friction of the axles^ A and B, con- 
sidered in the following way : — 

Let R =» Resultant vertical force acting on axle C. 
„ D = Diameter of each wheel A and !p. 
„ d = „ „ axle A and B. 

„ d ^ „ of the shaft C. 

„ 26= Angle ACB. 

„ P = Pressure on A or B due to R on C. 
yy fju = Coefficient of friction between axles A and B and 
their bearings. 

Then, since R must be the resultant of P at A and P at B, 
we -get: — 

R = 2 P cos tf. 

Or, P = ,r^. 

' 2 cos ^ 

Suppose the wheels A and B to make one complete turn. 
Then C will make n turns, so that : — 

vdn = ^D. 

Or, n = -7 . 

a 

Hence, neglecting friction between C and circumferences of 
wheels A and B, we get : — 



Work absorbed in friction ) ( Work absorbed in friction at aide 
in one turn of wheels A > = < A + Work absorbed in friction 
and B ) { at axle B. 

„ „ = 2 ^ 3 /ct P. t 

But, had the axle been resting in an ordinary bearing 
instead of on the circumferences of the wheels A and B, the 

Work absorbed in friction tcould be — n^srdfiB^ 

» n jj = crD/M-R. 

^ grietion with anti-friction wheels _ * cos ^ Z 

Friction without anti-&iction wheels "" <r D fk'& * D cos #* 
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In general, $(^.MiCAGB) will be small, so that cos tf will be 
unity very nearly. 

^ Friction with anti-friction wheels ,_ dia. o f axle Aor B _ d 
•*• Friction without anti-friction wheels ~ dia. of wheel A or B " D' 

This result agrees flosely with 
experiments carried out on the fric- 
tion of anti-friction wheels. ' 

Friction of Flat Pivots and Collar 
Bearings. — When a shaft is subjected 
to forces parallel to its axis the end 
of the shaft may terminate in a 
footstep bearing, or if the shaft has 
to be continued through its bearing, 
this axial pressure is provided for 
by having a collar or collars made 
on the shaft. If the shaft termin- 
ates in a bearing at its end, the end 
of the shaft may be flat, rounded, or 
conical, according to circumstances. 

We shall first show how to cal- 
culate the work lost in friction in 
the case of a flat pivot or collar 
bearing. 

Let R = Total thrust on shaft. 
a p — Intensity of pressure over 

bearings yr ; — 

area of bearing. 

Suppose the thrust, E, to be 
equally distributed over the whole 
bearing surface, and let us consider 
a small annular ring of breadth, dx, 
and mean radius, x (see plan). 

Then, Pressure on demerUary ring - p 'x 2vxdx, 

.: Moment of /rictum M t>>^\ ^ 2^xdx >< x. 

elementary nng J ^^ 

„ „ „ ^ 2^fipx^dx. 

■'' ^I^W ^^^'''^^'^ ^'''' "^^^^ I = M = 2 ^f^pfx'dx. 
Where, fo^dx means the sum of all such terms, as x^d^y 
taken over the whole bearing. Consequently, M = lit iLp ^,. 
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If the bearing be an annular ring or collar of outside radius, 
r^, and inside radius, rg, then: — 

R 



And 



Or, 



t.0., 



Or, 






(J) 



Where c^, c^g refer to the inside and outside diameter re- 
spectively. 

Hence, Work lost in friction ) m d^-d^ 

in one turn ofy=Mx2-5r=|7r ^^ \ ti R. . (YI) 



collar journal j 



z" d\-d\- 




Rounded Pivot. 
In the case of a flat pivot dc^ = 0, and then :— 



/.Work lost in friction in) 2 . « 
one turn of flat pivot J - 3 ^ »i a^ «\ - 



• • • 



(Ja) 

(Via) 
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Thus, we see that the frictional moment of a flat pivot in its 
footstep is only } of that for a horizontal journal of equal 
diameter. 

By diminishing the diameter of the pivot, the frictional 
moment will be diminished 
in the same proportion. 
Hence, we often find that 
small pivots are rounded at 
their lower ends and rest 
on a flat step in the manner 
shown by the accompany- 
ing figure. 

In the case of turn-tables 
and the vertical posts of 
cranes where the motion 
is slow this plan is also 
adopted. But for the bear- 
ings and footsteps of large 
shafts carrying a heavy 
load and moving at high 
speeds, the following style 
of adjustable footstep and 
bearing has been found 
best. 

Friction of Gonical Pivots. 
— Sometimes the end of 
the (vertic^ shaft is made 
conical — instead of flat or 
hemispherical — and turns 
in a step or bearing of 
corresponding shape. In 
this case th^expression for 
the frictionfiu, moment will 
be different from the one 
just obtained for a flat 
pivot. 

Let A D E B represent a section of a conical pivot, or frustrum 
of a cone, with r and r^ for its greatest and least radii respec- 
tively. 

Let the total axial thrust, R, be uniformly distributed over 
the transverse section at AB. The manner in which this 
pressure is distributed over the step is not definitely known. 
The normal pressure may be constant at all points on the step, 
or it may vary according to some other law. If, however, we 
assume that the step always remains a good fit for the pivot, 
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and that the wear is uniform throughout, ire can then explain 
how the pressure, p^ varies from point to point. 

The wear over any small conical surface on the step depends 
on the product of the normal pressure, p, and the velocity of 




Conical Pivot, 



rubbing, v. Hence, if the wear be everywhere the same, we 
must have:— 

j9 1? = a constant. 

But the velocity of rubbing depends on the distance of the 
small area in question from the axis of rotation* If this distance 
bey, then: — 

pvQC py, 

py = a, constant. 

Consequently, the pressure at any point on the step varies 
inversely as the distance of the point from the axis of rotation. 

Hence, if we consider a small conical area of breadth or slant 
length, ab, and mean radius, y, and if the projection of a 6 on a 
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hoilzontal plane be denoted hj dy, then, if « = half the conical 
angle ACB; dy ^ ah sin «. 
Total normal 'pressure on \ 
dementary frustrum I o ~t: o ~~i. 

a dant side f 

Now, the sum of the vertical components of all audi normal 
pressures mnst balance R. 

K s£ 2) 2 vpy a h sin a = 2 irp y sin. a 2 a b. 

Since p y has previouBly been shown to be a constant it may 
be written outside the summation sign. 

But, 2 a6 is clearly «= AD. 

And, AD=^^^.^^i. 



2^6 
R 
And, .•. JP y = 



since 
r - r. 



sin a 
Consequently, Il = 2w|?y(r- r^). 

R 



2 X (r - ri)* 

Substituting this value of j»y in equation (1), we get: — 

Total normal pressure on ) -d t> 

elmienfy»ry fru^ml^-^^ ^ = , ^-^ dy. 

mea ) r - r, (r-r,)«n« 

«•. Moment of friction for \ t> 

elementary frustrum > = -^ ^ , y^dy. 



And, Moment of jfriction 1 fiU [ j 

' - ^- '^ I ydy. 

^ Jr^ 



for whole bearing J "" (^ - rj sin . 



Or, M = (, ^^ >)!^' 

\(r - r^) sm a/ 2 

••. Work lost in friction in ) ar(rA.r\ 

one turn of conical V = M x 2t =^^^vi^ ^R. (VIII) 
pivot j sma 
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If the piyot oomes to a point at G, then r^ = 0, and then:— p* 

M =4.-^^R. (IX) 

2 am a'^ ^ ^ 

Example IL — A yertical shafts 4 inches in diameter, turns 
on a flat pivot. The weight of the shaft with its wheelsf &c., 
is 2,500 lbs. Find the horse-power lost iai fciction between 
the end of the shaft and its footstep, the shaft making 140 
revolutions per minute, and the coefficient of friction being 
taken at 0*08. 

Answer.— Here c? = 4' = J ft., w = 140, R = 2,500 lbs. 

Hence, assuming formula Via, ^^ get; — 

Work lost in friction \ « 
in one tv/m of\ = ^ ^c? /aR. 
pivot ) ^ 

2 

.•.H.P.lort in friction g^g^ 

9 99 1 

I X ^ X i X 140 X 08 X 2,500 

^ i o ^ .cq 

= gpoo ^^• 

Example III. — If, in the last example, the pivot had been 
conical instead of flat, the angle at the vertex of the cone being 
60*", and the smallest diameter of the pivot 1^ inches, what, 
would then be the H.P. lost in friction, assuming the pressure 
on the step to vary according to the law stated in the text 1 

Answer. — Here c^ = 1 J", a = 30*, the other data being same 
as in last example. Then, by formula VIII. : — 



Work lost in friction ) _ ^ (^ + ^i) -p 
tw one tv/m of pivot J sin a * ^ 

" 2sina • ^^• 

A H.P. lost in Motion = ^:^^i^^ . J^ 

2 sin a 33,000 



^ X ^1 + ^) X 140 X -08 X 2500 



2 X i X 33,000 
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Schiele's Anti-Friction Pivot. — The assumption made in our 
last investigation regarding the uniform wear of the ordinary 
conical pivot and step is not strictly correct. When such pivots 
have been at work for some time it is found that the contact 
between the pivot and its step is very imperfect, due to the 
unequal wear which naturally arises from the difference of 
velocities at different parts of the conical surfisuse. Since this is 
a matter of some import- 
ance, especially with cer- 
tain kinds of instruments 
and machines, we shall 
here investigate the proper 
form to be given to the 
pivot and its step in order 
that the vertical wear of 
the latter may be every- 
where the same. 

The figure represents a 
section of such a pivot 
During wear of the step 
let the pivot sink through 
a vertical depth, A A'= A. 
Then, by hypothesis, the 
vertical wear everywhere 
will he h; so that any 
point, P, will, after wear, 
be at F, where P F = A. 
The dotted curves repre- 
sent the outline of the 
pivot or step after wear, 
and it is evident that they 
will be similar to the fuU 
curves A PE,BQD. 

Consider a point, P, on the curve. Draw P N perpendicular 
to the axis of the shaft. Let P T be the tangent to the curve 
at the point P, and P M the normal at that point. 

Let y = Ordinate' PN. 
„ « = Angular velocity of shaft. 
„ jP = Intensity of normal pressure. 
,, ^ = Coefficient of friction between pivot and step* 

The normal wear at P per unit area is:— 
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Now, for a small vertical wear, we may consider the triangles 
T P N, F P M, as similar, 

PT : PN = PF : PM. 

P P' X P N 



Or, PT«« 



TW 



^ h X y 
*' fip Qty ' 

In this pivot^ the vertical wear is supposed to be everywhere 
the same, therefore, the intensity of normal pressure, p, must 
be constant for all points on the pivot. 

P T « « a constant. 

fip u 

Consequently, the curve is such, that the length of the tangent, 
P T, at any point, P, is constant. The curve having this pro- 
perty is known as the " Tractrix " or " Tractory Cvrve" Hence, 
a suitable form of pivot ia obtained by the revolution of such a 
curve about its axis. This form of pivot was invented by 
C. Schiele, and is called " Schiele*8 Anti-Friction FvDOt" Such 
pivots are well adapted for high-speed machinery, the wear being 
perfectly uniform throughout and giving a very smooth motion. 

Calculation of Friction Moment in Schiele's Hirot 

Let B s Total axial thrust on shaft. 
„ r =s Largest radius of pivot = radius of shafL 
„ r^ = Smallest „ ,, 

R 

"We shall now show, that p =* — r-s rr. 

^ ir(r2 - rj) 

Consider a small conical area of the pivot, the mean diameter 
of which is P Q = 2 y, and length of slant side, d 8, 

Then, Area of elementary ring = 2^yd8, 

dy 



But, d8 



sin 9 



2 cr 
Area ofdementary ring^ = — y dy. 

Or, Total normal pressure \__p_2tj9 . 

on elementa/ry ring J ~ "~ sinT® ^ ^' 
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Itesolving yertieallj, we get : — 

Vertical component o/ T » F sin f ^ 2 ^p y dy. 



R = 2 ^p j y dy = ^rp (r^ - r J). 



R 

And, therefore, p = ; ^. g _ ^^. . 

Next, the moment of friction for the elementary ring is : — 

^ sin^ ^ "^ 

We have seen that the length of the tangent, PT, at any 
point, P, on the curve is constant, hence : — 



Then, 



Let t « Length of tangent, P T. 

sm 9 
dUL = 2vtfi,pydy, 



Or, "M. ^ 2^tfLp 






fiR r^ -rl 



M = 2flre X — r-^„ -. ^ 

flr(r2 - rj) 2 

Or, M = ;^Rt (X) 

an equation which shows that the friction-moment depends only 
on the thrust along the shaft and the length of the constant 
tangent. 

The minimum length of the tangent is < = r, for then the 
line, A B, is a common tangent to the curves, APE, BQD. 
^ Hence : — 

M„/fl = ^Rr. (Ka) 

The friction-moment with this pivot is thus one-half greater 
than with a flat pivot of the same diameter, but, as already said, 
the wear is more uniform throughout the bearing surface. 
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Fiiddonal Besistance between a Belt or Rope and a Flat Pulley. 
— ^Let the figure represent a belt stretched over a pulley. Let 
Tdf T« denote the tensions in the two parts of the belt not in 

contact with the pulley. 
Suppose the belt to be just 
on the point of slipping oi\ 
the pulley in the direction 
B to A, so that 

Let tf = A O B = angle 
subtended at centre, O, by 
part of belt in contact with 
pulley ; and let ^ = co- 
efficient of friction between 
belt and pulley rim. 

Consider the equili- 
brium of the part of the 
belt on a very small arc, 
a 6, anywhere between A and B, the arc, a by subtending an 
angle, A tf, at the centre, O, of the pulley. 

Let the tensions in the belt at a and 6 be T + AT, and T 
respectively, so that the increase in tension over the arc, a by 
is A T. The directions of T + AT and T will be along the 
tangents at a and b respectively. 

Let B. = Besultant reaction between part of belt, a b, and 
the pulley rim, due to tensions in belt at a and 6. 

Then, neglecting the small difference, AT, between these 
tensions, we get: — 




FBICnOK BETWEEN BeLT AND PULLBY. 



R = 2Tcos 



(»»• - t) 



2Tda^*. 



Since A ^ is a very small angle, we may write : — 
A^ 



sin 



A^ 

-s- very approximately. 



R = T A ^. 

But, since slipping is about to take place, AT must be a 
measure of the friction over the arc, a b. 



Or, 



-m- = /" -^ *• 
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Hence, in the limit, when the arc, a b, is indefinitely small, 
we get : — 

Therefore, for the whole arc, A B, of contact, we get : — 
/•TdrfT 



log, Td - log, T, = /* «. 



Or, log,^=/*« 

Or. g-=«.. 



(XI) 



Since e = 2*7182 (the base of the Napierian system of logarithms) 
it is a constant; and since fit is also a constant, we may write the 
last equation in the form 

1^ = A:*. (XII) 

thus showing that : — The ratio of the tensions increases as the 
power of the number representing in circular measure the angle 
subtended by the belt at the centre of the pulley. 

The ratio is thus independent of the radius of the pulley. 
^ The above results are true for a rope wound round a post and 
also for friction brakes wherein the strap encircles the friction 
wheel or pulley. 

From these results we can understand why a sailor has such 
a power of holding back a ship at a quay by merely coiling the 
rope two or three times round a post. For example, when a 
rope is coiled once round a post, let T^/t, = 4. Then, when 
coiled tvnce round the post, T^JTg = 4^ = 16 ; when thrice round 
the post, Tj T, = 4^ = 64, and so on. This shows how rapidly 
the resistance increases. 

Td 
In the formula log<j =~ = fi>§ we may change into common 

logarithms by multiplying both sides by 0*434. 

Log^ = 0434A^^. (XIII) 

* ^ in these equations is always expressed in circular measure. 
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Example TV, — A rope is wound thrice roand a pont, and one 
end is pulled with a force of 20 lbs., what is the greatest pull 
which can be resisted on the other end of the rope when the 
coefficient of friction is 0*4 ? 

Answee.— Here T, =201bsv;tf = 3x2T = 6<r;^ = 04. 

Log ^=-434 /A A 

. „ „ = 434 X -4 X 6 X 3-1416\ 
„ „ = 3-27229.' 



% 



= ISn/Uarly. 



Or, Td = 20 X 1871 = 37,420 lbs. 

Consequently, a force of 20 lbs. at one end of the rope is able 
to resist a force of about 16| tons at the other end. 

R 




Friction Between Rope and Gbootbd Pullet. 

Resistance to Slipping of a Rope on a Grooved Pulley. — The 
grooves round the rims of the pulleys used for hemp or cotton 
rope drives are usually V:shaped and of such dimensions that 
the rope, instead of resting on the bottom of the grooves, gets 
wedged into .them ^nd presses on the sides only. By this means 
a greater resistance is offered to slipping between the rope and 
the pulley. 
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Consider a small length, a 6, of the rope subtending, an angle, 
A ^, at centre of pulley. Let T + A T and T denote the tensions 
at a and h respectively. Let Q be the pressure between element 
a 5 of rope and sides of groove, a the angle between the sides of 
the grooves. 

Then, from right-hand figure, we get : — 

R = 2Qsin|. 

But, in the previous investigation, wo saw that 
R=TAtf. 

2Qsin|«TAtf. 

Now, the resistance of friction for the element, a 5, is : — 
A T = At X 2 Q. 

A T « Afc X cosec ^ X T A tf , 

Or, -7p- = /w cosec 2 ^ ^• 

Proceeding to the limit and integrating for the whole arc 
embraced by the rope on the pulley, we get : — 



Jt,-T =^^"'"^2J/^• 



t.«., lofo 1^ = A^ ^ cosec J (XIV) 

Compared with our previous results for a flat pulley, we see 
that the logarithm of the ratio of the tensions is increased in 

the proportion of cosec ^r : 1. 

Crenerally, the groove angle is about 45*, for hemp or cotton 
ropes, and then : — 

cosec ~ « cosec 22J' « 2-6. 
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LBCT17BK VII.— Questions. 

1. Find an expression for the work absorbed in one reYolution of an 
axle on its bearing. An axle is 2 inches in diameter, and the weight 
pressing it on the TOaring^is 1,000 lbs., find the number of units of work 
lost in 100 revolutions. (Take the coefficient of friction as 0*08). Ans, 418S '8. 

2. Deduce a formula for obtaining (approximately) the work lost in 
friction in one revolution of a horizontal shaft in its bearing. A horizontal 
shaft, 9 inches in diameter, is acted on simultaneously by a horizontal 
force of 3 tons and a vertical force (including its own weight) of 4 tons. 
Find the horse-power lost in friction when the shaft makes 100 revolutions 
per minute. The coefficient of friction is 0*07. Ana, 5*6 H.P. 

3. Explain what is meant by **dead angle" when applied to a steam 
engine. Explain how you would find it. 

4. Explain the nature of "rolling friction," and deduce a formula which 
approximately represents its amount. 

5. What are auti-f riction wheels ? Find an expression for the work saved 
by their use over ordinary bearings. 

6. Explain, by aid of sketches, how friction is reduced to a minimum in 
the cases of large crank-shaft bearings and in bicycle bearings. 

7. Discuss the advantages and disadvantages of ball bearings. Describe 
with sketches the construction of an adjustable ball bearing. (S. & A. 
Mach. Const. Hons. Exam., 1885.) 

8. Write down the formula for finding the work lost in friction in one 
revolution of a vertical shaft turning on a flat pivot. A vertical shaft 

3 inches in diameter, and weighing 30 cwt. (including wheels, &c. ), turns 
on a flat pivot. Find the horse-power lost in friction when the shaft 
makes 100 revolutions per minute, the coefficient of friction being taken 
at 0*07. Ana. 373 H.P. 

9. Explain a formula by means of which the loss by friction on the 
pivot of a vertical shaft may be calculated, and apply the formula in the 
loUowing case : — Weight on pivot, 3 tons ; diameter of pivot, 4 inches ; 
coefficient of friction, '01 ; revolutions per minute, 75. Find the horse-power 
lost in friction. (C. & G. Mech. Eng. Hons. Exam., 1S90.) Ana. -106. 

10. Investigate an expression for the moment of friction of a flat pivot, 
stating the assumption made as to distribution of pressure. Find the 
H.P. lost by the friction of a footstep bearing, the diameter of which is 

4 inches, the total load on it being 3,000 lbs., the number of revolutions 
100 per minute, and coefficient of friction *06. (S. & A. Mach. Const. 
Bons. Exam., 1887.) Ana, '38. 

11. Explain the theory of the anti-friction pivot, and deduce a formula 
for the work lost in friction in one revolution of the shaft. Draw the 
curves representing the outline of the pivot. 

12. A string is stretched on the circumference of a rough circle ; when 
one of the forces is on the point of preponderance, find the pressure on the 
circumference, and the tension of the string, at any assigned point. (S. & A. 
Theor. Mechs. Hods. Exam., 1889). 

13. A thread is stretched by two forces, P and Q, over a rough plane 

€urve; when P is on the point of overcoming Q show that P=Q e^ , where 
$ denotes the angle between the normals at the extreme points where the 
thread is in contact with the curve. A rope is wrapped three and a-half 
times round a horizontal cylinder, the coefficient of friction between the 
'^ope and the cylinder is iV> ^ weight of 1,000 lbs. is fastened to one end 
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of the rope, what weight mast be fastened to the other eud to prevent 
sliding, the weight of the rope being neglected. Take e = 2*72. (S. & A. 
Theor. Mechs. Hons. Exam., 1883.) Ana, Q = P/e = 135*14 lbs. 

14. Deduce a formula for the resistance oflFered to slipping of a rope 
round a grooved pulley in terms of groove angle, angle subtended at centre 
of pulley by the rope and coefficient of friction. Find the maximnm ratio 
of tensions in the tight and slack ends of a rope passing over a grooved 
pulley, the angle of the groove being 40", coefficient of friction '16, arc of 
pulley embraced by rope J of circumference. An8, 5 "22. 

15. Establish a formula givinc the ratio between the tensions at the 
extremities of a rope which is coiled through a given angle round a post. 
A rope has its direction changed through two right angles by passing 
round a grooved guide pulley whose diameter is 12 inches, the diameter of 
the axle of the pulley being 1^ inches, and the coefficient of axle friction 
being 0*07. How is the efficiency of the pulley affected by axle friction 
when a load of 2,500 lbs. is being raised ? If the pulley was fixed so that 
it could not turn, how would the efficiency be affected by the friction of 
the rope on the pulley, taking the coefficient as 0*6? (S. & A. Hons. 
Exam., 1895). Ans, Efficiency = 98*4 per cent. ; efficiency = 15*2 per cent. 
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LECTURE VIIL 

COSTEKTS.— Friction Usefully Applied — Friction Clatches — Frustrum, 
Addyman's, and Bagshaw's — Weston's Friction Coupling and Brake — 
Grooved Disc Friction Coupling — Weston's Centrifugal Friction Pulley 
— Brakes Defined and Classified — Block Brakes — Flexible Brakes — 
Proper Direction of Brake- Wheel when Lowering a Load — Mathe- 
matical Proof— Example L — Paying-out Brake for Submarine Tele- 
graph Cables — Differential Brake for Lord Kelvin's Deep-Sea Sounding 
Machine — Dynamometers — Absorption Dynamometers — Prony Brake 
— Method of Taking Test for Brake Horse-Power — Example II. — 
Improved Prony Brake — Appold's Compensating Lever — Semicircular 
Strap Dynamometer — Society of Arts Rope Dynamometer — Advan- 
tages of Rope Brake — Tests of Engines with *Rope Brake — Trans- 
mission Dynamometers — von Hefner- Alteneck or Siemens' — Rotatory 
Dynamometers — Epicyclic Train; King's, White's, or Webber's— Spring 
Dynamometers — Ayrton and Perry's and van Winkle's — Hydraulic 
Transmission Dynamometers — Flather's and Cross' — Tension Dyna- 
mometer for Submarine Cables — Questions. 

Friction Useflllly Applied.*^As we remarked in Lecture X. of 
our Elementary Manv^l of Applied Mechanics, friction has its 
advantages as well as its disadvantages. And, although it is the 
duty of the engineer to reduce friction to a minimum in the case 
of the bearings of engines, shafting, and machines in general ; yet, 
he has, nevertheless, to devise means for producing a maximum of 
friction in the case of brakes, blocks, and grips whereby motion 
has to be arrested gradually or suddenly; or, in the case of friction 
gearing, pulleys, and clutches whereby power has to be transmitted 
from one shaft to another. Or, he may have to arrange for a 
more or less constant retarding force as in the case of absorption 
dynamometers when used for paying-out submarine cables or 
for determining the brake-horse power of motors. It will, there- 
fore, be our endeavour, in this Lecture, to describe these various 
methods of usefully employing friction with suitable illustrations 
applicable to each case. 

* The student should refer to Thomas W. Barber's Engineers' Shetch 
Booh of Mechanical Movements^ published by E. & F. Spon, London, for 
a large variety of Brakes and Retarding Appliances in Section 5, Friction 
Clutches in Section 15, and Friction Gear in Section 38, and to an excellent 
book on Dynamometers and the Measurement of Power, by John F. 
Flather, Ph.B., published by John Wiley & Sons of New York, as well as 
to the several papers referred to by footnotes in this Lecture. 
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Friction Clutches.*— When two light shafts are in line with 
each other, one of which has to be set in motion or stopped at any 
time, whilst the other one is kept rotating, they may be con- 
veniently coupled together by the Bimple form of clutch illustrated 
by the accompanying figure. J^ tj^e left-hand shaft there is keyed 




Simple Feustrum JP'Wotion Clutch. 



a hollow disc, truly bored out to $. certain taper, which depends 
upon the materials, and must be great enough to prevent jamming. 
On the right-hand shaft another disc fits freely on a feather-key, 
so that it may be forced to the right or left by a forked lever 
(not shown) which engages the groove in its boss. This right- 
hand disc is turned to the same taper as the left-band one; 
consequently, when it is pressed home thereon and held in position 
by a locked or weighted lever, the friction between the two conical 
surfaces is suflBcient to transmit power from the left-hand to the 
right-hand shaft. In order that the shafts may remain in line, each 
disc is supported by a bearing immediately behind its own 
boss. 

The following figure shows how this same sort of clutch might 
be applied to a vertical shaft gearing with, and transmitting 
motion to, one or two horizontal shafts. Here the lower end of 
the bell-crank lever is forked and fitted with a nut which engages 
a screw worked by a wheel and handle. The upper end of the 
bell-crank is also forked, and should engage the grooved collar of 

* We are indebted to Messrs. J. Bagshaw & Sons, Batley, for three of 
the following figures, and to the Council of the Institution of Civil 
Engineers for the third and fourth figures, which are taken from Mr. 
Walter Bagshaw's x>aper on ** Friction Clutches." See Proc, Inst. C,E, 
for 1886-87, vol. Ixxxviii., p. 368. 
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the movable part of the clutch. The makers, however, prefer the 
method shown in the next and following illustrations, whereby 
the wedge-pointed rod, K, on being depressed, forces open two 
internal levers, L L, which, in turn, expand a split friction ring, 
H, until it grips the inside of the hollow clutch, A. 




Addtman's Friction Coupling for Upright Shafting. 



Another method by the same firm is shown in the second 
^gure on the following page. Here, one internal forked lever, D 
(which clears the shaft), is fixed at its lower end to a right- and 
left-handed screw. When this lever is forced forward the screws 
are turned in one direction, and press out the split cast-iron 
ring, A, until it bites the internal surface of the hollow clutch, 
and starts the machine connected therewith. On the other hand, 
when the lever is pulled back, the screws are turned in the 
reverse direction and pull the ends of the split-iron ring together, 
thus freeing it from the clutch and permitting the driven machine 
to come to a stand-still. 



FRICTION CLUTCHES. 



133 




Addyman's FniCTiON Coupling foe Horizontal Shaftino. 



Index to Parts. 



A for Hollow shell of clutch. 

B „ Driving shaft. 

C „ Crank pin or driver. 

D „ Disc. 

E „ Driven shaft. 



F for Collar. 

H ,, Friction ring. 

K ,, Wedge-pointed rod, 

L ,, Levers. 




Bagshaw's Hollow Sleeve Clutch, 

Weston's Frictidn Coupling and Brake. — This apparatus con-^ 
sists of a shell keyed on one of the shafts, in which are fitted 
two series of friction discs free to slide lengthwise towards or from 
each other. The series, shaded black in the figure, is made to 
rotate with the right-hand shaft by means of feather-keys, and 
the other series (shaded light) with the outside shell. When no 
compression is applied to the discs through' the lever, the shafts 
are free to revolve independently of each other, but upon com- 
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pressiug the discs, the rotary motion of one series is transmitted 
wholly to the other, and the apparatus acts as a coupling. When 
the pressure is slightly relieved, the friction between the two sets 
of discs acts as a bi^e and thus controls the speed. 

It will be observed that this coupling is designed on the prin- 
ciple of multiple-gripping surfaces, and, as friction increases in 
proportion to the number of pairs of surfaces in contact, it is pos- 
sible to so increase their number and the extent of the surface in 
contact, so as to multiply the resistance due to friction to any 
desired amount. Weston's arrangements of alternate discs of iron 
or steel and gun- metal, or metal and wood or leather, are used for 




Weston's Friction Coupling and Brake. 



•a variety of devices, such as lowering and holding brakes in large 
cranes, elevating gear in large guns, &c. The resistance obtained 
in this way is very remarkable. It is stated by Prof. Groodeve 
in his Principles of Mechanics ^ that " six discs of iron, 14 J inches 
in diameter, riding between wooden discs and used in a windlass, 
are recorded to have sustained a direct pull on the cable of 34 tons 
without yielding." 

Concentric Grooved Disc Friction Coupling. — Another form of 
friction coupling is that known as " Robertson's Wedge and 
Groove Friction Clutch," which will at once be understood from 
the accompanying sectional plan and elevation. If the discs, 
Dj, Dg, forming the two parts of the coupling, are to be brought 
into contact, then the lever, L, is pioved to the right, which turns 
the forked claw or clip, C Z, connected to the central circular pin, 
C P, inside the eccentric boss, E B, of the bearing, B. This claw 
in turn forces forward the collar, (along the feather of the shaft), 
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connected to the disc, D^, and thus brings Dj into gear with D^ 
This latter disc is iixed to the pulley or wheel which is connected 
to the machine to be set in motion. 
To bring the discs out of gear the lever, 
L, is moved to the left, and precisely 
the reverse action takes place. The 
advantage of all these several forms of 
friction couplings is, that they transmit 
power without jar and will slip under 
an excess of force or shock beyond that 
which they are designed to transmit 
The forces transmitted are, however, 
limited by the coefficient of friction and 
the number, extent, and exact fit and 
freedom from oil or moisture of the sur- 
faces in contact. We shall have to refer 
to spur and bevel frictional gearing 
later on, and to investigate the limits to 
which such appliances may be adapted. 

Weston's Centrifugal Friction PuUey.* 
— Two forms of this friction pulley are 
shown in the following figures, the first 
suitable for rope and the second for belt 
driving. This pulley is specially well 
adapted for driving high apeed machines, 
such as centrifugals and dynamos. 

The principal advantages claimed for 
it are : — (1) A number of machines may 
be driven direct from the same shaft; and 
any one of them may be started or stopped independently of the 
others. 

(2) Both starting and stopping are performed gradually and easily. 

(3) No sudden shecks or stresses are caused to the pulley, the 
belt, or any part of the driven machine, since the necessary fric- 
tion for imparting the motion is applied automatically by centri- 
fugal action. 

(4) When the friction pulley is the driver no loose pulleys are 
required, and consequently there is no wear and tear of belting 
from shifting forks, &c. 

(5) The pulley may be so adjusted as not to transmit more 
than the desired power without slipping or giving warning that 
an extra load has been brought into circuit. 

The construction and action of this pulley will be readily 
* We are indebted to Messrs. Watson, Laidlaw & Co. , of Glasgow, the 
makers of this iriction pulley, for the two following illustrations. 




CONCKKTBIC GRQOVin) 

Disc Friction CouPLiNa. 
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understood by reference to the following figures. A, is the pulley 
proper, which carries the belt, and rides loose on the shaft B. 

C, is an arm bolted or keyed to the shaft, and revolves with it. 
This arm carries two toe-levers, I, pivoted at K. To these 
toe-levers are attached the friction arms, F, the latter being again 
connected to the arm, C, at the ends, 

D, by means of flexible springs, E. 
The gripping surfaces, H, of the 
arms, F, are faced with leather, and ^- 
turned to the same curvature as the 
inside of the rim of the pulley. It 





rBiCTioN Pulley for Hope Drive. 



Vertical Section op Friction 
Pulley for Belt Dbive. 



will thus be seen that when the arm, C, is in motion it will carry 
round with it the two friction arms, F. The latter will tend, 
under the influence of centrifugal action, to fly outwards, and 
thus to bind themselves against the rim of the pulley. A, and 
carry the latter round with them. In the condition shown in the 
illustration, this tendency is restmined by the toes, M, of the 
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sliding sleeve, L. All that is necessary, therefore, in order to 
permit the friction arms to transmit their motion to the pulley 
is to withdraw the toes, M, by moving the sleeve, L, a very short 
distance along the shaft by means of a hand lever, such as is 
shown in the left-hand figure. The springs, E, prevent the motion 
of the friction arms being too suddenly communicated to the pulley; 
hence, as we said before, there is no sudden stress put upon the 
belt, and it gi*adually acquires its full speed. 

In order to get the best and most economical results, the highest 
convenient speed should be arranged for this friction pulley.* 

Brakes Defined and Classified. — The contrivances comprised 
under the general title of brakes, are those by means of which 
friction is intentionally opposed to the motion of a machine, in 
order to stop it, retard it, or employ some of its superfluous- 
energy with the view of producing uniform motion. 

Brakes may be classified as follows : — 

1. Block brakes are those in which one solid body is simply 
pressed, and rubs, against another. 

2. IStrap, or flexible^ brakes are those which embrace the peri^ 
phery of a drum or pulley. 

3. Pump brakes are those in which the friction amongst th& 
particles of a fluid produces resistance when the fluid is forced 
through restricted passages. 

4. Turbine^ or fan, brakes are those in which the resistance 
employed is that of a fluid to a fan rotating in it. 

Block Brakes. — The most familiar example of the use of the 
ordinary block brake is its application to road vehicles and railway 
rolling stock. Its efiect is to retard or stop the rotation of the 
wheels, and thus to make them slip instead of rolling on the road 
or railway. The resistance caused by such a brake to the motion 
of a cai'riage may be less than, but can never be greater than, the 
friction between the stopped wheel and the road or rail. 

Flexible Brakes. — In hoisting and lowering machinery, such as 
crabs, winches, cranes, and colliery winding engines, a form of 
brake called the friction strap or flat brake is generally employed 
for holding the load when raised to the desired height, or for 
gradually arresting its motion on being lowered to the required 

* There are an immense number of patented " Friction Power Trans- 
mitters," but we have given sufficient illustrations to show the application 
of these useful devices. The student should, however, consult the pages 
of T'he Engineer f Engineering, and other similar periodicals — e.g., h& 
should refer to The Engineer of April 18, 1890, for a descrij>tion and com- 
plete set of sectional figures of Shaw's "Coil Friction Power Transmitter," 
which is an interesting departure from the usual methods of bringing 
machines into circuit with their drivers. 
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depth. In the case of ordinary small crabs, winches, and cranes, 
this brake takes the form of a flexible steel strap, which, to a 
greater or less extent, encircles a strong flat>faced cast-iron wheel 
or pulley. It is made of sufficient length to clear the wheel when 
slack. The strap is tightened by means of a lever actuated by 
the hand or foot. If the load to be arrested is comparatively 
small, then the brake-strap may be conveniently fixed to the 
barrel-shaft of the crab or crane, and it naturally takes the form 
shown by the left-hand figure, where the inner end of the lever 
terminates in a bell-crank.* 

The extremities of the arms of this bell-crank are attached to 
the ends of the brake-strap. This brake-strap is simple, can be 
readily fitted to most hoisting gear, and possesses great gripping 
force. 

In double or treble purchase crabs and cranes where the load to 





Simple Brake-Strap and Lever. 



Simple Brake-Strap 
AND Screw. 



be held in position or arrested is greater than in the case of single 
purchase ones, the brake is usually fixed to the second or third 
motion shaft, and may, for convenience of manipulation, take the 
form shown by the right-hand figure. As in the previous case, 
the brake-wheel is usually made of cast-iron, with a solid central 
web between its boss and rim. The upper end of the thin flex- 
ible steel strap is fixed to a projecting arm or stretcher, and 
the other end to the lower terminal of a vertical screw. 

This screw is raised or lowered by a horizontal hand-wheel 
whose boss is a nut fitting the vertical screw. When lowering a 
load rapidly by means of a brake, it is usual to throw the first 

* Also, see the figures at pp. 118 and 121, of Lecture XIII., in the 
author's Elementari/ Manual of Applied Mechanics^ as well as the figures 
of the Crab in Lecture XI. of this Text-book. 
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motion shaft out of gear by aid of a pawl, &a, as explained in 
Lecture XIII. of our Mementary ManitaL* 

Proper Direction of Rotation of Brake-Wheel when Lowering a 
Load. — In fixing a brake-strap to any piece of hoisting machinery, 
care should be taken that the brake-wheel turns (as shown by 
the arrows on the two previous figures) in a direction so as to 
produce the greater stress upon that end of the brake-strap which 
is attached to the fixed end of the lever or projecting arm ; for, 
if fitted in the reverse order, it will be found much more difficult 
to control the motion of the load. ' 

Mathematical Proof of the Previous Statement. — The truth of 
the previous statement may be proved by calculating the frictional 
moments about the centre of the brake-wheel. 

Let Td and T« denote the tensions in the tight and slack ends 
of the brake-strap. Which is the tight and which the slack end 
will, of course, depend upon the direction of rotation of the brake- 
wheel. In the accompanying figure the direction of rotation is 

D .Jt^B 

3g 
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Geometbical Diagram of Bbake- Wheel, Strap, and Lever. 

indicated by a curved arrow; and, consequently, C E is the tight 
and £ D the slack end. 

Let d = Angle subtended by strap at centre of wheel. 

„ a,b,c = Lengths of arms, A F, B F, C F respectively. 

„ r = Radius of brake- wheel. 

„ P = Force exerted at end, A, of the lever, A C. 

„ ^ = Coefficient of friction between strap and wheel 

„ M = Frictional moment about centre of brake-wheel. 

Then, M = (Td - T,) r (1) 

But, as we proved in ) rr. - 

equation (XI), Lee- Vi^ = 6 '^ =k (2) 

tureVIL, ) ^* 

* See Notes an the Construction of Cranes and Li/ting Machinery^ by 
Edward C. K. Marks. Published by John Heywood, Deansgate, Man- 
chester, first edition, pp. 78 to 81, and Fig. 83, for an improved form of 
lowering brake-strap, which is lined with leather and fitted to the third 
motion shaft of the crane gear. 



140 LECTURE Vin. 

Taking moments about F, the fulcrum of the lever, we get : — 
Fa = Tsb + Tac (3) 

By eliminating T^ and T« from these three equations, we can 
express M in terms of P, a, 5, c, k, and r, all of which have 
known values. 

Thus, from (2), Ta = k Tg . 

Substituting this value of T^ in (1) and (3), we get : — 

M = (^-l)rT. (4) 

And, Ta = (b + ck)Ts (5) 

-,-v. .,. /.x , /^v M (k- 1) r 
Dmding(4)by(5),p- = ^-^^, 

_ P_ ar(A-l) 

"-fc + cA ^^.^^ 

Very often the tight end, C, of the strap is immovable, for it 
may be fixed by a pin to the fulcrum, F. In that case c = 0, and 
we have : — 

jj^Pflrr^) ^^^^^ 

If, however, the direction of rotation be the opposite of that 
given in the figure, then B D becomes the tight end of the strap^ 
and it is easily proved that : — 

^ = — 6T— (^^*> 

Now, k is always greater than unity, hence we see from (XY^) 
and (XVft) that the resistance to friction is less for one direction 
of motion than for the other. An example will make this point 
still clearer. 

Example I. — A treble-purchase crab is fitted with a strap 
friction-brake worked by a lever. The shaft on which the brake- 
wheel is keyed, carries a pinion of 12 teeth which gears with a 
wheel of 48 teeth on the next shaft. This second shaft has a 
pinion of 12 teeth gearing with another wheel of 60 teeth on the 
drum or barrel shaft. The diameter of the drum or barrel is 
14 inches; diameter of brake-pulley 2 J feet; length of brake 
handle 3 feet. One end of the brake-strap is immovable, the other 
end being fixed to the shorter arm of the brake-lever, which is 
3 inches long. The angle subtended by the strap at centre of 
brake-pulley is 270°. If a force of 50 lbs. be applied at the end 
of the brake-lever, what is the greatest load for each direction of 

* The Roman Numbers for these equations follow those in Lecture VIL 
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rotation of the brake-wheel which could be supported on the end 
of the rope that passes round the drum ] Take /^ = •!. 

Answer. — The friction moment at the brake-pulley is : — 

M=^^^^ (., 

Or, M = j^ ' (according to the direction of rotation) (2) 

o 

Since, 6 = 270" = -^; and, k = ef^^. 

.-. logyt = -4343 ^ & = -4343 x -1 x ^ = -20466. 

h = 1-602, nearly. 

Substituting P = 50 lbs.; a = 36 ins.; 6 = 3 ins.; r = 15 ins. 

in (1), we get : — 

,_ 50x36x15(1-602-1 ) _^_. ., ..^ 
M = ir^ ^ = 5,418 in.-lbs. (3) 

r. f /ox TIT 50x36x15(1-602-1) « __^ . ,, ,,, 
Or, from (2), M = 3 ^ j^.^q^ ~ = ^'^^^ vaAh^ (4) 

Now; the moment of the couple at the brake-wheel, due to the 

load, W, at the drum, is : — 

^ ^^ ^ 12 12 7W. ., 
M==Wx7xg^xj-y-=-^^-m.-lbs. 

54.1 Q w OA 

Hence, from (3), W= ^ = 15,480 lbs. 

Or, from (4), W = ^^^^ ^^ = 9,663 lbs. 

This example shows at once the importance of attending to 
the direction of rotation of the brake-wheel when the load is 
being lowered, before fitting up the brake appliance. The rule 
is, therefore, to make the tight end of the strap tlie fixed or 
immovable endy and to attach the slack end to the shorter arm of 
the brake lever. By an inspection of the arrangement, it becomes 
evident that for one direction of rotation of a brake-wheel, the 
friction between the strap and its pulley assists the effort on the 
lever, whilst it opposes it for the reverse direction. 

Paying-Out Brake for Submarine Cables. — When a brake-strap 
exceeds 2 or 3 feet in diameter, it is usually fitted throughout its 
inner surface with wooden blocks — preferably of hornbeam or 
beach. These are screwed to the steel strap from the outside 
thereo£ The " paying-out gear " for the laying of submarine 
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eables (see accompanying illustration) always contains one or two 
of these larger brakes of from 6 to 8 feet in diameter. The cable 
as it comes from the tanks of the ship is coiled four or five times 
round the paying-out drum, from which it then passes aft under the 
dynamometer pulley and over the stern sheaves into the sea. Now, 
a restraining force must be applied to the cable in order that it 
may be laid as evenly as possible along the irregular bed of the 
ocean, with just the desired amount of slack, so as not to put 
too great an initial stress thereon, and to permit of the cable 
being lifted for future repairs, without having recourse to cutting 
the same, when in moderate depths say up to 1,000 fathoms. 
This restraining force cannot be directly put upon the cable 
without injuring it, so recourse is had to the device of fixing 
one or two large brakes, of the Appold type, to an extension 
of the paying-out drum shaft. The accompanying figure will 
serve to indicate to the student the kind of brake generally 
employed for this purpose. The engineer in charge calculates the 
necessary stress required for the particular type of cable, depth of 
water, and speed of ship ; and after making his calculations he 
applies the desired weights, W, at the end of the brake-lever. 

The brake runs in a 
trough of water, so that 
the heat generated be- 
tween the wooden blocks 
and the brake-wheel may 
be carried off quickly, as 
well as to ensure that the 
coefficient of friction may 
remain as constant as 
possible. In order to test 
whether too much or too 
^^^^ little slack is being paid 

Appold's Brakb for the Pat-out Gbab o?* at any time, the en- 
OP Submarine Cables. gmeer adds a slight ex- 

cess of weight over his 
calculated amount, W, for a short time, and then subtracts a 
slight amount for an equivalent time ; when, by aid of the tacho- 
meter or speed counter on the paying-out drum, and the ship's log, 
as well as the known length of cable for each revolution of the drum, 
he is able to permanently adjust the required amount of brake- 
weight during a run of several nauts for a uniform speed of the ship. 
Differential Brake for Lord Kelvin's Deep -Sea Sounding 
Machine. — Another interesting illustration of the application of 
a brake to marine purposes is contained in Lord Kelvin's deep-sea 
pianoforte-wire sounding machine. The object to be attained by 
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ibis differential brake is to put the necessary restraining force 
upon the sounding wire as it is being lowered, and to suddenly 
stop the same immediately the lead reaches the bottom of the 
ocean, so that the correct depth may be registered by the counter 
attached to the wire-drum. The brake weights are attached to a 
rope which passes over, and is fixed to the larger pulley (shown at 
the right-hand top corner of the figure), whilst the brake-wire is 
attached to a smaller pulley on the same spindle. This brake-wire 
passes round a V-groove on the side of the drum containing the 
pianoforte wire, and its other end is fastened to the framing. 
When heaving up the pianoforte wire from a great de])th with the 
"lead" attached thereto, it was found necessary to take a turn of 
the sounding-wire round the "strain-relieving pulley" in order 
to prevent the drum being damaged by the constant tension on 
the sounding-wire. 

Dynamometers.* — It is frequently of great practical importance 
to ascertain by direct experiment the " nett " power developed by 
motors or expended in driving machines. For example, steam, 
gas, and oil engines, turbines, water wheels, and electric motors, 
&c., are being designed, made, and sold every day to drive 
machinery of one kind or another. It is, therefore, surely far 
better, both for the buver and the seller, to know the exact " limke 
horse-power" (B.H.P.) which a generator will develop at a certain 
speed and under a certain mean pressure, than to vaguely talk of 
the "Nominal horse-power" (N.H.P. whatever that may mean); or 
even to speak of the "Indicated horse-power" (I.H.P.) in the case 
of engines; or the "Gross horse-power" in regard to hydraulic 
machines; or the "Electrical horse-power" (E.H.P.) with respect 
to dynamos. It is also surely far better to know exactly the 
Brake horse-power which a certain machine, or even a section or 
the whole of a factory requires when worked under certain con- 
ditions, than to make a rough guess at the amount from vague 
data or even previous general experience. For, it is by aid of such 
tests that the " mechanical eflficiency " of the motors and machine* 
can be accurately determined and further improvements take 
place in raising their efficiency. 

It is, therefore, with a certain pleasure that the author places 
before the student a few of the many devices that have been 
invented for obtaining the brake horse-power developed by motors 
or required for driving machinery; because, he has been per- 
sistently advocating the adoption of this system of gauging power 
for many years. Ever since the introduction of electric lighting 
and the transmission of power by electricity, this view of the case 

* The word dynamometer is derived from the Greek words Suvaifiii, signi- 
fying /orce, and /uerpew, to measure. 
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has year by year become more appreciated and been taken advan- 
tage of. It is not too much to say, that the general engineer has 
been greatly indebted in this respect, to his colleague the electrical 
engineer. For all powers up to 200 H.P. or so, there is no 
practical difficulty in making exact brake trials ; and probably in 
the near future, we shall see engines of 1,000 H.P. and upwards 
tested and paid for by this uniform and reliable standard. There 
are two main types of mechanical dynamometers— (1) Absorption 
-or Friction Brake ; (2) Transmission. Absorption dynamometers 
absorb the work which they help to measure and dissipate the 
same as heat. Whereas, transmission dynamometers pass on 
the work which they help to measure, and only waste a small 




Original Prony Brake Dynamometer. 
Index to Parts. 

I B for Stiflf iron bar. 
SB , , Salter's balance. 
CW ,, Counterweight. 
AN ,, Adjusting nut. 



W B for Wooden blocks. 

D ,, Drum or pulley. 

S „ Driving shaft. 
6163 ,, Bolts with ram's horn nuts. 



fraction of the total work delivered to them. In the first instance, 
we shall describe with an example the Prony brake, because it will 
form an easy introduction to more recent and perfect kinds. 

Absorption Dynamometers.— Prony Brake.— This dynamometer 
is only a particular application of the friction brake already men- 
tioned in this Lecture. As will be seen from the following 
figure and " index to parts," a pulley or drum, D, keyed to the 
shaft, S, is gripped between two wooden blocks, W B, which may 
be tightened or loosened (as required to produce more or less 
friction between them and the pulley) by turning the ram's horn 
nuts of the bolts, 61 ^^ -^^ "*^^ ^^^ fixed across the top of the 
upper block (or, if preferred, along the bottom of the lower one) 
is balanced by a counter weight, C W, and has either an adjustable 
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weight or a Salter's spring-balance, S B, fixed to the other end 
at a known distance or radius, r, from the centre of the shaft. 
Or, the counter weight may be dispensed with, and the bar ex- 
tended to the left side instead of to the right, and allowed to 
press upon the platform or table of an ordinary Pooley weighing 
machine.* 

Method of Taking Test for Brake Horse-Power. — 1. Adjust 
position of C W until it balances the weight of I B, AN, and S B, 
with the wooden blocks slack on the pulley. 

2. Start machinery and tighten blocks, W B, by the ram nuts 
until the desired speed is attained. At the same time, adjust S B 
by nut, A N, until a balance is obtained, taking care to keep I B 
level by aid of a length-rod or pointer. 

3. Note number of revolutions per minute by a tachometer or 
speed indicator if great, or a counter and stop-watch if slow. 

4. Note the stress indicated by spring balance. 

Then, the horse-power absorbed by the brake is obtained from 
the formula : — 

• 33,000 • 

Where, r = Radius or horizontal distance from centre of 
balance to centre of shaft in feet. 

„ n = Number of revolutions per minute. 

„ P = Pull indicated by the Salter's balance. 

Since, siwd " '^^^^^^^ = ^ constant. 

We get, B.H.P. = -0001904 x r x w x P. 

Example II.— A small fast-speed Westinghouse engine waff 
fitted with a Prony brake of the form just described. The fly- 
wheel was 2 feet diameter and 6 inches broad. The horizontal 
distance from the centre of the crank-shaft to the centre of the 
spring-balance was 2*5 feet; the mean revolutions per minute 

* This latter method of registering the forces produced by the friction 
between the revolving pulley and the stationary wooden blocks is very 
handy, when engines are having their steam consumption registered for 
long continuous runs, during the process of getting their bearing surfaces 
into good working condition. Any alteration in the balancing force is 
easily effected by simply shifting the small adjusting weight along the 
light arm of the weighing machine, and little or no attention need be 
paid to the brake lever. Besides which, there can be no danger to the 
attendant m the case of the pulley firing and seizing the wooden blocks. 
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were 624, and the mean pull on the spring-balance was 48 lbs. 
Find the brake horse-power. 



Here, r=2-5ft.;n = 624;P = 481bs. 
.*. H.P. = -0001904 X r X w X P 
.-. H.P. = -0001904 X 2-5 x 624 x 48 
.-. H.P. = 14-26. 



Or, by logarithms : — 
log. -0001904 = 4-2797 
„ 2-5 =0-3979 
,,624 =2-7952 

„ 48 =1-6812 



Antilog. of 1-1540 = 14-26. 



It is important to note, that neither the diameter of the pulley 
nor the pressure of the friction blocks on the same (due to the 
weight of the apparatus or the tightening of the ram nuts), nor 
the coefficient of friction enter into the formula for obtaining 
the horse-power. The only data required being Uie horizontal 
length of lever, r, the number of revolutions per minute, », and 
the pull, P. 

For, let p, be the pressure, and /, the coefficient of friction 
between the face of the drum D, and two brake blocks W B, 
then the twisting moment T, tending to turn the brake blocks 
round with the shaft is 

T = 2;>/x ri 

Where r^ is the i-adius of the pulley or drum, D, in feet. 

But this twisting moment is balanced by the pull on the spring 
balance, P, multiplied by its leverage, r. 

2p/r^ = -Pr. 

The angle turned by the pulley or drum, D, per minute = 2irn 
radians, and since the work done by a couple, is the product of its 
moment into the angle through which the body turns : — 

The work absorbed by friction = The work done per minute in 
foot-pounds. 

Or, 2p/r^ x2flm= Prx2flrn 

Prx2^n 2flrrnP 



B.H.P. = 



33,000 33,000 



Improved Prony Brake. — Another very useful and practical 
form of Prony brake is that shown in the following figure. It is 
more suitable for larger powers and larger pulleys or flywheels 
than that shown by the previous illustration. 



IMPROVED PRONY BRAKE DYNAMOMETER. 
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In this form of Prony brake the counterbalance weight, iron 
bar, and two wooden blocks, &c., are replaced by one or two 
thin steel straps, S H, fitted with a large number of hard wood 
blocks, WB, placed about 2 inches apart. These blocks are 
generally made of the same width as the flywheel, F W, upon 
which they bear, and they are kept from slipping to one side 
or the other by a number of metal clips, C, C, screwed on each 



w.a 




Impboved Pbont Brake Dtkamohbter. 

side of them. On starting the engine, the adjusting nut, AN, 
is left quite slack until the desired speed has been attained. 
It is then gradually turned until the necessary pull is registered 
by the Salter's balance, S B. Should this tightening up of the 
brake-strap raise the pointer, P, above the level line, P S, then the 
adjusting link between S B and P will have to be turned in a 
direction that will bring P down a little, when a slight slackening 
of A N will probably let P down to the level mark. The spiral 
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spring, S S, between the outstanding lugs of the brake-strap, serves 
to give the brake a little more elasticity than it would otherwise 
have, and also keeps these lugs hard against the head and nut of 
the adjusting bolt. After the desired speed and pull have thus 
been rendered fairly constant, a set of readings should be taken 
every ten or fifteen minutes over a period of several hours, and 
the mean B.H.P. obtained from the mean speed, n, and pull, 
P, and horizontal distance, r, in exactly the same way as in the 
previous example, viz. : — 

Tt TT P - ^^^^^ 

^•■^-^- "" 33,000 • 

It will be evident from the figure, and from what we said about 
the ordinary Prony brake, that the Salter's balance may be replaced 
by a Pooley weighing machine resting on the ground, and a stiff 
vertical bar fixed between the bottom of the adjusting bolt and 
the platform of the weighing machine. 

Appold's Compensating Lever.* — One of the best known forms 
of friction-bmke dynamometers fitted with a compensating device, 
is that designed by Mr. C. E. Amos and Mr. Appold, and was 
the form used at one time for large powers by the Royal Agricul- 
tural Society. It is similar to that shown by the previous figure ; 
but, besides a hand-adjusting screw at A S, it is provided with a 
compensating lever, E D, by means of which the rise or fall of 
the load, W, is attended with a decrease, or increase, in tension on 
the brake-strap, so that a position of equilibrium may be auto- 
matically attained without causing inaccuracy in the indications. 
With a given tension in the brake-strap, and with the load, W, 
carried so that its point of suspension. A, is opposite the pointer 
mark, > , the lever, E D, takes a vertical position ; but as 
soon as the load, W, is lifted, the lever pivoted at E, moves round 
to the left hand, and virtually increases the length of the brake- 
strap, and thus slackens it, allowing the load again to descend. 
If, on the other hand, the total friction decreases and is insufficient 
to carry the load in its normal position, the descending load 
presses round the point of the compensating lever to the right, 

* The following four figures are from The Proc. Inst. C.W., vol. xcv.. 
Session 1888-89, by kind permission of the Council, from a Paper by VV. W. 
Beaumont, M.Inst.C.E., on "Friction Brake Dynamometers," which the 
student should consult, not only for the information contained in the 
paper, but also for that derivable from the excellent and extensive, 
discussion. For a description of " Froude's Turbine Brake," see Dr. 
Edward Hopkinson's and Mr. R. E. Froude's remarks on Mr. Beaumont's 
paper, as well as Prof. Osborne Reynold's paper ** On the Triple-Expansion 
Engines and Engine Trials at the Owens College, Manchester," Proc» 
Inst, aJB.^ vol. zciz., Session 1889-90. 
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thus tigbtening the strap and increasing the f fictional grip until the 
conditions are again such as will enable the lever to reassume the 
vertical position. If the change in the position of the point of 
suspension of the load has been due to a temporary cause, this 
automatic action may restore the balance without further adjust- 
ment ; but if the departure from the normal position is not small, 
then adjustment by hand-screw at A S must be resorted to. It 
will be seen that the compensating action cannot come into play 
except by the rise or fall of the weight from its proper position, 
and hence the value of the device is confined to its power of 
limiting that rise and fall. 

So long as the Appold brake is not used for more than 15 H. P., 
and is sufficiently, but still sparingly, lubricated with tallow or 
suet, the friction between the wooden blocks and iron wheel is 




AS 



Appold's Compensating Brake, as used by the Royal Agricultubal 

Society. 

sufficient at ordinary speeds to balance the load without tightening 
the belt-strap. Under these conditions the compensating lever 
does not sensibly affect the results, since the pull on it will not 
be more than a few pounds. The conditions are the same as, or 
very similar to, those which would obtain if the brake were with- 
out a compensating lever, but with a strap so slack that the 
bottom blocks barely touch the wheel. 

In the correspondence upon Mr. Beaumont's paper, Professor 
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T. Alexander and Mr. A. W. Thomson considered that the 
Appold brake gave accurate results when it was used properly. 

Let W = Load on brake-strap (see foregoing figure). 
„ Tg Tg = Tensions at two ends, C and D, of strap connected 

to lower euds of compensating lever. 
„ P = Full on upper end, at E, of this lever. 

» ^1 ^2 = Radii of brake-strap and wheel respectively 
„ F = Total friction of brake-strap. 

Suppose the lever, E C D, to take some definite fixed position, 
say to the left of the vertical when the engine is working smoothly. 
In this position, the lever may be supposed to be fixed to the 
ground. The tension of the brake-blocks on the lever towards 
the right at 0, and left at D, are represented in the figure by Tg 
and Tg. On the other hand, the reactions of the lever on the 
brake-blocks are Tg towards the left at 0, and Tg towards the right 
at D. Then, since there is equilibrium, the sum of the moments 
round the centre, O, of the weight, W, the friction of brake-blocks, 
and the tensions, Tg and Tg, is zero. Now, if we consider the 
lever as not fixed to the ground, but pivoted at E, then E,, the 
resultant of Tg and Tg, must pass through E. Tg and Tg may now 
be replaced by R, and the sum of all the moments round O is 
again zero. Kesolve R into vertical and horizpntal components, " 
V and P, acting at the point R Since E is vertically under O, 
the line of action of V passes through O, and its moment is zero ; 
and, therefore, the sum of the moments round the centre, O, of 
the weight, W, the friction of brake-blocks, and the horizontal 
force, P, acting towards the left at E, is zero ; that is : — 

Wri = Frg + P X OE. 

The amount of this horizontal force, P, can be easily measured 
by a spring-balance. With a low coefficient of friction, the tension 
on the brake-strap has to be increased ; and since the ratio exist- 
ing between Tg and Tg is constant, depending on the proportions 
of the lever, it follows that P may be of considerable amount ; 
and any quantitative results calculated without taking it into 
account will be erroneous. With a high coefficient of friction the 
force, P, may be small, and the results might probably be not far 
wrong, even if P were left out of account. In every case, how- 
ever, where accuracy is desired, the moment of P must be con- 
sidered. 

Professor A. B. W. Kennedy in his paper on the " Use and 
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Equipment of Engineering Laboratories"''^ says, that if the 
Appold pendulum-lever is used in any form for the automatic 
adjustment of the brake, it should be so arranged that its 
own pressure can be measured and allowed for. He prefers to 
use this brake in the manner illustrated by the accompanying 
figure where the small weight, w, is adjusted fcom time to time iu 
order to keep the brake always floating freely. The changes in 
this weight have to be noted, and the necessary allowance made 
in the calculation for the B.H.P. He also believes that the side 
pressure, P, of the upper end of the pendulum-lever, as it was 
arranged in the Royal Agricultural Society brakes, if not measured 
and allowed for, causes a very considerable error in the calculated 
power. He also thinks that the brake should be large enough to 
run dry, as it is much more easily kept under control under these 
circumstances.! 




iMFROvko Method of Usino the Appold Brake as a Dtnamoheteb; 

Semicircular Strap Dynamometer. — One very simple form of 
dynamometer which avoids the objections previously mentioned 
in regard to the Appold compensating lever, is shown by the 
following figure. Here, a semicircular strap of leather, or a 
number of J- to J-inch wires or steel bands, lined with hard wood, 
are attached at one end to a constant weight, W, lbs., and at the 
other end to a Salter's balance. The weight, W, should be 
tethered to some fixed bolt in the floor by a slack piece of flexible 

* See vol. Ixxxviii. (21 at Dec, 1886) of JVie Proceedings of the InstittUion 
of Civil Engineers, Ix>ndon, for Prof. Kennedy's paper. Also see The 
Mechanics of Machinery, by Prof. Kennedy, published by Macmillan & Co., 
p. 632. 

+ The student will observe that this method of using the Appold brake 
as a dynamometer, is the same as that referred to at the beginnmg of this 
Lectare, for restraining a submarine cable from passing too rapidly to sea. 
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rope in order to prevent the possibility of it being carried bodily 
over to the injury of the attendants in the case of the pulley firing 
an<l gripping the brake. If the flywheel or pulley revolve in the 

direction shown by the arrow, and the pointers, >-^ , are 

kept level with each other, then the net pull on the bi-ake will 
be (W - S) lbs., where S is the stress registered by the Salter's 
balance. Hence, if r be the horizontal distance in feet from the 
centre of the shaft to the vertical centre line of the weight, W, 



PcmUr 




balanob 



Semicircular Strap-Brake Dynamometer. 

as well as to the centre line of the Salter's balance, and n the 
number of revolutions per minute. Then : — 



The work d(me per minute on 
the jndley and dissipated in 
heat 



in > = 



2^rn(VV - S) foot-lbs. 



And, the B.H.P. = 2crrw(W-S)-r 33,000. 

This form of absorption dynamometer has several objections : — 

1. The lubrication requires considerable attention. (This fault 
is also common to all the previously mentioned dynamometers.) 

2. The oil, grease, or soapy water used for lubricating the face of 
the brake-wheel bespatters the floor, &c., and the observer's clothes, 
unless the precaution is taken to thoroughly encase the lower half 
of the wheel. (This objection is also common to the previously 
mentioned dynamometers.) 

3. If everything is not perfectly adjusted and running quite 
mooth, oscillations producing a hunting up and down action set 

', due to variations in the friction ; and consequently, considerable 



SOCIETY OF ARTS ROPE DYNAMOMETER. 



153 



guessing and frequent observations have to be taken of the Salter's 
balance. 

These several objections are entirely obviated by adopting the 
rope-brake which we shall now illustrate and describe. 

Society of Arts Rope Dynamometer.* — The jurors for the 
famous gas engine trials, held under the auspices of the London 
"Society of Ai-ts" in 1888, were the first to publicly use a rope- 
brake in any extensive series of competitive trials, and hence the 
general name which has been given to this very simple and 
excellent form of brake. But, as will be seen from our footnote, 




SociETT OP Arts Bope Dynamometer. 

rope-brakes had been designed and used prior to these tests by 
at least four well-known persons. As will be gathered from the 

* The first rope-brake of which we have any record was invented by 
Sir Wm. Thomson, in 1872, and applied to his deep sea sounding machine 
as previously described in this Lecture. Prof. James Thomson, of Glasgow 
University, devised a rope-brake ergometer prior to 1880, see Engineering, 
Oct. 29, 1880, p. 379. An almost identical compensating rope-brake was 
also invented by M. Carpenter, of Paris, in 1880, see Proc. JnsL C,E,, 
vol. Ixiii. (1881, part I.), p. 404. For a modification of this brake, by 
Prof. Barr, of Glasgow University, which is very similar to that afterwards 
used by the "Society of Arts," see Proc. Inst C,E., vol. Ixxxviii (1887, 
part II.), p. 110, and also vol. xcv. (1889, part I.), p. 31. 
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following three sets of figures, this brake consists of an endless 
flexible rope, doubled round a pulley or the flywheel of an engine^ 
and fitted with several i i shaped wooden distance pieces, in 
order to keep the two parts of the rope uniformly apart and 
also to prevent them slipping off the wheel. These distance 
pieces or clips should be secured to the rope by soft copper wire 
lacing, drawn in from the outside of the clips and then through the 
centre of the rope, instead of being fastened thereto by nails or screws 
from the inside ; for such latter metal fastenings are liable to part, 
to heat, and, consequently, char the rope. The rope should be 
thoroughly stretched and treated with castor oil or grease and black 
lead powder, prior to its being fitted to the wheel and to the clips, 
whenever long and important tests are desired. No further 
lubrication is required, and consequently the first and second 
defects mentioned on a previous page as pertaining to strap-brakes 
are entirely avoided. If large powers are to be demanded from 
a wheel of limited size, then it should have its rim of L_i 
section, so that a small stream of water may be played into the 
inside of the hollow part of the rim, which water will help very 
materially by its evaporation to dissipate the heat generated by 
the friction between the brake rope and the outer surface of the 
wheel. The surface of the pulley should be flat instead of rounded, 
in order to get the rope to work perfectly smooth, and a trial run 
of a few hours prior to the special test is advisable, in order to 
bring about a small flat glazed surface on the rope, which glazing 
is materially assisted by the previous application of the black lead 
powder. For anything up to 5 B.H.P. at 1,000 or more feet per 
minute of friction surface speed, the author has found that a 
flexible ship's log-line about '3 inch in diameter with a double turn 
round the wheel forms an excellent brake rope. From 5 to 10 
B.H.P. a -S-inch diameter manilla rope serves the purpose. From 
10 to 50 B.H.P. a -G-inch rope will do, and for 100 to 150 B.H.P. 
(at about 4,000 feet per minute) four turns of 1-inch rope on a 
large 16 feet diameter flywheel runs quite cool, as may be seen 
from the last example on absorption dynamometers in this Lecture. 
Advantages of the Rope-Brake. — The author has tested a large 
number and variety of motors with the rope-brake, and he considers 
that it has the following advantages : — 

1. It can be constructed on short notice, from materials always 
at hand, in a factory or workshop, and at little expense. 

2. It is so self-adjusting that very accurate fitting is not required. 

3. It can be put on and taken off the brake-wheel in a very 
short time. 

4. Being comparatively light and of small bulk, it can be hung 
up on the wall of the testing room, or laid past in a cupboard for 

uture use. 
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Fig. I. 
THE 



Fig. 2. 
ROPE- BRAKE 



TWO FORMS OF 
Used by Prof. Jamteson in Testtno the " Acme Gas Engine," anb 
"Brown's Rotary Engine" for Brake Horse-Power. 
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5. It requires no attention whatever for lubrication, if the 
previously mentioned precautions as to treating and fitting the 
same are attended to. 

6. The back pull registered by the spring-balance may be 
rendered very steady and of small amount by properly adjusting 
the weight, W, prior to the commencement of the recorded brake 
trials. 

7. The brake-wheel, if of the proper size, soon attains a maximum 
temperature, so that the radiated heat equals that generated by 
the friction. 

8. It may be used for very small as well as for large powers. 

9. For large powers more and stronger ropes are only required on 
a comparatively larger wheel, and with the water cooling device 
mentioned in the previous section. 

Tests of Engines with the Rope-Brake. — After what we have 
stated, three examples of such tests will suffice to show the student 
the wide variety of cases to which the rope-brake may be applied. 
The first is that of an Acme gas engine of about 19 B.H.P.; 
the second, that of a Brown's fast-speed rotary steam engine ; * 
and the third, that of "Field's combined steam and hot-air 
engine."! The results of the first two are given in the first table, 
and those of the third in the second table, together with a graphic 
diagram of the more important conclusions. 

Fig. 1 shows the arrangement of dead weight and Salter's 
balance used by the author in testing the " Acme gas engine," 
and Fig. 2 the way in which he applied two spring balances to 
the brake rope in case of " Brown's rotary engine." The latter 
plan has, under certain circumstances, particular advantages over 
the former. By the selection of two spring balances with different 
periods of oscillation, the tendency to jerk or "hunt" may be 
considerably reduced, or even entirely checked. Also, the nett 
brake load (i.e., P, the difference between the simultaneous indica- 
tions on the two balances) may be kept constant throughout the 
test This permits of the logarithm for 2 -r r P -r 33,000 being 
ascertained and written down as a constant, prior to each observa- 
tion, so that the only variable to be recorded is, n, the revolu- 
tions per minute. Consequently, the B.H.P. for each observation 
may be known within a minute or two after the mean speed has 
been noted, and the complete data may then be plotted to scale on 
a graphic diagram before taking the next observation. 

*See Proceedings of the Institution of Engineers and Shipbuilders in 
Scotland, vol. xxxv., Session 1891-92. 

ilhid., vol. xxxviii., Session 1894-95, for the author's papers on these 
tests. 
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B.H.P. Tests of an "Acme Gas Engine," and of a 
"Brown's Rotary Engine." 



DATA 



Duration of tests in hours, 

Initial gas or steam pressure in lbs. per sq. in. 

above atmosphere, . . . . . 
Final gas or 8t€am pressure in lbs. per sq. in 

above atmosphere, 
Radius of brake load in feet, . 
Mean revolutions per minute, 
Mean nett brake load in lbs., 
MeanB.H.P., 
Gas in cb. ft. or steam in lbs. per B.H.P.-hour, 



*' Acme 

Gas Engine " 

by 

Alex. Burt & Co. 

Glasgow. 



4 

150 

1 

2-771 
154 
231 
18-77 
19-13 fb. ft 



" Brown's 
Rotary Engine' 

by 
Lang & Sons, 
Johnstone. 



5 
95 

1-5 

2-042 
574-5 
93-2 
20-8 
37-9 IbB. 



The author was recently requested to test and report upon a 
new departure in the use of steam in steam engines. He has, 
therefore, much pleasure in placing the results of his experiments 
on "Field's combined steam and hot-air engine" before the 
student, because (1) they show one direction in which economy 
may be attained by preventing the condensation of steam in the 
cylinder ; (2) the brake used was one of the largest in this country; 
(3) the table and the gmphic diagram of results will form a useful 
example in case the student should be called upon to undertake 
similar tests. 

This invention is the joint design of Mr. Edward Field, 
M.InstM.E. (inventor of Field's well-known tubular boiler), and 
Mr. F. Saundera Morris, M.Inst M.E., working in conjunction 
with Messrs. Musgrave & Co., of Bolton, and Mr. George Dixon^ 
their chief engineer.* 

It consists of a hot-air pipe connection to the jacket and to each 
end of a single cylinder non-condensing engine. 

A Roots' blower, driven by the engine, draws fresh cold air 
from the engine-room, and forces the same through a series of 
heating pipes placed in the main flue between the boiler or boilers 
and the chimney. This heater therefore occupies pretty much 

* For a complete set of sectional figures of the cylinder, general arranire- 
ment of plant, and indicator diagrams, Eee the author's paper on thi& 
subject, vol. xxxviii.. Proceedings of the Institution of Kmjineers and Ship- 
builders in Scotland, Session 1894-95, from which we have been kindly 
permitted by the Council to use the following two figures and extract of 
results. 
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the same position as a Green's economiser. The air was main- 
tained, in my experimeuts, at a 
mean pressure of 1| lbs. on the 
square inch, and delivered to the 
ends of the cyliuder at a mean 
temperature of 553' F., and to 
the valve-casing jacket at about 
380** F. This hot air was admit- 
ted to the cylinder through Sf^ecial 
cylinder covers, each containing 
five inlet valves, which automati- 
cally opened inwards as soon as 
the exhaust steam commenced to 
escape. These valves continued 
open until compression com- 
menced, being held close to their 
seats by light spiral springs. 
Consequently, the whole internal 
surface of the cylinder was heated 
up to a temperature far exceeding 
that of the steam, thus prevent- 
ing the possibility of condensation 
taking place within the cylinder. 
Under these circumstances, the 
excellent result of 18*6 lbs. of 
steam per I.H.P.-hour wag ob- 
tained from a single cylinder 
non-condensing engine — a result 
which, as far as the author can 
learn, has never been equalled by 
any other method of using steam 
in a single cylinder, and without 
subsequent condensation. 

Brake Gear, — The large fly- 
wheel, of fully 50 feet in circum- 
ference and 20 inches in width, 
was used as a brake-wheel. 




End View op Brake Gear. 



FW ^ 

TG 
SB 

IP„IP2,IP3, 



Index to Parts. 
represents flywheel, 
ropes. 



wooden beam, 
tightening gear, 
spring balance 
iron plates, 
weights. 
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This flywheel was 60011*016(1 by four parts of a strong and flexible 
rope, 1 inch in diameter. The inner ends of this rope were 
attached to a spring-balance, tightening gear, and wooden beam, 
while the outer ends were connected to a lixed weight, consisting 
of nearly 1,000 lbs. of cast iron for the first day's trial, and about 
one-third of that for the second day's run. 

In other words, the dynamometer was an excellent and large 
example of what has now come to be termed the " Society of Arts' 
brake." It worked perfectly, and there was no undue heating 
anywhere. This was no doubt partly due to the stream of water 
which played on the inside of the Lh^ shaped flywheel, to the 
large surface, and to the strong draught caused by the fan action 




^O 60 So lOO J20 I^O 160 180 /CO 220 240 260 »ao 300 J20 

Gbaphio Diagram of the Chief Results of the Tests of 
Field's Combined Steam and Hot-Aib Engine. 

of the wheeL As far as possible, however, no water was permitted 
to get between the rope and the flywheel, and no lubrication of 
any kind was applied to these parts. 

Counter, — The number of strokes and revolutions per minute 
were obtained by aid of a " Harding's counter " fixed to the crank 
Bhaft 

Tests. — First of all the permanent data marked at the top of the 
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table were carefully checked. Then, simultaneous observations were 
taken every twenty minutes of each of the items marked in columns 
1, 2, 3, 7, 8, 11, 12, 13, 14, 18, 20, 21, 22, 23, and 24. The 
figures in columns 4, 5, and 6, relating to the mean pressure In 
the cylinder, were obtained from the indicator cards which were 
also taken from each end of the cylinders every twenty minutes. 
The figures in the other columns were either calculated or observed 
as required at the times stated in the respective columns. The 
more important observations and calculations are drawn to scale 
on the foregoing graphic diagram. 

Transmission Dynamometers^ — von Hefaer-Alteneck or Siemens' 
Dynamometer. — Transmission dynamometers may be divided into 
two classes — (1) those which help to measure the work trans- 
mitted by a belt or set of ropes ; (2) those which help to measure 
the work transmitted by a shaft. Of the first class, one form which 
has been used largely in dynamo tests is the Alteneck-Siemens' 
dynamometer. The general arrangement of this instrument is 
shown by the following diagram.! Power is transmitted from the 




Alteneck-Siemens* Transmission Dynamometer. 

* For a description of Morin's Traction, Rotatory, and Integrating Dyna- 
mometers, see Prof. Macquhorn Rankine's Manual of the Steam Engine and 
other Prime Movers. For a description of Morin's, Webber's (similar to 
White's), Brigg's (modification of the Alteneck- Siemens'), Tatham's, 
Brackett's, Webb's, Hartig's, Emmerson's, Van Winkle's, and Flather's 
transmission dynamometers, see Dynamometers and the Measurement of 
Power, by John J. Flather, Ph.B., published by John Wiley & Sons, 
New York. 

+ The above figure is reproduced by permission from ** The Electrician 
Series " of Motive Power and Gearing, by E. Tremlett Carter. 
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pulley A to the pnlley B, through a flexible leather belt, C, which 
passes through the dynamometer. The apparatus consists of a 
rectangular framework, D, with idle pulleys pivoted at the four 
corners, E, F, G, H, and two other idle pulleys, I and M, also 
pivoted to the frame. In addition, there is a movable pulley, P, 
attached to a lever having its fulcrum at M, and its other end 
connected to a dash-pot or pump-brake, whereby any sudden 
jerking motion is lessened. The tight side of the belt tends to 
lift this pulley, P, while the slack side presses it down. Attached 
to the lever at the centre of P, are two vertical rods, R and Y. 
The rod, P., terminates at its lower end in a spiral spring, S, the 
tension of which is adjusted by the handle, T, and indicated on 
the scale, Z. The rod, Y, terminates at its' upper end in a small 
lever, pivoted at O. This lever carries a weight, W, and is pro- 
vided with a pointer which travels over a scale on which there ift 
a zero mark, m. The instrument having been fixed in position, 
the handle, T, is turned so as to bring the pointer of the top lever 
to the mark, m. The reading on the scale, Z, is then noted, and 
the engine started. Instantly, the upper pointer will fall below 
the mark, w, on account of the pulley, P, being lifted ; but this 
must now be rectified by turning the handle, T, so as to increase 
the pull of the spring, S, until the pointer again stands at m. 
The reading on the scale, Z, is again noted, and the former reading 
subtracted from it. Simultaneously with these observations, the 
velocity of the belt must be observed by measurement of the 
speed of the pulley B. Let r be the radius of the pulley B in 
feet, n its revolutions per minute, P the difference between the 
two readings on the spring scale, Z, and h a constant which ia 
marked on the instrument. Then : — 

„p 2yryiP 
^•^' 33,000* ' 

which is the same formula we had before in the case of the Prony- 
brake and the other forms of absorption dynamometers with the 
exception of the constant k. 

The difference between the two readings on the scale, Z, con- 
stitutes the difference of the tensions in the rod R when the belt 
is doing work and idle, and is proportional to the difference of 
tensions in the two sides of the belt when driving the pulley B. 
The constant h is necessary from the fact, that only the vertical 
components of the tensions in the belt affect the rod R. If & be 
the angle between the belt (where it leaves the pulley P) and the 
vertical diameter through P ; T^ and T, the tensions in the direct 

11 
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or tight and slack sides of the belt respectively, and v the velocity 
of the belt in feet per minute (or 2 ^ r n), then : — 

Nett pull on spring S = P = Difference of tensions in rod R. 

• P = 2TdC08^-2T,cos^ = 2 cos^(Td - T,). 



I.e., 



^^"■^' "2^^'^'''^^= ^^^^^• 



Again, the H.P. 



2^rnP 



v(Ta-Ts) __ 27rrnxT 

33,000 ■" 33,000 x 2 cos ^ " 33,000^' 




Rotatory Transmission Dynamometers — EpicycHc Train,* or 
King's, White's, and Webber's Dynamometers.— The term " epi- 
cyclic train dynamometer " is applied to those of the second class 
of transmission dynamometers which help to measure the work 
in a shaft by transmitting the same through an epicyclic train. 
The effort exerted is measured by means of the force required to 
keep the train-arm at rest. The following figure will serve to 

explain the principle (although not 
the full details) of King's, White's, 
and Webber's transmission dynamo- 
meters. The bevel wheel, B, is 
driven by a motor, and it transmits 
its motion through the intermediate 
wheels on the arm, A, to the bevel 
wheel, C, which is connected to the 
working machinery. The train-arm, 
A, is kept steady and level by a 
weight or spring attached thereto. There is usually a counter 
weight on a short extension of this arm, A, on the left-hand middle 
bevel wheel, which weight serves to balance the longer arm, A. 
Suppose the arm. A, to be permitted to revolve, then no work 
would be transmitted from B to 0, and C would, therefore, remain 
stationary. In this case, the number of rotations of A, in a given 
time, would only be half that of B. Consequently, a weight placed 
on B at a certain radius from its centre would balance double that 
weight at the same radius on the arm, A. Therefore, the moment 
of the force applied to the arm, A (relatively to the common axis 
of A, B, and C), must be double the moment of the force trans- 
mitted from A to C when the arm. A, is balanced. Hence, if r be 

* The word epicyclic is derived from the Greek words cirt, signifying 
upon, and KVK\o9f a circle. Hence this term for a wheel or wheels travel- 
ling around a circle or another wheel. 



Epicyclic Train Dynamometer. 
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the radius of the pull, P, applied to A, and n the number of revolu- 
tions per minute of B and C^ then : — 

The work transmitted ) 2 t rw P 
per minute j ~ 



And, the 



H.P. = 



2 • 

2TrnP flrrnP 
2 X 33,000 " 33,000 ' 



Spring Dynamometers— Ayrton and Perry's and Van Winkle's 
Transmission Dynamometers. — Another kind of dynamometer 
belonging to the second class is that wherein springs, placed at 




Profs. Aybton & Pebbt's Tbanshissiok Dtstamometeb. 

a certain radius from the centre of the rotating shaft, help to 
measure the torque therein when transmitting power. 

One of the simplest and most easily understood is that devised 
by Profs. Ayrton and Perry, of the City and Guilds of London 
Technical Institute. A very similar instrument has been con- 
structed by Mr. Van Winkle of. U.S. America, and supplied to 
a firm in Chili for measuring up to 600 horse-power at 120 
revolutions per minute. This one is believed to be the largest 
transmission dynamometer ever constructed. 

The apparatus illustrated by the foregoing figure, consists of a 
pulley, F, rigidly fixed to the shaft, C D, a loose pulley, G, and 
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a pnlley, H, joined hj the spiral springs, B, to the ribbed plate, E, 
"which is also rigidly fixed to the shaft, D. If the raotor belt be 
on F, and the belt to the dynamo or driven machine on H, or vice 
versd, the springs, B, will be stretched, depending on the " torque " 
or twist transmitted. The extension of these springs by means of 
a small link-motion (seen at the lower right-hand corner of the 
figure) causes the bright bead, A (at the end of a long arm), to 
approach towards the centre of the shaft Hence, the smaller the 
radios of the circle described by this bright bead as it revolves, the 
gieater the torque.* Consequently, the horse-power transmitted 
is at once obtained from observing the indicated torque and the 
speed of rotation. The arm carrying the bead is slightly flexible, 
and when no power is being transmitted the bead is pressed with 
a certain force against the rim of the front plate, hence the bead 
does not commence to move until a certain pre-arranged horse- 
power is beuig transmitted at a given speed. Its whole radial 
motion is, therefore, completed for a certain additional transmitted 
hone-power. The necessary addition depends on the strength of 
the springs and the leverage of the link-motion. Consequently, a 
huge change in the radius of the circle of the bright bead is pro- 
dooed by a small change in the transmitted horse-power. 

The next figure shows Pro&. Ayrton and Perry's dynamometer 
covpling, which differs only from the preceding in that it is 
inteDded to be used with machinery driven directly by shafting 
viiere belting is not employed. For instance, this coupling may 
he used to measure the horse-power given by a fast-speed engine 
to a dynamo or other machine driven directly by it, or it may be 
easployed to measore the power given by a marine engine to the 
anew or to the paddles, or generally the horse-power transmitted 
along any line of shsfting ; the spring coupling, in fact, replacing 
ilie ordinary coupling used with such shafts. 

One of the halves of the coupling seen in the figure is keyed to 
the driving shaft — for example, the shaft of a fast-speed engine ; 
and the other to the driven shaft — ^for example, that of the dynamo. 
The half, C, is attached to the other half by means of the spiral 
springs, and the stretching of these is therefore a measure of the 
torque. The angular motion of the one relatively to the other 
causes the bright bead, B, to approach the centre, and, as before, 
the radius of the circle of light helps one to measure the horse- 
power transmitted at any particular speed. 

The transmission dynamometer and dynamometer coupling just 

* The word torque was first suggested by Prof. James Thomson of Glasgow 
University, and means the turning moment or the turning force multiplied 
by its distance from centre of shaft. 
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^eicribed lia^ the greti adrantage over kelj sort of hhontarj 
dyuMDometera^ in that the former have 
not to be pat into position and adjusted 
for each particular experiment, but are 
always ready, and are always indicat- 
ing the power transmitted at any given 
speed. If, for example, a dynamo- 
meter coupling be inserted in the 
shafting of a factory in place of the 
ordinary coupling, a glance at it, at 
any time, will show the power that ] 
is being transmitted by it. If two 
such dynamometer couplings be in^ 
serted at two places in the same set 
of shafting, the difference between the 
transmitted powers indicated by them 
is the power utilised by the machinery 
driven by that portion of the shafting 
that is between them. 

Hydraulic Ti^smission Dynamo. ^^T-^^^^^lS 
meters — Flather's * and Cross's. — 

Owing to a want of confidence in resultii obtained by aid of 
spring dynamometers, Prof. Flather and Mr. J. A. Cross 
(both of the U.S. America) have independently perfected two 
forms of hydraulic transmission dynamometersy which are said to 
be reliable. The construction and action of these instruments are 
as follows : — The power shaft is keyed to a boM or pulley with 
two or more arms carrying hydraulic cylinders. The projecting 
ends of the plungers of these cylinders, bear upon the arms of a 
loose pulley on the same shaft. The torque imparted by the 
driving belt to the loose pulley is thus transmitted to the shaft 
through the liquid in the cylinders. The pressure thus caused in 
the liquid is conveyed by radial pipes to a common central 
trunnion, and from thence to a pressure gauge or indicator. 

This apparatus has many advantages — (1) It is simple. (2) It 
is not affected to any great extent by the velocity of the shafting. 

(3) It requires no counter shaft, and no change of driving belt. 

(4) It takes the place of an ordinary driving pulley, and is driven 
by the same belt. (5) It may be connected to a recording gauge, 
and thus a continuous diagram of the load may be obtained with- 

* Professor Flather's arrangement is described in his book on Dyna- 
mometera and the Measurement of PoweVf already referred to by two 
footnotes, and Mr. Cross's apparatus in The Electrical Engineer of New 
York, July 4, 1894, p. .3. An earlier form by von Hefner Alteneck is 
described in IndiUtries of Febrnaiy 3, 1888, at pag'e 122. 
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out any special attention. (6) It does not require to be displaced 
after a test is completed, for, by the simple closing of a cock or 
valve, the recording apparatus may be disconnected and the re- 
mainder left as an ordinary jmlley. 

Tension Dynamometer for Submarine Gables. — By referring to 
the figure of a telegraph steamer in a previous article of this 




Tension Dtnamometeb fob Subicabinb Cables. 

Lectupe, the student will understand the positions and use of the 
dynamometer on board a cable ship. As will be seen from the 
following figure, this apparatus consists of a vertical cylinder, 0, 
filled with oil or soapy water, and containing a piston and a piston- 
rod, E, passing through a gland and staffing box at M. This 
piston-rod is connected to a crosshead, K, which is free to move 
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Tip and down between the upright guides, Vj Vg. On the out- 
standing turned pin, A, of the crosshead, K, there is carried an 
unkeyed grooved pulley, TJ, under which the cable is passed. To 
the top of the crosshead is fixed a pointer, T, which indicates the 
height to which the pulley, U, may be elevated, and consequently 
the stress on the cable or grapnel rope. 

In order to prevent sudden jerks and oscillations of the moving 
parts, the top and bottom of the cylinder, 0, are connected by 
a pipe, L, with a cock at its centre. The cylinder piston and 
liquid thereby act as a " pump-brake " or dash-pot, with greater or 
less freedom according to the opening of this cock. When paying 
out a heavy cable, or one in deep water, additional weights may be 
attached to the arm, A, in order to render the dynamometer less 
sensitive. In order to keep the pulley, U, always clean a curved 
scraper, S, is applied to the groove when desirable. The vertical 
scale may be marked off by calculation according to the following 
formula, but it should also be verified by an actual test, since this 
rule does not take friction into account. 

In order that the friction between the dynamometer-crosshead, 
and its guides, shall be a minimum, the dynamometer (D in the 
following figure) must be placed midway between the point, A, 
where the cable bears on the paying-out or picking-up driun, and 
the point, B, where it bears on the guide-pulley next to the stern 
or bow sheaves, and these bearing points, A and B, should be in a 
horizontal line. 




Stress Diagram for a Submarine Cable Dtnamometer. 

Let S = Stress on cable or rope (in cwts.) to be found, 
y, W = "Weight (in cwts.) of all moving parts in dynamometer. 
„ I = Distance A C or C B (in inches). 
„ d = Deflection of cable from horizontal (in inches). 

Then by the parallelogram of forces : — 



168 uscruRB viii. 

Since the stresses and dfiflections of the cable are approximately 
m inverse ratio to one anotiier, and W and I are constant, it is 
only necessary to work out one example for dy plot it o^ on the 
dynamometer scale, and mark the others in the inverse ratio— -6.^., 
for double the stress half the deflection, and so on.* 

If the points, A and B, are not in a horLsontal line, and the 
dyaamometer, D, not midway between them, as shown in the 
following figure, then the calculation becomes more complicated. 




Special Stbess Diagbam fob a SuBMABunc Cablb Dtxamobceteb. 

Let S and W = Same as before (in cwts.) 

„ p = Horizontal pressure on guides of D (in cwts.) 

^, X = Horizontal distance A C. 

„ i — 99 » C B'. 

^, d^ = Deflection C D (in inches). 

f9 o?2 = Vertical height B B' (in inches). 

Then, S = 



0?i rfj — C?2 

If, however, the points, A and B, are in horizontal lines — i,e,^ 
d^ = dy and d^ = O, but J) not midway between them. 

W 

Then, S = 



d d 

s/d^ + x2 ■*" ^dFT¥ 



* The distance, Z, between the guide pulley and the dynamometer is so 
great compared with the deflection, dy of the dynamometer, that the above 
rule is practically correct. 
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IdEffUTRB VnX — QlTESTIQlfS. 

1. State the Tarious ways in which frictioD may be sppHecE mefnllj. 
Sketch and describe a good friction elntch or coupling. State tiie iklYan- 
tages and disadvantages of friction clutches. 

2. Sketch, with an index to parts, and give a concise description of, the 
following pieces of mechanism — (1) Addyman's friction coupling; (2) Bag- 
shaw's hollow sleeve clutch. 

3. Sketch and describe (1) Weston's friction coupling and brake; 
(2) Weston's centrifugal friction pulley; (3) Robertson's grooved disc 
friction coupling. 

4. Sketch and describe a friction brake as applied to a crane. The lever 
applied to the strap is a bent lever, of which one arm is 2 feet II inches 
long, and the other arm, which is at right angles to it, is 3} inches long, 
the diameter of the friction drum being 2 feet ; find the tension of the 
movable end of the strap when a pressure of 100 lbs. is applied to the 
handle, and the tension at the fixed end for a given coefficient of friction. 
Ana. 933 '3 lbs.; 1,495 lbs. or 582*6 lbs. according to direction of rotation, 
taking ^ = 0*1, and 6 = 270'. (S. & A. Hons. Exam., 1886.) 

5. With the assistance of sketches describe the construction of two 
kinds of brakes, one in which a resisting force of moderate magnitade is 
overcome through a considerable distance, and the other in which a con- 
siderable resistance is overcome through a comparatively small distance. 
(S. & A. Hons. Mach. Const. Exam., 1895.) 

6. Prove by a skeleton sketch and mathematical investigation the proper 
direction of rotation of a brake- wheel (with respeet to its strap ana lever 
connections) in the case of a winch or crane when the load is being lowered. 

7. A strap, bearing on a brake wheel 2 feet in diameter, and tightened 
by a lever, is used to hold the load on a winch. The shaft to which the 
brake wheel is keyed also carries a pinion of 10 teeth, gearing with a wheel 
of 54 teeth on a second shaft. This second shaft has a pinion of 9 teeth 
gearing with another wheel of 50 teeth on the drum shaft. The diameter 
of the drum is 12 inches, the length of the handle of the lever is 30 inches, 
and of the short end 3 inches. If one end of the strap, which subtends an 
angle of 300** at the centre of the wheel, be fixed, and the other attached to 
the short end of the lever, find the greatest load on the rope wound on the 
drum that, could be supported by a force of 45 lbs. applied at the end of 
the lever handle. Take fi = 0*1. Ana. 18,630 lbs. 

8. If a weight of 16,100 lbs., attached to the rope in the last question, ia 
descending with a velocity of 300 feet per minute, find how far it will go 
after the ^rake is put on before coming to rest. The kinetic energy of the 
wheels may be neglected. Ana. 4 inches. 

9. Explain the use, construction, and position of brake wheels in tele- 
graph cable steamers. 

10. Sketch and explain Lord Kelvin's deep-sea sounding machine, includ- 
ing a side elevation and plan of his differential rope-brake for the same. 

1 1. Describe a method of obtaining the brake horse-power of an engine, 
and state the advantages to buyer and seller of adopting this method over 
that of nominal or indicated horse-power. An engine is making 150 revolu- 
tions per minute, the diameter of the brake pulley being 4 feet, and the 
pull on the brake 50 lbs., what is the B.H.P. ? Ana. 2*85. 

12. Sketch, and describe with an index to parts, some good form of 
absorption friction dynamometer. The pulley on the crank shaft to which 
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the brake is fitted is 3 feet in diameter, and makes 100 revolutions per 
minute. When the engine is at work, a Salter's balance, fixed at a point 
21 inches from the axis of the shaft, registers 200 lbs. Find the brake 
horse-power of the encine. Prove the formula you use. Ana. 6*6 H.P. 

13. Describe the ordinary friction dynamometer. If t^e shaft of an engine 
being tested makes 20 revolutions per minute, and the weight supported be 
200 lbs., the point at which it is supported being 3 feet from the axis of 
the dynamometer, find the horse-power of the engine. Ana, 2*28 H.P. 

14. In a friction brake dynamometer a weight of 93 lbs. is hung at a 
distance of 31^ inches from the centre of the wheel. The brake wheel is 
driven by a pulley 5 feet in diameter, on the same axis, which carries a 
belt from the flywheel of an engine and makes 200 revolutions per minute. 
Explain the theory of the apparatus and find the horse-power exerted by 
the engine. -47w. 9-3H.P. 

15. State and prove wherein you consider "Appold's Compensating 
Lever Brake Dynamometer" defective. What precautions or alterations 
in this apparatus should be given effect to, in order to obtain accurate results 
with it? 

16. Sketch and describe the rope-brake dynamometer, and state its 
advantages over other forms of absorption dynamometers for ascertaining 
the B.H.P. of an engine. What benefits are claimed in certain cases for 
the use of two spring balances instead of a weight and a spring balance 
with this apparatus? A flywheel is 10 feet diameter and rotates at 100 
revolutions per minute, whilst the mean dead load is 1,000 lbs., and the 
back pull 100 lbs. Fiud the B.H.P. Supposing that the mechanical 
efficiency of the engine is 80 per cent., what would be the corresponding 
I.H.P.? Ana, 857 B.H.P.; 107 I.H.P. 

17. Explain the epicyclic train form of transmission dynamometer, and 
prove the formula for the same. 

18. Explain by a sketch and index to parts, a transmission power dynamo- 
meter by which the difference in the tensions of the two sides of the driving 
belt is measured. Explain the advantages of this instrument over the 
absorption dynamometer. 

19. Explain and illustrate a form of spring transmission dynamometer 
and coupling. 

20. Explain and illustrate a form of hydraulic transmission dynamometer. 

21. Explain and illustrate a tension dynamometer as used in the paying 
out or picking up of submarine cables, and indicate by sketches where this 
apparatus is placed on board a submarine cable steamer. What are the 
most advantageous conditions for the employment of such a dynamometer? 
Prove the formula for graduating the scale. 
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LECTURE IX 

Contents. — Inclined Plane — Examples I., II., and in. —The Doable 
Inclined Plane— Examples IV. and V. — Screws—Efficiency of Screws- 
Maximum Efficiency of Screws— Non-Reversibility of Ordinary Screws 
and Nuts — Tension in Bolts due to Screwing up — Example VI. — 
Questions. 

Inclined Plane. — We now proceed to determine the. relation 
between Q and W in the 

inclined plane when o 

friction is taken into \ ^ ^<^ 

account. The most general \jhh::^^^'^'' 

case occurs, when the \^!^''' 

direction of Q makes a 5-*^^^^^ 

given angle ^, with the ^^<JK^' ^-^ 

inclined plane A B. y^j^l^li !fi 

We shall, therefore, con- r^ * ^ """ 

sider this case first, since General Case op the Inclines Plane. 

all other particular cases 

can be easily deduced therefrom. 

Let R = Reaction perpendicular to the plane. 
„ yot = Coefficient of friction. 
„ F = //» R = Friction between body and plane. 

By the ^^ Principle of Worh^' we get : — 

Work done by Q = Work done onW + Work done against F. 

Suppose the body to be dragged along the plane a distance 
AB = ^. 
Then :— 

Work done by Q = Q cos ^ x A B = Q Z cos ^. 

Work done on W = W x B C = W h. 

Work done against F = FxAB = fi'RL 

Q Z cos ^ = W A + //. R Z. 

We must now eliminate R. The simplest way to effect 
this, is to consider the equilibrium of the forces acting on the 
body when Q is just about to draw the body up the plane. 

Resolving the forces at right angles to A B, we get: — 

R + Q sin ^. = W cos a. 

R = W cos a - Q sin &. 
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By substituting tins vmlue ef R in the above eqnstion, we get :— 

Q I (cos 6 -i- jUBia 0) ^ W (h -h fi,! cos a). 

Or ^ - -^-- A«^??S a_ 

W I (cosl + fi^d) • • • • W 

This equation can be put into a more convenient form, thus :^> 

k 
Q j+ ficosa 

^ "" cos tf + fLsia 6' 

But, J = sin a; and fL = tan p = ] where p = ajigle 

of friction. 

Q _^ sin a cos 9 + sin f 00s a 
W ~ cos & cos 9 + sin 6 sin f 

te Q _ sin(a + p) 

*-^-' W ~ cos (^ - 9) (^^> 

From this general equation the results for any particular 
case can be deduced. 

Case I. — Sujppose the plane to he smooth. Then 9 = and 
Q = P, the theoretical force required. 

P sin a 



W coil • 
Case n. — SvppoBe Q acts paraUd to AB^ then ^ » 0. 
JJ ^ sin {a 4- 9) 
W " cos 9 

„ » sin a + ^Gb cos ( 
h + fib 



laj 



(n«) 



(n»> 



* 



^ (Hey 

Qi«WA + M.W6 • . . .(lid)* 

Or stated in words : — 

The work done in raising a hody up a rough inclined plane is 
equal to the tvorh done in lifting it vertically through the heiglU 
of the plane, together tvith the work done in dragging it along 
the base supposed to be of the same roughness as the plane itself, 

* These are two important results which we shall frequently refer to in 
what follows. 
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In this case, when Q is paraUd to A B, we get : — 

Actual Adyantage=.^=g^?i|^ .... (Ill) 
Or, from (IIo), 

Actual Advantage = r-^-r- (T^) 

pffl«,--.«A« ^ ^ ^ • sin a cos p ,^. 

Efficiency . . . , = --^--=- = -— - sin a = — — -. f (V) 

' Q^ Q 8m(a + f) ^ ' 

Or, from (He), 

Efficiency = jt-/-^^ = v-^ • • • (^I) 

Case III. — Svfpose Q acta parallel to AG. Then = - ou 

. Q sin (a + 9 ) ^ . . ,^,.t 

^ = T—S — ^^ [equation (II) 1. 

W cos { - (a -I- p)} L ^ V /J 

**.«., ^=tan(a + ^) (II,).* 

An application of this case will be met with when we come to 
treat of screws. 

We shall now prove the following : — 

Proposition.— For a given inclination, a, of the plane and angle 
of friction, (p, the effort Q will have its least value when B = <p; 
i.e., when the direction of Q makes an angle with the inclined 
plane equal to the angle of friction. 

Now, Q will be a minimum when the fraction ^ v 

cos (d - f) 
is a minimum. But in this fraction the numerator, sin (a + 9), 
is a constant quantity, since a and f are supposed to be given. 

Q will be a minimum when 77; r is a minimum. 

cos (tf - 9) 

i,e.y Q „ „ „ cos (^ - ^) „ maximum. 

* The stndent should be able to prove the resnlts civen in the above 
three cases independently of the general case considered in the text. (See 
the author's MeTnerUary Manual o/Apjdied Mechanics.) 
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Now, the mctximum value of a cosine is unity, and this only 
occurs when the angle is zero. 

Hence, Q will be a minimum when (^ - f) = O. 

t.e., Q ,, II I, ^ = <P' 

This proves the proposition. 

In what has preceded we have supposed the effort Q just able 
to move the body up the plane. We shall now consider the 




Body just Sliding Down the Inclined Plane. 

cases where Q just prevents the body from sliding down the 
plane; or, when Q is employed to draw the body downwards. 

Case IV. — When Q is parallel to AB and prevents the body 
Jrom sliding doiun the plane. 

In this case, by resolving along the plane, we get : — 

Q + F = W sin a. 

Q = Wsina-AfcK. 
Kesolving the forces at right angles to the plane, we get : — 

R = Wcosa. 

Q = W sin a-A^ W cos a. 
Or, Q = W(sma-A6C0Sa) .... (VII) 



t.e., 



Q = w: 



(VIII) 



From equation (VII) it will be evident that the body will 
have no tendency to slide down of its own accord if : — 

sin a ^ ^ cos a. 
t.e.— if, tan a ^ At. 

t.e. — i^ a—(p (the angle of friction 
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When a is just slightly greater than p the body would begin 
to slide down of its own accord, if not prevented by the force, Q. 
This affords a means of determining the coefficient of friction 
between two bodies, as explained in Lecture V. 

If a is less than <p, then an effort, Q, must be applied to the 
body to drag it down the plane. Then, we get : — 

R 




FoECB Requised to Pull the Body Down the Plakb. 
Q + Wsina = F = AtK = AfcWcosa, 



Or, 



Q = W (/(6 cos a-sin a) 1 



(IX) 



Example I. — ^A horizontal force of 50 lbs. is just required to 
move a weight of W lbs. on a rough horizontal plane. If the 
plane be now inclined at an angle of 30", a force of 6*7 lbs. acting 
parallel to the plane is required to keep the weight from sliding 
down. Determine the weight, W, and the coefficient of friction 
between the weight and the plane. 



F.' ^/gy r: g|-»-Q.-^^&e 




W 

To Dbtebmine the Coefficient of Fbiciiok« 

Answeb. — On the horizontal plane, we have : — 

50 



^ = W 



(1) 
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Since the body is just kept from sliding down the inclined 
plane, both Qj and F^ will act up the plane. Then: — 

Q2 = W (sin 30** - M' cos 30'), 
6-7 = w(i-/.x --^-^). 
Substituting the value of ^ given in equation (1), we get: — 



13-4 = W - 50 s/3. 
W = 134 4- 50 X 1-732 = 100 lbs. 



From equation (1), we get : — 

50 - 

^ = ioo = -^v 

Example II. — Suppose a locomotive weighs 30 tons, and that 
the share of this weight borne by the driving wheels is 10 tons. 
Then, if the coefficient of friction between the wheels and the 
rails be '2, what load will the engine draw on the level if the 
required coefficient of traction be 10 lbs. per ton of train load? 
What load will this engine draw at the same rate up a«i incline 
of 1 in 20? 

Answer. — (1) On the level line. 

Let the circle represent one of the driving wheels of the 
locomotive, and let the wheel turn in the direction shown by 




Question on Traction and Fbiction. 

the arrow. Since there are two driving wheels the weight, w, 
on each will be 5 tons. 

Let F = Friction between each wheel and its rail. 
„ /t6 = Coefficient of friction between wheel and rail = '2. 

Then, F = At«^='2x(5x 2,240) = 2,240 lbs., 
and acts in the direction A F. 

12 
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At C, the centre of the wheel, introduce two opposite forces^ 
F, F, each equal and parallel to the force F at A. This will 
not affect the equilibrium of the system. After this has been 
done, it will be evident that the forces standing thus : — 
form a couple^ the moment of which is F x AC. 
^ This is the couple resisting the rotation of the 

I wheel about its centre, C, and, therefore, must be 

^ — >1 equal in moment but opposite in sign, to the couple 
due to the force on the crank-pin as caused by the 
steam pressure on the piston. In the meantime, we are con- 
cerned only with the remaining force, F, acting to the right at 
C. This force tends to pull the centre C, and, therefore, the 
whole train to the right. If R be the resistance offered by the 
train, then, si ace there are two driving wheels : — 

R = 2 F = 2 X 2,240 = 4,480 lbs. 

Let Wj = Total weight of engine and train in tons. 
Then, since the traction is 10 lbs. per ton, we get : — 

R = 10 Wi, 
10 Wj = 4,480, 
i.e.j Wj = 448 tons. 

The engine will, therefore, be able to draw a load of (448 - 30), 
or 418 tons without fear of the driving wheels slipping on the rails. 
(2) On the gradient. 

Since the inclination of the rails is small (1 in 20), we may 
assume the pressure or reaction between the wheel and rail to 
be still = w tons. 




Question on Traction and Friction. 

Hence, F will be the same as before, viz., 2,240 lbs. 
By reasoning as in the previous case, we get : — 

R = 2 F = 4,480 lbs. 

Let, Wg = Total weight in tons of engine and train on incline. 
Now, suppose the train to move from A to B, a distance of 
20 feet. Then, by the Principle of Worh^ we get: — 



TRACTION AND FRICTION ON INCLINED PLANE. 179 

(Work done against traction from 
A to B. 
+ Work done against gravity from 
AtoB, 

But, Total toork done = R x 20 = 4,480 x 20 (ft.-lbs.) 

Work done against traction = (10 x Wg) x 20 = 200 Wg ft.4bs. 

„ „ gravity = (W2 x 2,240) x 1 = 2,240 Wg „ 

4,480 X 20 = 200 Wg + 2,240 Wg, 

^ 4,480 X 20 «-, _„ . 
i.e., W2 = -^-2440 — = 36-72 tons. 

Thus, the engine will only be able to draw a load of 
(36-72— -30), or 6-72 tons up an incline of 1 in 20. Any load 
beyond this would cause a greater resistance than is provided 
for by the friction between the driving wheels and the rails. 

Example III. — What « must be the effective horse-power of a 
locomotive engine which moves at a steady speed of 40 miles- 
an hour on a level line, the resistance being estimated at 20 lbs. 
per ton, and the weight of the engine and train being 200 tons ? 
If the engine continue to exert the same power when ascending 
a gradient of 1 in 100, what would be the speed ? 

Answer. — (1) On the level line. 

Total resistance overcome = 200 x 20 = 4,000 lbs. 

Speed of train = 40 miles per hour. 

40 x 5,280 « -^^ j^ . . 

„ „ = ^^ — =3,520 ft. per minute^ 

/. Work done per minute = 4,000 x 3,520 (fb.-lbs.) 
_ 4,000 X 3, 520 _ 

^•^•- 3p00~-^^^- 

(2) On the gradient 

{Work done against friction per 
minute, 
+ Work done against gravity per 
minute. 

Let V = Speed of train on gradient in feet per minute. 
As before, Total work done^ 4,000 x 3,520 (ft.-lbs. per minute). 
Work done against friction = (200 x 20) v „ „ 

Work done against gravity = (200 x 2,240) x j^ „ „ 
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4,000 X 3,520 = 200 X 20 X r + 200 X 2,240 x 



100 



=:= 40 x 212 X V. 

4,000 X 3,520 



Or, 



V = 



40 X 212 
60 1? 



1660-37 ft. per min. 



5,280 



= 18*87 miles per hour. 




Double Inclined Plane. 



The Doable IncBned Plane. — Sometimes the double inclined 
plane is used, when a descending load is employed to draw up 
another load by means of a rope passing over a fixed drum or 
pulley at the summit of the incline. To understand the prin- 
ciple of this arrangement 
we shall suppose two in- 
clined planes placed back 
to back, as shown in the 
accompanying figure. 

Let W, be the ascend- 
ing and Wj the descend- 
ing load. 

The usual letters which we have hitherto employed with 
the suffixes 1 and 2 refer respectively to the inclined planes 
A B C and D B 0. 

When Wg is just sufficient to overcome W^, and neglecting the 
friction due to the pulley at B, we get for the plane ABC: — 

Q = Wi (sin a^ + fL^ cos a^), [from equation (lift)] 

And, for the plane D B 0, 

Q = Wg (sin ttg - iJ*2 ^^ «2)» [from equation (VII)] 

Wi (sin a^ + yt^i cos a^ = Wg (sin a^ - /i^ ^s ^2)' 

Wj _ sin «2 - /ti,^ cos «2 



Or, 



W, 



(X) 



sm ttj + fL^ cos ttj 

Putting Y = sin a^; Y = cos a^ ; and so on, the last equation 
may be written thus : — 






Ifi»i = f^2 = fh weget:— 



W^_lj(h -fib^ 



w; 






(X5) 
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In practice, we seldom find two planes arranged as shown 
above. One plane only is used, and the trucks run on parallel 
lines of rails, being connected by a rope or chain which passes 
round a pulley or drum at the top of the plane. In this case, 
a^ = a2 = a; Zj = ^2 = ^; ^1 = ^2"^* *^^ ^^® above equa- 
tions take the simple forms : — 



W| sin g - /£> COS g 
^ " sin a + /{<fc COS a 



(XI) 



Or, dividing by cos «, ^i=^^ (XI,) 

^'' wrjnnrb <^^> 

This determines the relation between W^ and "Wg, when Wg is 
just able to draw wp Wj. If Wg be greater than that obtained 
from equation (XI), the motion will be accelerated. To obtain 
a uniform motion for given loads, W^, Wg, we must either adjust 
the inclination of the plane, or provide the drum with a fric- 
tion brake when Wg is greater than necessary, or with the 
assistance of an engine when Wg is less than required. 

(1) To determine the requisite inclination of the plane when 
Wg is required to draw u/p Wj. 

From equation (XI^), we get : — 

Wj tan a + ft, W^ = Wg tan « - ^ Wg , 
f^ (Wg + Wi) = (Wg - Wi) tan g, 



tan a = //« 



w, - w,- 



(2) To determine the friction couple, which must he applied to 
the pulley or drum at the top of a double inoHned plane, in order 
to obtain a uniform miction when Wg is too great. 

This problem is very similar to the case of a driving belt 
transmitting motion in machinery. The tension in the two 
parts of the rope or diain is not now the same throughout its 
length, being greater on the side of the descending load Wg. 

Let Q^, Qg, denote the tension in the two parts of the rope 
or chain on ihe driven and driving sides respectively. 

Then, Q2>Qi. 
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The following figure represents a side elevation and plan of the 
double inclined plane with its pullej and loads, W^, Wg. 

Let M = Friction couple required to be applied to the brake 
wheel* B W, by the brake handle, B H. 
„ r = Radius of drums. 

Taking moments about the centre of this wheel, we get : — 

M + Qir = Q2r, 

M = (Q2 - Qi) r, (1) 

Q2 = Wg (sin a - yGfc cos a), 

Qj = Wj (sin a + fjb cos a), 

M = j(W2-Wi)sina-Ak(W2 + Wi)cosa|r (XII) 
M = ^ |/7 (W,- W,) - /^6 (W2 +W,)} . (XII«) 



But, 

And, 



Or, 





Pkactioal Example 07 the Double Inclined Plane. 

(3) If Wg is not sufficient to overcome W^, then a moment, M, 
must be applied to the pulley or drum, D, to assist it. 

In this case, by taking moments about the centre of the 
pulley as before, we get : — 

M + Q2r = Qir, 

M = (Q,-Q2)r, 

Hence, M = | (W^ - W2) sina + ,i{W^ + W2) COSa | r (XIII) 

Or, M = ^|a(Wi-W2) + /.6(Wi + W2)|. . (Xllla) 



THE DOUBLE INCLINED PLANK 183 

Example IV. — In a double inclined plane having a rise of 
1 in 20, the loaded and empty trucks run on parallel rails and 
are connected by a rope which passes over a pulley, 6 feet in 
diameter, at the top of the plane. Find the greatest number 
of empty trucks which a descending loaded one is capable of 
drawing up ; having given weight of each empty truck, 5 cwts., 
weight of material in loaded truck, 20 cwtg., the coefficient of 
traction on the level being taken at 20 lbs. per ton. Again, if 
5 loaded trucks going down pull up an equal number of empty 
ones, what must be the mean frictional resistance on the cir- 
cumference of a brake wheel, 3 feet in diameter, fitted on the 
pulley at the top of the incline, so that the whole may be kept 
moving uniformly? 

Answer.— -Let w = Weight of empty truck = 5 cwts. 

„ W = Weight of material in loaded truck = 20 cwts. 

Since the coefficient of traction on the level is 20 lbs. per ton, 

20 1 



fi, = 



2,240 112 • 



Again, since the inclination of the plane is small, we may 
assume: — 

That, cos a «= 1 and sin a = ^ . 

Now, let there be n empty trucks drawn up by a descending 
loaded one. 

Then, according to the previous notation : — 



[equation (XI)]. 



Wx 


= nw = 


= bn 


cwts. 


w. 


= W + 


to = 


25 cwts. 


w, 


_ sin a 


- H' 


cos a p 


w. 


~" sin a 


+ fi 


cos a ^ ^ 


bn 


1 

20 


1 
112 


xl 


25 


1 
2-0^ 


1 
112 


xl 


n 


23 






5 


"" 33' 






n 


115 
" 33 


= 3 fully. 
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Or, the greatest number of empty trucks that can be drawn 
up by 1 descending loaded truck is 3. 

Next, with 5 loaded trucks going down and 5 empty ones 
coming up, we have : — 

Wi = 5 W7 = 25 cwts.; W^ = b(W + w) = 125 cwts. 

and R = Radius of drum = 3 ft. 

The friction moment to be applied to the brake wheel at the 
top of the plane is by equation (XII) : — 

^ = {(^2 - Wi) sin a - /i(W2 + Wi)cos a | R. 

Substituting the above values, we get : — 

M = I (125 - 25) X i - y^ X (125 + 25) X 1 I 3 (ft.-cwts.) 

410 X 3 -, , 

„ — jy^ ".-cwts. 

le., M = 1,230 ft.-lbs. 

Let F = Mean frictional resistance applied at circumference 
of brake wheel 
„ r. = Radius of brake wheel = 1^ feet. 

Then, Friction couple = F x r = M. 

F X IJ = 410 X 3. 

... ■ F = ^^, ^^.820 lbs. 

Example V. — In the latter part of Example IV., suppose the 
operations to be reversed, so that the five loaded trucks are to 
be hauled up the plane by means of an engine situated at the top 
of the plane, the engine being assisted by the descending five 
empty trucks. Find the tensions in the two parts of the hauling 
rope, and the H.P. of the engine ; given the length of inclined 
plane, 1 mile and the time taken to complete the run, five 
minutes. 

• Answer. — From last example we get the following data : — 

Wj = Weight of five empty trucks = 25 cwts.,. 
Wg = „ „ loaded „ =125 „ 

fi = YY^j sin a = ^, cos a = 1, approximately. 

Let Qi = Tension in that part of rope attached to W^, 
„ Qg = Tension „ „ „ W^. 
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Then, since W^ is let down the plane, we get : — 

Qi = Wj (sin « - yofc cos a), [equation (VII)] 

Also, since Wg is pulled up the plane, we get : — 

Q2 = Wg (sin a + yofr cos a), [equation (lift)] 

Q2 = 125 (1 + jjg X 1) «^*8- = 825 lbs. 

Let I = Length of incline = 5,280 feet. 
„ < = Time taken to traverse it = 5 minutes. 
Then, Work done\ rWork done per minute hy rope in pulling 
by engines — \ up full trucks mimis work done per 



per minute) 



minute on rope by descending trucks. 



I 



••• H.P. of engine = 



7(Q2-Qi) 



5,280 X 710 



2272. 



33,000 5 X 33,000 

Screws. — The various forms of screw threads, their development, 
characteristics, and manu- 
facture, have been fully 
described and illustrated in 
our Elementary Manual of 
Applied Mechanics, and, 
therefore, need not be further 
considered here. In what 
follows we shall content 
ourselves by det* rmining 
l^e Advantage eLndFfficiency 
of the ordinary screw ar- 
rangement. Take the case 
of the square threaded screw 
working in its nut, and 
suppose the pressure, due 
to the load, W, to be uni- 
formly distributed along the 
bearing surface of the thread. 
Since the pitch angle, a, is 
everywhere the same, it will 
be sufficient to take a single 
point on the screw thread, 
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and consider the whole load, W, concentrated at this point. We 
have then the case of an inclined plane, A B C, 9s shown bj 
the accompanying figure, which represents an ideal helix or screw 
line, traced on a cylinder, and a development of one complete 
turn of this line. 

Let p = Pitch of screw thread, 
„ d = Mean diameter of cylinder of bolt, 
„ Q = Turning effort applied to lever or spanner, 
„ L a Leverage of Q measured from the axis of the bolt, 
„ /I = Coeificient of friction between nut and screw. 
„ H = Force acting along A due to the effort, Q. 

Then, by the " Principle of Moments," we get : — 
Q X L = H X I 

Or, ' Q = H X ^. 

And from equation (11^ ) in this Lecture :— 
H = W tan (a + p). 

Q « Ws^tan(a + <p). 

Or, ■W==2T*^(''+ ^^ ^^^^> 

JQ d / tan g + tan <p \ 
W 2TL VI - tan a tan (p)' 

But, from the figure, 

BO p . ^ 
tan a = -r— = = -^, and tan <t> = ih, 
A C ^ a 






Hence, 



ActnalAdvantage = ^=^(j^J). . . . (XYI) 

Efficiency of Screw. — Suppose the weight to be raised through 
a distance equal to the pitch, p. Then Q will have moved through 
a distance equal to 2 ^ L. Hence : — 
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^^^^^^y = qTtIl' 



2L 

d 



Vtan (a + p) ^ 2 ^ L/ 



1 



" tan (a + p) crc?' 

ie., Efficiency - ^^^^^ ^^ (XVII) 

Maximum Efficiency of Screw. — We can now find what value of 

a will give the greatest efficiency. Clearly the efficiency will be a 

, tan a . . 

Tnaximum when ; r is a maximum. 

tan (a + p) 

T> . tan a sin a cos (a + <p) 

XSUt. 7 ; r = ; ; : , 

tan (a + <p) cos a sin (a + <p) 

sin (2 a + ^) - sin p 
' " "" sin (2 a + 9) + sin p* 

2 sin f> 



= 1 - 



sin (2 a + p) + sin p * 

From this it is clear that the efficiency will be a maanmum 

, 2 sin o 

when -. — j^ ^ : IS a minimum. 

sm (2 a + p) + sm 9 

i.e.f when -; — j^ ^ : — is a minimum. 

sm (2 a + 9) + sm p 

i.e., when sin (2 a + f ) is a maximum. 

But the greatest value for the sine of an angle is unity, and this 
occurs when the angle is 90*. 

Tlie efficiency tmll, there/ore, he a maadmum when : — 

2 a + p = 90". 

Or, a= ib"" - |. 

Substituting this value for o. in the expression for the efficiency, we 
get:— 
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tan 



Mazimnm Efficiency = 



tan 



("•-!) 
(«•*!) 



1 - tan I 1 + tan I 



1 + tan ^ 1 - tan 



_ / I - tan ^ 9 \g 
~ VI + tan i ^; ' 

But ^ is always a small angle, and we may, therefore, sub- 
stitute ^ iii for tan ^ ^, so that : — 

Maximum Efficiency = L ' \ ) (approximately). 

From this we see that for the maximum efficieney in the case of 
a screw the best pitch angle is 45* nearly. 

Taking the coefficient of friction = '16, and pitch angle 45% 
we get : — 

/I -ix -16x2 
Maximum Efficiency = [-^ — | — -^ \ = -72 or 72 per cent, nearly.* 

If the piteh angle be greater than 45°, it will be possible to 
reverse the action of the screw, so that a weiglit, W, on the nut 
or screw may be able to overcome a small force, Q, on the end of 
the lever. Instances of this may be met with in some forms of 
hand drills, and in certain instruments used for domestic purposes. 
The student will be able, from the general investigations in 
Lecture VII., to prove that the efficiency of a screw when working 
in the reversed way is given by the equation. 

Reversed Efficiency = — ^^ " ^^ . 

Non-reversibility of Ordinary Screws and Nuts. — In bolts and 
most other applications of screws the pitch angle is very much less 
than 45*, consequently, the efficiency of these screws is often 

* In the case of the Sprague-Pratt Electric Elevators of New York an 
efficiency of over 90 per cent, is claimed for the nut and screw, owing to 
the introduction of hardened steel friction balls between the screw and nut 
threads. The author had an opportunity of testing roughly the efficiency 
of these elevators, and can testify to their excellent design, workmanship^ 
and action. 
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lower than 20 per cent. In such cases, however, mechanical 
advantage and non-reversibility are the objects chiefly aimed at, 
and not high efficiency. 

Tension in Bolts due to Screwing Up. — Consider the case of a 
square-threaded screw. 

Let W,= Tension in bolt due to screwing up, 
Q s: Force applied at end of spanner, 
L = Length of spanner, 
d = Mean diameter of bolt thread, 
p = Pitch of thread, 

jM = Coefficient of friction between screw and its nut, 
fii = ,9 „ nut and its washer. 

Then, Friction between nut and toaaher = il^ W. 

Suppose this friction to act at the circumference of a circle of 
diameter D ; in other words, let D be the diameter of the frictiom 
circle between nut and washer. 

Then, Friction moment between nut and waaJier = /m.W x ^ . 
Hence, by taking moments about the axis of the bolt, we get : — 
QxL = Hx| + /.iWx5 

[From previons formula for H and equation XV.] 
W= 2QL 



p -^ fj^'jrd J _, 

^—j— d + tJ..T> 

'Trd - fip ^ 

The average length of a spanner is L = 15 c?, and D may 

be taken at « d, while A^i = a* very nearly. 

Hence, Tension in bolt = W ^ f (^^ " ^/-)^ Q. 

For ordinary sized bolts we may take y* = 015, andjp = 0*16 d. 
Hence, substituting these values in the last equation, we get : — 

Tension in bolt = ^^ ""376^^^ Q = 75 Q, nearly. 
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Now, suppose a force of 30 lbs. to be applied at the end of the 
spanner by a workman, then : — 

Tension in bolt = 75 x 30 = 2,250 lbs., 

This tension would be about sufficient to break a wrought-iron 
bolt f inch in diameter, and would seriously injure a bolt ^ inch 
in diameter. 

Hence the practical rule : — That bolts less than f inch in dia- 
meter should never be employed for joints requiring to be tightly 
scveioed up. 

In estimating the friction of such machines as screw jacks, 
where the end of the screw terminates in a loose cap supporting 
the load, the friction between the cap and the part of the screw 
supporting it must not be neglected. In many cases this friction 
is about as great as that between the thread of the screw and 
its nut. 

Example VI. — Apply the Principle of Work to calculate the 
relation of the effort, P, to the resistance, W, in the following 



QP 




End View. Side View. 

Pulley, Worm, Wobm-wheel, and Winch Drum. 

Index to Parts. 



GP represents Grooved Pulley. 
Wm „ Worm or endless 



WW represents Worm-wheel. 
D „ Drum. 



combination : — In a model to show the action of an endless screw 
and worm-wheel, the pulley which turns the screw is 18. inches 
in diameter, the screw is double threaded, and the worm-wheel 
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lias 30 teeth. On the axis of the worm-wheel is a drum 4^ 
inches in diameter round which the cord is coiled. What load^ 
W, hanging on this cord would be supported by a weight, P, of 
14 lbs. at the oircumference of the pulley, friction being neglected? 

Answer. — Two views of the essential parts of this combination 
are given above. 

Let R = Radius of pulley == 9 inches. 
» ^ = „ drum = 2i „ 
„ N = Number of teeth on worm-wheel = 30. 
„ n = „ threads on endless screw = 2. 

If lihe effort, P, receive a displacement equal to the circum- 

ference of the pulley, then the worm-wheel will make :^ of a 

turn, since every complete turn of the worm displaces n teeth 
on the worm-wheel. Hence : — 

DisplacemerU o/W =^ ^ x 2ncr. 

But, by the Principle of Work, we have : — 

P X ito displacement = W x its displacement. 

P X 2«'R = W X ^ X 2flrr. 

P nr 
W " N R* 

Substituting the values of P, n, N, r and R, we get : — 

11 = _liL?i. 

W 30 X 9 ' 
W = 840 lbs. 
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Lectukk IX. — QtTsanoNs. 

1. State Bad prove the relation between the weight, W, of a body 
resting on a rouga inclined plane, the reaction, R, from the plane, and the 
force, Q, necessary to just balance the weicht: (1) when the force, Q, acts 
parallel to the plime, (2) when it acts parallel to the base, (3) when it acts 
at an angle, 6, to the plane. 

2. The resistance of friction along an inclined plane is taken at 150 lbs. 
for each ton of weight moved. Find the work done in drawing 2 tons up 
100 feet of an incline which rises 1 foot in height for 25 in length. 
^n«. 47,920 ft. -lbs. 

3. If 150 lbs. per ton is a sufficient tractive force to draw a loaded 
wasgon alons a horizontal road, what tractive force per ton will be required 
to draw the load up an incline 1 in 10? Afu, 374 lbs. per ton. 

4. What must be the effective horse-power of a locomotive engine 
which moves at a steady speed of 40 mifes per hour on a level rail, the 
resistance being 15 lbs. per ton, and the weight of the engine and train 
being 100 tons? If the rails were laid at a gradient of 1 in 100, what 
additional horse-power would be required? Ana, 160 H.P.; 238 '93 H.P. 

5. A train of 200 tons ascends an incline which has a rise of '5 foot per 
1/ cent, {i.e., 5 feet in 1,000), with a imiform speed of 30 miles per hour, 

what is the effective horse-power of the engine, the friction being 5*5 lbs. 
to the ton ? Aw<, 267 '2 H.P. 

6. A train of 330 tons ascends an incline which has a rise of *2 per cent. 
{i.e,, 2 feet in 1,000), what is the maximum speed in miles per hour with 
an engine of 120 horse-power, the friction being 8 lbs. to the ton? 
Ane, 10*92 miles per hour. 

7. Prove the formula for the relation between the weights, W] and Wg, 
in the double inclined plane, taking friction into account. Ex, A double 
inclined plane is formed by two inclined planes placed back to back so that 
they have a common summit. Their inclinations to the horizon are 30** 
and 40" respectively. The weight of the body on the latter plane is 
500 lbs. ; find the greatest weight which it is capable of drawing up on the 
other plane, coefficient of friction in both cases being 0*2. Ans, 363*9 lbs. 

8. A stationary engine at the top of an inclined plane is employed to 
I draw loaded waggons up the plane, and is assisted by an equal number of 

-T empty waggons which descend by a parallel line of rails. The total weight 
of loaded waggons is 35 tons, the weight of the descending empty ones 
being 12 tons. Find the maximum H.P. developed by the engine, the 
maximum speed of the waggons being 6 miles per hour ; inclination of plane 
1 in 15 ; coefficient of traction on the level being taken at 10 lbs. per ton. 
Find also the tensions in the two ropes. Ann. 62*48 H.P. ; 5,577 lbs.; 
1,672 lbs. 

9. Define the pitch of a screw. In the Whitworth angular screw-thread, 
what is the angle made by opposite sides of the thread ? To what extent 
is the thread rounded off at the top and bottom ? Distinguish between a 
single and a doubte-threaded screw ; in what cases would the latter be used ? 
Why are holding down bolts made with angular threads ? 

10. What is meant by backlash ? How may backlash be prevented in a 
«crew ? 

^ 11. Sketch and describe some form of screw-jack, and estimate the rela- 
tion between the force applied and the resistance overcome, friction being 
neji^lected. 
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12. Find the relation between Q and W in an ordinary screw-jack fitted 
with a square-threaded screw, taking friction into accotmt. In an ordinary 
screw-jack the mean diameter of the screw-thread is 4 inches, pitch of 
screw 1 inch, length of lever measured from axis of screw 4 feet ; nnd the 
weight raised by an effort of 60 lbs., applied at the end of the lever, the 
coeScient of friction being taken at 0*1. Ans. 3 '55 tons. 

13. Find an expression for the efficiency of the screw in last question, 
and state its numerical value for example giv^n. What are the conditions 
for maximum efficiency ? Prove your answer. Ans. 44 per cent. 

14. In question 12 find the weight raised and the efficiency of the appar- 
atus when the friction between the cylinder of the screw and the loose cap 
fitted thereon is taken into account. You may take diameter of friction 
circle for loose cap equal to meaii diameter of screw thread, and coefficient 
of friction same as before. Ana. 1*57 tons ; 19*4 per cent. 

15. State the principle of work, and apply it to calculate the relation of 
the force, P, to the resistance, W, in the following combination : — Ex. A 
worm-wheel having 16 teeth forms the nut of a screw of ^-inch pitch ; an 
endless screw, actuated by a lever handle of 14 inches in length, works in 
the worm-wheel. Find the pressure exerted by the screw when a force of 
20 lbs. is applied to the end of the lever handle. Ana, 25 tons. 

16. Explain the mechanical advantage resulting from the employment of 
an endless screw and worm-wheel. The lever handle which turns an end- 
less screw is 14 inches long, the worm-wheel has 32 teeth, and a weight, W, 
hangs by a cord from a drum of 6 inches in diameter, whose axis coincides 
with that of the worm-wheel. If a pressure, P, be applied to the lever 
handle, find the ratio of P to W for equilibrium. Ans. 3 : 448. 

17. Sketch and describe the screw lifting jack as fitted with screw and 
worm-wheel gear. The handle being 15 inches long, the pitch of the screw 
1^ inches, and the worm-wheel having 15 teeth, find the force on the 
handle for raising 5 tons (friction is neglected). (S. & A. Adv. Exam., 
1889.) ^?is. 9-91bs. 

18. A common screw-jack, with a lever 16 inches in length, has a worm- 
wheel of 20 teeth, and a screw of 1^ inches pitch. Sketch the arrangement 
and calculate the weight lifted by the application of a constant pressure of 
30 lbs. at the end of the handle, friction being neglected. (S. & A. Adv. 
Exam., 1892.) -4 tis. 48,255 lbs. 

19. The table of a drilling machine is raised by a worm and wheel in 
combination with a rack and pinion. Sketch the arrangement, and find 
what weight would be balanced on the table if a pressure of 12 lbs. were 
applied to the end of the handle, which is 12 inches long, the worm being 
single-threaded, while the worm-wheel has 30 teeth, and the pitch circle 
of the rack-pinion is 4 inches in diameter. Suppose the table and acces- 
sories to weigh 500 lbs., and that 45 per cent, of the work applied is lost 
by friction. (S. & A. Adv. Exam., 1892.) Ans. When the table is on 
the point of moving downwards then 3,427 lbs. is the maximum weight 
that can be balanced. When the table is on the point of being raised 
then 688 lbs. is the minimum weight which produces a balance. 
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LECTURE X. 

Contents. — Frictional Resistances and Efficiencies of Machines in General 
— Example I. — Application to the Steam Engine — Efficiency of a 
Beversible Machine — Example II. — Questions. 

Frictional Resistances and Efficiencies of Machines in General.— 
In Lecturer VII. we showed how to calculate the work lost ia 
friction in the cases of plane and cylindrical surfaces. As these 
are the principal kinds of rubbing surfaces in machinery, we might, 
if we knew the exact pressures between the various surfaces, cal- 
•culate the total frictional losses and thus find the efficiency of the 
machine. But there are other losses of work during its trans- 
mission, such as the bending of ropes, belts, chains, &c., which it is 
almost impossible to calculate with exactness. Even if we could 
calculate all these various losses, the task would be a most tedious 
and unprofitable one. Hence, in finding the efficiency of any 
machine, we have recourse to direct experiment on the machine 
as a whole, the results of which furnish us with data from which 
we can determine the exact efficiency. In general, however, a 
machine will not have the same efficiency when working under 
different loads, owing to the fact that the frictional and other 
resistances are not proportional to the effi3rts and loads. To make 
this clearer, suppose we take the case of a steam engine. Here 
the friction between the piston and its cylinder, the piston-rod, 
valve rods, &c., and their stuffing boxes, as well as the friction at 
the journals due to the weights of the flywheel and shaft, are, 
severally, constant in amount, whether the engine be developing 
full power or running light. Hence, in all machines there is a 
certain proportion of the frictional and other resistances constant, 
whatever be the magnitude of the effort and the load. This 
{as just explained in the case of the steam engine) is due to 
forces between the parts of the machine itself, such as the weights 
and inertia of the moving parts, or the resistances offered to the 
bending and stretching of parte, and which have little or no con- 
nection with the effort exerted or the load overcome. From these 
tacts we see that the lost work will be proportionally less, and the 
useful work proportionally mOre the greater the total work 
expended. In other words, the efficiency of a machine will, in 
ffenerat, be higher the greater the load. This statement, however, 
is not true for hydraulic and other machines where fluid reaistanoes 
occur, or where the speed of the machinery is very great. As will 
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be seen later on, fluid resistances increase very rapidly with the 
speed. In high-speed machinery the effects of the inertia of the 
moving parts introduce other serious losses "which must not be 
ignored when calculating their efficiency. 

The " Principle of Work," when applied to a machine, has 
already been written in the form : — 

Toted toork expended = Useful work done + Lost work. 
Or, Wt = Wxj + Wl [see eqn. (I.), Lect. lY.] 

The last term, Wl, is made up of two distinct parts — one part 
depending on Wt and Wxj, and a second part which is constant, 
and, therefore, independent of Wt and Wxj. Hence, we may 
put : — 

Wl = Afcj Wt + jci.2 Wu + C. 

Where fi-^ ^3 ^^® numerical coefficients, and yct^ Wt , /j*2 ^^ *^® ^^® 
frictional resistance due to the effort and load applied; while C 
represents an amount of lost work which is constant for the same 
machine. 

Wt = Wu + y^i Wt + /^, Wu + 0. 

Or, (l-yc.i)WT=(l + /.2)Wu+ C (I) 

This is a general equation for the " Principle of Work " as 
applied to machines. In most machines the coefficient, /^tp which 
depends on the effort, Q, must necessarily be very small, and majr 
sometimes be neglected. 

Dividing both sides of the equation (I) by (1 - ^) we get : — 

Or, Wt=(1+/)Wu + F (11^ 

Where/ r= ^^1— _^j a^d F f = -=— — j are new constants de- 
rived from the old ones, as shown. 

For some purposes, it is more convenient to write equation (II) 
in the following forms : — 

Wt = A; Wu + F (Ill) 

Or, .Qa; = AWy + F (IV) 
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Where (as in Lecture IV.) x and y are respectively the displace- 
ments of the effort Q and the load W, in a given time. 

Suppose the machine to run light. Then W » 0, and Q^ is 
the effort required to drive the machine. 

From equation (IV), we get : — 

That is, F represefnJtB fke work done in driving the machine 
unloaded. 

Dividing both sides of this equation by aj, we get : — 

This is the effort required to drive the machine light. 

Substituting the above value for F, in equation (IV), we get : — 

Qx = kWy + QqX. 



Or, Q = Aj W ^^ + Qo 



Q = AW| + Qo (V) 

This is a general equation connecting the effort Q and the load 

y 
W for any machine. Since the velocity ratio, — , is constant 

for the same machine, we might write the last equation in this 
convenient form : — 

Q = KW + Qo (VI). 

/Y 
Where, K = h/ — , and can be found by experiment for any 

machine. 

Example I. — In an ordinary block and tackle having three 
sheaves in the upper and two in the lower block, it is found 
by experiment that a force of 11 lbs. is required to lift a weight 
of 40 lbs., and a force of 24 J lbs. to lift a weight of 100 lbs. 
Find a general expression for the relation between Q and W in 
this arrangement, and the weight which could be raised by a force 
of 56 lbs. Find, also, the efficiency of the machine in all three 
cases, and the actual mechanical advantage. 

Answer. — The general relation between Q and W must be of 
the form : — 

Q = K W + Qo (1) 



FRICTIONAL RESISTANCE OF MACHINES. 199 

From the results of the first experiment, we get : — 

11 = 40K + Qo (3) 

And from the results of the second experiment, we get : — 

24J = lOOK + Qo (3) 

(3)-(2) 13i = 60K, 

*^~120""40* 

Substituting this value of K in equation (2), we get : — 

9^ 
40 



n = ,~ X 40 + Qo, 



Qo = 2 lbs. 

Or, the effort required to drive the machine light is 2 lbs. 

Substituting the values of K and Qq in equation (1), we get : — 

Q=^W + 2 (4) 

which is the general formula required. 

To find the weight which could be lifted by an effort of 56 lbs., 
we snbstitute this value in equation (4), and get: — 

66 = 4 W + 2, 

W = 5L^ = 2401b8. 

The efficiency of the machine in any case is found from the 
usual formula, viz. : — 

„- . _ Useful work done _^ W y ^ W v 
Jijficiemy - Total work expended "" "Q^ ~ Q V * 

Since there are five ropes supporting the weight, W, in this 
system of block and tackle, it is clear that : — 



V "" 5* 

1 W 
Efficiency = « -q-« 
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When raieing the weight of 40 lbs., we get : — 

1 40 
Efficiency = 5 ^ TT = '^^^' ^^ ^^*^ P®' ^®^*- ^^) 

When raising the weight of 100 lbs., we get : — 

Efficiency = v x —^ = -816, or 81-6 per cent. (2) 

When raising the weight of 240 lbs., we get : — 

1 240 
Efficiency = - x -^ = -857, or 85-7 per cent (3) 

The student should notice how the efficiency increases as the 
load, W, is increased. 

The actiuil advantage} _ W _ 40 _ q.«o 
when raising 40 lbs. > "" ^ ~" IT ~" 

By multiplying the numbers exjiressing the efficiencies by 5 
(the number of ropes attached to the lower block), we get the 
actual mechanical advantage in each case. 

Application to the Steam Engine. — Since the above reasoning is 
applicable to all machines, when the frictional resistances are not 
greatly influenced by speed, &c., we may here show its application 
to the steam engine. 

Let pm = Mean pressure on piston in lbs. per square inch. 

„ pu = Mean pressure per square inch (being part of /?,«) 
required to overcome the usefcd load, W. 

„ po = Mean pressure per square inch required to drive 
the engine when unloaded, or simply the "fric- 
tion pressure " per square inch. 

V 

Since, — or the velocity ratio does not enter into this case, 

and all the pressures are considered as acting on the same piston, 
we get from equation (V) : — 

/>m = ^ JE>u + />o . 

By experiment it is found that the constant po, called the 
" Friction Pressure," has a value between 1 and 1 J lbs. per 
square inch, in ordinary land engines, and about 2 lbs. per square 
inch in marine engines. The value of k is about 1-15, but varies 
with both size and s[)eed of engine. In lai^e or high-speed engines, 
k is often less than 1*15, though it can never be less than 1. 
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Efficiency of a Reversible Machine.— The student will have 
noticed, from the Table of Efficiencies in Lecture 11. , the great 
difference in the efficiencies of such machines as the ordinary block 
and tackle, and the Weston's pulley block. In the examples 
worked out at the end of Lecture IV., it was proved that the 
efficiency of the former machine may be as high as 75 per cent., 
while the efficiency of the latter never reaches 50 per cent., and 
seldom exceeds 40 per cent. He also knows that when the 
efficiency of any machine is less than 50 per cent, it will not 
reverse, even if the hauling force or effort be withdrawn. Hence 
the difference in the working of the two machines just mentioned. 
The " block and tackle " is, under ordinary conditions, a reversible 
machine (i.e., the load at the lower block is capable of overcoming 
a smaller load at the hauling part of the i*ope), while the Weston's, 
pulley block will not reverse even when the hauling force is 
entirely withdrawn. To lower the load with a Weston's block 
a force has to be applied to the opposite part of the hauling 
chain from that at which the effort had to be applied when raising 
the load. 

The screw, wedge, and worm-wheel arrangements are, generally 
speaking, examples of non-reversible machines. In fact, their 
usefulness depends to a large extent on this condition. 

We can now show that the efficiency of a machine, when work-^ 
ing reversed, is not the same as when working in the usual way. 
Further, if the efficiency of any machine be less than '5 or 50 
per cent., it is not revei-sible. 

We have seen that in any direct working machine the " Prin- 
ciple of Work " takes the form : — 

(1 - A^i) Wt = (1 + A^a) Wu + 0. [equation (I)] 
Or, (l- fi,)Qx^ (1 + fi^)Wy + C . . . . (1) 

where the coefficients, fi^ and fi^, have the meanings already 
assigned to them, and represents a quantity of work absorbed in 
the machine, but which is independent of both Q and W. 

Now, suppose we gradually diminish the effort, Q, until the 
machine reverses. When this takes place, let the new value of Q 
be denoted by w, so that the new load is w, and the original load, 
W, becomes the new effort. The above relation being still- 
approximately true, we only require to substitute the new values 
for the new effort and load. At the same time it must be observed 
that the coeflBcients, ^^ and fi^y ^^^ taken along with their proper 
terms, w x and W ?/; i.e., ^^ to 03 is the lost work due to new load, 
«?, while ^2 ^ 2/ ^s lost work due to new effort or original load, W., 
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Then :— 

(l-y^2)Wy = (l+/tti)ti;a; + C. . . ' . . (2) 

Now subtracting equation (2) from (1), in order to eliminate O, 
we get : — 

Dividing both sides by (1 + fii) and W y, we get : — 

wx _ 2 /I - fi{\ Q X 

w^" iT7^"vrT^ywy- 

„_ . , , Useful work done in raising i«? 

^fficieney when reversed = =— — j = j~Tir~w~- 

•*^ ^ Total work expended by W 

^ wx 

2 {lzJh\ _Q^ 

But -pr-^ = the original efficiency of the machine, or efficiency 
y X 

when working in the usual manner. 

/. Efficiency of Machine ) ^ 2 __ / 1-M ^ 1 / vil^ 
. when Reversed j 1 + a^i \1 + a^/ v ' ' 

where n denotes the original efficiency of the machine. 

It is clear that the machine will not reverse unless the above 
efficiency be greater than — 

2 /I - fiA 1 

t.6., unless . . -.^-^^ - (^rTT^j ^-^ > ^• 

t.e., unless i > [-. -) x -. 

i.e., unless 1 > i (1 - /^i)- 

Consequently, the machine will not reverse until the original 
efficiency, jj, be greater than J (1 - fii), and, if it be less than this, 
it will not reverse even if the original hauling force, Q, be entirely 
withdrawn. For, if jj = J (1 - fJi^), the efficiency of the machine 
when reversed would vanish (as may be seen by substituting this 
value in equation (YII) ). If j? < J (1 - /c^), the efficiency would • 
be negative, which is absurd. 
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We have already stated that in most machines the fraction, ^j, 
is very sinaU, and may be neglected. Hence we get the important 
statement that 

A machine will not reverse even when the hauling force is 
entirely withdrawn, if the efficiency is less than \ or 50 per cent. 

Example II. — Apply the "Principle of Work" to calculate the 
relation between P and W in the screw lifting jack, fitted with 
screw and worm-wheel gear. The handle which works the jack 
has a radius of 14 inches, pitch of screw 1 inch, number of teeth 
on worm-wheel 20, and the worm is double threaded; find the 
force which must be applied at the end of the handle in order to 
raise a weight of 4 tons, friction being neglected. If the actual 
force reqiiired to raise this weight be 40 lbs., what is the eificiency 
of the apparatus 1 

Answer. — Let L = length of handle, p = pitch of screw, 
N = number of teeth on worm-wheel, n = number of threads on 
worm. 

(1) Suppose the handle to make one complete turn. Then, 
since there are n threads on the worm, and N teeth on the worm- 
wheel, it is clear, that for one turn of the handle, the worm-wheel, 

which forms the nut of the screw, will have made =^ part of a 

complete turn. Hence the weight,, W, will have been raised 

through a height :^ y. p. 

/. By the Principle of Work, we get : — 

P X its displacement = W x its displacement. 

Px2flrL = Wx^xj[?, 

P np 

w"^VOr' 

(2) In the example jp = 1", L = 14", w = 2, N = 20, W = 4 x 2,240 
lbs. 

P = 4 X 2,240 X J "" ^ lbs., 



22 
2 X y X 14 X 20 



= 1018 lbs. 



P 10*18 
(3) Efficiency ^ Q^ ^ "ilT ^ '^^^^' ^^ ^^'^^ percent. 
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Lecture X.— Questions. 

1. EKpIain why the force necessary to drive a machine does not vary in 
exact proportion with the load. 

2. With a pair of three sheaved blocks it is found by experiment that 
a weight of 40 lbs. can be raised by a force of 10 lbs., and a weight of 
200 lbs. by a force of 40 lbs. Find the general relation between P and W, 

and also the efficiency when raising 100 lbs. Am. I* = T? ^ + S"? '784 

or 78*4 pr cent. 

3. With a screw jack it is found that a force of 47*5 lbs. must be 
applied at the end of the handle to lift 1 '5 tons, and a force of 85 lbs. to 
lift 3 tons. Find what force will be required to raise 2 tons. Ana. 60 lbs. 

4. If the length of the handle in the above example be 2 feet and the 
pitch of the screw J inch, find the efficiency in each case. Ans. 35*3, 39*5, 
and 37*3 per cent. 

5. Find the ** friction pressure" of a steam engine which requires a mean 
effective pressure of 24 lbs. per square inch to drive it at full load, 20 lbs. 
being taken up in overcoming the load. At three-quarters load a mean 
effective pressure of 18*5 lbs. is required, of which 15 lbs. is similarly 
taken u^. Ans. 2 lbs. per square inch. 

6. It is found that a force of 2 lbs. must be applied to the handle of a 
crane in order to wind up the rope when no weight is attached and of 
80 lbs. when liftijjg a weight of ]0 cwts. If the velocity ratio be 20, find 
the efficiency in this last case and also when the force at the handles is 
lessened so as just to allow the weight to descend. Ans. 70 per cent. ; 
57 per cent. 
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PART II. — GEARING. 



LECTURE XI. 

Contents. — Definition of Gearing — ^Train of Wheels— Pitch Surface— Pitch 
Circle — Definitions of Pitch Surface, Pitch Line or Pitch Circle, Pitch 
Point — Sizes of Spur and Bevel Wheels — Velocity-Ratio of Two 
Wheels in Gear — Angular Velocity- Ratio — Definition of Angular 
Velocity— Velocity-Ratio of a Train of Wheels— Definition of Value 
of Train — Example I. — Intermediate or Idle Wheel — Marlborough 
Wheel — Change Wheels for Screw Cutting Lathes — Example II. — 
Force-Ratio and Power Transmitted by Gearing — Examples III. and 
IV. — Questions. 

Definition of Gearing. — The term gearing is applied generally to 
any arrangement of wheel- work or link- work, for transmitting 
motion and power from one place to another. Engineers, how- 
ever, restrict the term to denote any combination of wheels used for 
the transmission of motion and power from one shaft to another. 

When the wheels are so arranged that they are capable of com- 
municating motion fram one to the other, they are said to be in 
gear ; otherwise they are said to be out of gear. 

Train of Wheels. — When a number of wheels are employed in 
transmitting motion and power from one place to another, it is 
usual to so aiTange the wheels that each shaft, except the first 
and last, shall carry two wheels of diflTerent sizes; the smaller of 
these is- made to gear with the larger one on the shaft next in 
order. Such an arrangement is termed a Train of Wheels. 

In any train of wheels, that wheel which causes motion is 
termed the Driver, and that which receives the motion is called 
the Follower, Usually, however, the terms driver and follower 
are applied to any contiguovs pair of wheels in the train. 

The connection between a driver and its follower may be made 
in either of three ways : — 

I. By rolling contact at their surfaces, as in toothless wheels or 
friction gearing, 

II. By sliding contact of their surfaces, as in toothed gearing. 

III. By heltSy ropes, or chains. 

The first two methods are adopted when the shafts to be con- 
nected are close together. In such cases the wheels are in actual 
contact with each other. The third method is adopted when the 
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eliafts are so far apai*t that it becomes impracticable or incon- 
venient to use friction or toothed wheels. However, circumstances 
other than the mere distance apart of the shafts often determine 
which method of connection should be adopted. The advantages and 
disadvantages attending each method will appear in what follows. 

In this Lecture we shall deal with the velocity- and force-ratios 
communicated by wheels in gear, particularly with friction and 
toothed gearing, leaving their theory of construction and design to 
subsequent Lectures. We begin by defining a few of the general 
terms employed. 

Pitch Surface — Pitch Circle. — Motion may be communicated 
from one shaft to another by rolling contact between the surfaces 
of bodies rigidly fixed to the shafts. The shafts to be connected 
may be (1) parallel, (2) intersecting, or (3) neither parallel nor 
intersecting. The third case will not come under our notice in 
this text-book. The velocity-ratio transmitted may i-equire to be 
cansicmt or variable. It is only for very special machinery that a 
variable velocity-ratio is required, and we shall, therefore, not 
consider it here. We have, therefore, to consider the case of a 
constant velocity-ratio between two parallel or intersecting shafts. 
The rigid bodies fixed to the shafts, and through which the 
motion has to be transmitted, must be cylindrical for parallel 
shafts, and conical for intersecting shafts. These bodies we shall 
now call wheels, being spur or bevel, according as they are cylin- 
drical or conical — t.e., according as they are used to connect 
parallel or intersecting shafts. 

The surfaces of the wheels, which, by their rolling contact, com- 
municate the required velocity-ratio, are called Pitch Surfaces. 
In ordinary friction gearing these pitch surfaces have a real 
physical existence, but in toothed gearing they have no such 
existence. However, for constructive and other purposes, it^is 
necessary to imagine such surfaces as also existing in their case. 
Hence, we have the following : — 

Definition. — The Pitch Surface of a Toothed Wheel is an 
ideal surface (intermediate between the crests of the teeth and 
the bottoms of the spaces), which, by rolling contact with the 
pitch surface of another wheel would communicate the same 
motion that the toothed wheels communicate. 

Definition. — The Pitch Line or Pitch Circle is a section of 
the pitch surface perpendicular to it and to the axis of the shaft. 

In the case of cylindrical pitch surfaces, the surface of section 
is a plane perpendicular to the axis of the shaft ; while for conical 
pitch surfaces it is a sphere having its centre at the apex of the 
cone. 



208 LECTURE XI. 

Definition.— The Pitch Point of a pair of wheel& in gear is 
the point of contact of their pitch lines or circles. 

In bevel gearing only frusta of the conical surfaces are employed. 

Equal bevel wheels having the angle at the apex of their pitch 
cones equal to a right angle are called Mitre Wheels. Mitre 
wheels are used when two shafts at right angles to each other 
have to rotate with equal speeds. 

Sizes of Spur and Bevel Wheels.— The size of a spur wheel is 
measured by the diameter of its pitch circle. With bevel wheels, 
however, the pitch circle is of variable diameter. For some pur- 
poses, the size of the bevel wheel is measured at the larger end of 
the conical frustum, while for other purposes it is measured at a 
pitch circle half way between the larger and smaller ends of the 
frustum. For mere convenience in stating the relative sizes of 
bevel wheels, the first of these methods is adopted ; but for 
calculations relating to power transmitted, «fec., we require to 
adopt the second method. In applying the following results of 
this Lecture to bevel gearing, it must, therefore, be remembered 
that the diameter, pitch circle velocity, <fec., refer to the pitch 
circle ludf way between the larger and smaller ends of the 
frustum. 

Velocity-Ratio of Two Wheels in Gear. — When toothed gearing 
has properly formed teeth, and the wheels are accurately in gear, 
then the velocity-ratio transmitted is kinematically identical with 
that obtained by the rolling of their pitch surfaces in contact 
without slipping. Hence, in what follows, we shall consider the 
velocity-ratio of the pitch circles only. 

Let A and B be the centres of two wheels in gear. 
„ Dj, Dg = Diameters of pitch circles A and B respectively. 
„ Nj, Ng = Number of revolutions of wheels A and B „ 

in unit time. 
„ Wj, Wg = Number of teeth on „ » » 

Then, since no slipping takes place, we must have : — 

Cir currier ential Velocity o/A = Circumferential Velocity o/B. 

AT Di Ni = fT Dg Ng . 



Or, 



W, -Dg 
Also, 3- = ^ 

No D 



N, Do no ^^^ 
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Consequently, Tlie speeds of two wheels in gear, are inversely as 
their diameters or number of teeth. 

Angular Velocity-Ratio. — Sometimes we require to know the 
tingular velocity-ratio of two wheels in gear in terms of their 
diameters or number of teeth. This we now proceed to determine, 
but, in the first place, we give the following : — 

Definition. — The Angular Velocity of a rotating body is the 
circular measure of the angle described in unit time by any line in 
that body. 

Let «j, (ti.2 = Angular Velocity of wheels A and B respectively. 




Velocity-Ratio of Two Cibculab Discs. 

Daring a small interval of time let the radii, A C, B 0, be dis- 
placed through tho angles & and <p into the positions A D, B E 
respectively. 



Then, 

But, 
i.e.y 

Or, 



Arc C D = Arc C E. 

r^& = r^ <p. 
r^ _<p 



w., r, Dt ' 



Hence, 



J?! = ?^ = ?2 ^ ^2 



N2 D, 



(11) 
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CongeqmtiMjythe migulmr velocities of twofujheds in gta^y are 
inversely as their diameters or number of teeth. 

It may be useful here to state the relation beimr«en tbe^Aqg ular 
Y^Hod^j of.A wheel and the linear velocity of a pomt on its. pitch 
drele. 

Let V = Linear velocity of a point on the pitch circle. 
„ ,« = Angular velocity of wheel. 
„ r ^ Badius of pitch circle. 

Since oj is the angle described in unit time by any radius^ 
then : — 

Arc described in unit tim>e hy a\ _ 
point a< distance, r, from axis^ J ~ 

But the length of this arc represents the velocity, V. 

Hence, Y = cor. 

Again, since V = 2 ^ r N. 

2 ^ r N = ft> r. 

Or, w = 2-^^ 

Velocity-Ratio of a Train of Wheels. — In qu<Bstions relating 
to trains of wheels there is a certain advantage in denoting the 
radii, diameters, or number of teeth on the various wheels by 
single letters, such as A, B, C, ... , which letters also may 
indicate the wheels themselves.* 

Dbpinition. — The ratio of the number of revolutions of the 
last wheel in a train to the number of revolntions of the £rst 
wheel in the same time is called the Value of the Train. 

Thus, denoting the value or velocity-i-atio of the train by e, 
we get : — 

Revolutions of last wheel in any time 



e = 



Revolutions of first wheel in the same time * 



Let Np N^ denote the number of revolutions made by firit and 
last wheels in a train in a given time ; then : — 

e = ^ ; or, Ni = e Ni (Ill) 

* In the Elementary Manual on Applied Mechanics, we denoted the 
drivers of a train of wheels by Di, Dj, Ds, &c., and the followers by 
F,, Fs, Fs, ftc. (see Lecture XII. of the same). Students may adopt either 
Bsethod of notation. 
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Th« fignre shows a train of wheels, A, B, C, D, E, and F, 
whereof A may be called the first wheel, or driver, and F the last 
wheel, or follower. On each of the intermediate shafts, BO, D E, 
there are two wheels of different sizes, the smaller wheel of each 
shaft gearing with the larger one on the following shaft. From 
what has been said at the beginning of this Lecture, we may con- 
• sider each of the pairs of wheels. A, B ; 0, D ; and E, F, as 
driver and follower with respect to each other. The first and 
last shafts, A and F, each carry one wheel only. 

Let Nj, Ng, Ng, N^ denote the speeds or number of revolutions 




Velocity^Ratio of a Train op Whebls. 



per minute of the first, second, third, and fourth shafts respec- 
tively : — 



Then, 



N2_ A 



N, 



B 



?3 

No 



0^ 
D 



n: 



E^ 
F' 



Multiplying together the corresponding sides of these three 
equations, we get : — 

A. C E^ 
B ^ "D "^ F ' 
K4 _ A X X E 



^^ X ^ X ^ 



N, 



B X D 



ue,. 



«n. 1 .X- X. A X C X E 

.^Thfi TClocity-ratiOie = ^ir^fi — v- 

, B X D X F 



(IV) 



212 LECTURE XI. 

This is true, however many wheels are in the train, and thus 
we have the following rule : — 

( Product of radii, diameters, or number 

Value of a Train _ 1 of teeth of aU the drivers ^ 

f Product of radii, diameters, or number * 
( of teeth of all the followers 

Example I. — The table of a planing machine has to be moved 
backward and forward at the rate of 12 feet per minute by a rack 
and pinion arrangement underneath it. The geanng consists of 
three shafts ; the first carrying the pinion which gears with the 
rack ; the last carrying the pulley on which a belt works. The 
pinion gearing with the rack has 12 teeth of IJ inches pitch. On 
the same shaft as this pinion is a wheel of 40 teeth. This wheel 
gears with a pinion of 15 teeth on the second shaft. A wheel 
of 30 teeth on this shaft geara with a pinion of 12 teeth on the 
last shaft. Find the number of revolutions of the last shaft per 
minute. 

Answer. — Let A, B, 0, D denote the numbers of teeth on the 
wheels gearing together, where : — 

A = 40, B = 15, C = 30, D = 12, 

A X 40 X 30 20 



Then, e = 



B X D 15 X 12 3 



Since the pitch of the teeth on rack and pinion is IJ inch, and 
the speed of the rack is 12 feet per minute : — 

»\ devolutions of first ) _ Speed of table 

shaft per minute f ~~ Circumference of pinion ' 

_^ 12 X 12 inches per minute 
" 12 X li inches ' 

» » ~ 5 ~" ^' 

/. Revolutions of last 1 _ ^^ 20 

shaft per minute f - « J^i a - -3- x J^^ - 64. 

Intermediate or Idle Wheel. — Sometimes a wheel carried on a 
separate axle is interposed between two other wheels, or introduced 
into a train of wheels, for the purpose of changing the relative 
directions of rotations of the first and last wheel. Such an inter- 
mediate wheel is called an idle wheel, because it does not affect the 
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numerical value of the traio, but only its sign. That an idle 
wheel has the effect just stated may easily be proved by considering 
the velocity-ratio of a pair of wheels connected through an inter- 
mediate one. 

Instances of the use of idle wheels are very common in gearing, 
but the two following will serve as examples : — 

I. Marlborough Wheel. — When two parallel shafts, A and C, 
are so close together that they cannot be conveniently connected 
in the ordinary way, a broad wheel, B, called a Marlborough wheel, 
may be introduced as shown. This wheel has the effect of causing 
the shafts, A and C, to rotate in the same direction, but in no 
way does it affect the velocity-ratio which would be obtained by 
the direct gearing of the wheels A and C. There are other 
methods whereby the same object could be attained as with a 






B 


^^ 
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^ ' 1 


B 


____ 
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m 


m 


^M 




A 


1 
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Marlborough Wheel. 

Marlborough wheel arrangement ; but with these we are not at 
present concerned. 

II. Change Wheels for Screw Cutting Lathes.-^ — In screw 
cutting lathes, a train of wheels, called change wheels, is inter- 
posed between the back end of the lathe spindle and the leading 
screw, for the purpose of transferring motion to the saddle, and 
determining that the cutting tool shall be moved through a 
definite pitch for each rotation of the cylinder to be turned or 
screwed. Every turn of the leading screw moves the saddle and 
cutting tool through a distance equal to its pitch, and, conse- 
quently, if the bar to be screwed turn at the same rate as the 
leading screw, the pitch of the screw cut upon it will be the same 
as that of the leading screw. If it move faster than the leading 
screw, the pitch will be less; and if slower, the pitch will be 
correspondingly greater. It therefore follows as a matter of 

* See the author's Manual on Applied Mechanics, Lecture XVL, for 
description, &c., of a screw catting lathe. 
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course, that if we fit wheels on the lathe spindle and on the 
leading screw of the same diameter, or having the same numher 
of teeth, the screw^ being cut will have the same pitch as the lead- 
ing screw. If we fix a small pinion, or one with few teeth, on. the 
lathe spindle and a wheel of large diameter, or many teeth, on the 
leading screw, the pitch of the screw to be cut will be small, com- 
pared with that of the leading screw. The leading screw is generally 
right-handed, in which case the screw to be cut will be right-handed 
or left-handed, according as its direction of rotation is the same as, 
or. dif{ei*ent from, that of the leading screw. In the former case, 
there must be at least one intermediate axis between the lathe 
mandril and the leading screw. If the wheels on the lathe man- 
dril and on the end of the leading screw are of the proper size for 
the necessary velocity-ratio, then the intermediate axis must carry 
an idle wheel. Sometimes the wheels required to give the proper 
velocity-ratio and relative direction of rotation cannot be correctly 
adjusted without the interposition of more wheels in the train, 
when it may be necessary to introduce one or more idle wheels. 

Let pc = Pitch of screw to be cut, in inches. 
,i Pi = Pitch of parent or leading screw, in inches. 
„ e = Effect or value of train of change wheels. 

Then, 

Pitch of screw to he cut _ Speed of leading screw 
Fitch of leading screw Speed of lathe mandril ' 

^:-e (V) 

The problem, then, consists in finding a train of wheels which 

shall have its value, e = — , 
Pi 

Example II. — The leading screw of a lath© is ^ inch pitch and 
right-handed. The set of change wheels belonging to the lathe 
consists of the following :— 20, 25, 30, 35, 40, 45, 50, 60, 70, BO, 
90, 100, 110, and 120 teeth respectively. Devise suitable trains 
to cut (1) a right-handed screw of 8 threads to the inch, and (2) a 
left-handed screw of 12 threads to the inch. 

Answeb. — (1) The number of threads on the screw to be cut 
being 8 per inchj its pitch is, therefore, pc — ^ inch. 
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Both screws being right-handed, they must rotate in the same 
direction. Hence the train of change wheels must have anodicf 
number of axes. Let there be three axes in the train. 

(a) The sizes of the first and last wheels in the train may be 
such that the required velocity-ratio could be obtained by those 
wheels in direct gear. In this case the intermediate axis must 
carry an idle wheel of any convenient size> such as B, in tb^left'. 
hand figure. 



A .20 25 

t: = ^ = t = on; or, = ,-^; or, = 



80^ 



100^ 



i2o; 



(6) The sizea of the first and last wheels need not be svdi as 





Change Wheels tob Cutting a Eight-handed Scbew. 

give the required velocity-ratio by their direct gear. In this case 
the intermediate axis must carry two wheels of different sizes as in 
the right-hand figure. 

The followMig train will answer the purpose : — 



A^x C 
B 



=- e 



25 X 40. 
60 X 80' 



(2) The screw to be cut being left-handed, the leading sorew 
must rotate in the opposite direction from that of the lathe man- 
dril j hence the train must consist of an even number, of axes; 
Let there hefov/r axes in the train. 

(a) Let A and L be of such sizes that they would transmit the 
proper velocity-ratio if geared directly. Then the two inter- 
mediate axes must each carry an idle wheel as in the left-hand 
figure. 
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Here, 


Pi i ^ 


• 
• • 


A , 20 
L - * - * - 120- 



(b) The wheels A and L, not heing of the above sizes, we may 
arrange the train so that one of the intermediate axes carries an 
idle wheel, or that there are no idle wheels in the train. These 



ANY^ 
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arrangements are shown by the middle and right-hand figures. 
The trains may be as follows ; — 



With one idle wheel, 



B 



= e = i = 



20 X 35 
60 X 70* 



rx Tir-*i. 'A^ , , A x C X E _ 20 x 25 x 30 

Or, With no Idle wheel, 3,^,^ = ^ = * = 40x45x50 ' 

Force-Ratio and Power Transmitted by Gearing. — For certain 
purposes, as in hoisting and similar machinery, a small effort, P, 
moving through a comparatively great distance, may be utilised in 
overcoming a much greater effort or resistance, W, through a 
much smaller distance. For other purposes, where speed is the 
ultimate desideratum, the converse of the above would be adopted; 
i.e,, a large effort, P, moving slowly, overcomes a smaller resist- 
ance, W, moving rapidly. In any case, it is evident from the 
Principle of Work, that what is lost or gained in speed is gained 
or lost in the resistance overcome. To modify the effort during 
its transmission to the working pointy suitable mechanism has 
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to be employed. Several forms of mechanism for this purpose 
Lave been considered in previous Lectures ; consequently, we 
proceed at once to express the force-ratio obtained by a train 
of wheels. 

Let the effort, P, be applied by hand or by an engine to the 
end of a lever or crank rigidly fixed to the first axle or shaft at A, 
while the resistance to be overcome is applied at the circumference 
of a drum or pulley keyed to the last axle or shaft, F, in the 
following train of wheels ; — 

Let Pj, Pg, Pg = Tangential pressures at points of contact of 
wheels in gear, 

j> ^a, ^6, <fec. = Kadii of wheels denoted by the capitals of 
these suffix letters, 

„ R = Length of lever handle or crank, 

„ r = Radius of drum or pulley, 

., e = Value of train. 




OFROPtS 



Power Traksmiitbd by Gearing. 
Then, by the Principle of Moments, we get : — 
P X R = Pi X ra . . . . 
Pi X rft = P2 X re . . . . 
P2 >< ^d = P3 X ^« • . • • 
Pg X r/ = W X r . . . . 



(1) 
(») 

(3) 
(4) 
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Multiplying together the corresponding members of thea* eqiiA* 
tions, and cancelliag the terms P^, Pg, and P3, we get : — 

P X R X rj X rd X r/ = W X r X ra X re x r« . 
W " B \r, xr^ xr^; 



But, e = !:^^-^^-^^-^ 

P _ r 

y^ - g X e. . 



(VI) 



The results expressed in equation (VI) may be more easily 
arrived at in the following way : — 

By the Principle of Work (neglecting friction, <kc.), we get : — 

P X ite displacement =s W x its displcbcemerU. 

P Ws displacement in a given time 
' W ~ P's di^lacemeut in the same time' 

P^ _ Velocity of W _ 2 ^ r x N^ 
^^^^®' W " Velocity of P" "2 -tR x N^ • 

Or, ^ = _^e. 

Equations (1), (2), (3), and (4) may be used in finding the 
tangential resistances P^, Pg, Pg. 

Neglecting friction, the power transmitted at any stage of the 
transmission is constant. Thus, the power transmitted from the 
second to the third shaft is the samQ as that done at the driving 
or working ends. 

Let H,P. = Horse power transmitted, 

„ P = Tangential pressure in lbs. at pitch surface of 

any given wheel in the train, 

„ V = Velocity in feet per minute at the pitch surface 
of the given wheel. 

Then, clearly. H.P. = gg^ . (VII) 
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Example III. — The handles of a double-purchase lifting crab 
are 16 inches long. The pinions have 14 and 20 teeth respec- 
tively, and the wheels gearing: with these have 84 and 100 teeth 
respectively. The diameter of the barrel is 12 inches, thickness 
of rope 1 inch. Find the effort, P, necessary to raise- at load i of 
30 cwts., friction being .neglected. If the diameter of the pinion 
on the first motion shaft be 6 inches, find the pressure between 
tlie teeth of each pair of wheels in gear. 




Double-purchase Winch or Crab. 



Answer. — The accompanying figure shows a general view of a 
double-purchase lifting crab. For sketches and description of 
similar lifting machinery we must refer the student to the author's 
Manned on Applied MecJianica, Lecture XIII. 

Here R = 16 inches, r = radius of barrel + \ thickness of 

rope = 6J inches. 

14 X 20 1 

Value.of train = e = gj^^^og = -^• 



W 



j^-xe. 
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_6£ 



1 



30 X 112 " 16" '^ 30 • 
le., P = 45-5 lbs. 

Since there are two handles, the effort exerted on each will be: 

J P = 22-75 lbs. 
Next, to find the pressure between the teeth of the wheels. 




Diagram of Wheel-wobe of a Double-pcjbchase Crab 
TO Illustrate Example III. 

Let Pj, Pg = Pressures between the first and Second pinions 
and their followers respectively. 

Then, P^ x radius of pinion A = P x R. 

Pi X 3 = 45-5 X 16. 
Pi = 243 lbs. 
Also, Pg X radius of pinion C = Pj x radius of wheel B. 

p _ p radius of wheel B 

2 "" ^ radius of pinion C • 
_ p number of teeth on B 
^ ~ ^ number of teeth on C • 

P2 = 243 X 1^ = 1,019 lbs. 



Or, 
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From these results we notice that the wheels should be made 
stronger as they approach the barrel shaft. 

Example TV. — A water-wheel making two revolutions per 
minute is provided with an internal toothed wheel of 24 feet 
diameter at the pitch circle. This wheel gears with a train of 
wheels, thus : — Pinions of 8, 6, 4, and 2 feet diameter, and wheels 
of 12, 10, and 8 feet diameter. The last shaft in the train carries 



■^^^rxSR^ SLACXSIDE 



DBtl^HQ SWB 




To Illustbate Example IV. 

Power Transmitted tbom a Water- Wheel by Toothed- 
Gearino and Ropes. 



a rope pulley of 8 feet diameter. If 40 horse-power be trans- 
mitted, £jid the total driving tension in the ropes and the pressure 
between the teeth of each pair of wheels in the toothed gearing. 

Answer. — The arrangement is shown by the accompanying 
sketch. 



= 60. 
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The Talae of tke train is : — 

^ 24 X 12 X 10 x'8 
8 X 6 X 4 X .2 
V. Circum/erentM speed) .^y^^DNi = cr.D^K, e 

22 
„ =^ x'S X 2 x60 ft.ipertmiiHifce. 

Let T =» Driving tension in ropes in lbs. 

TV 
Then, H. P. = 33-^^5, 

„ 40 X 33,000 ^«„ e ,^ 
T = ^ '- == 437-5 lbs, 

y X 8 X 2 X 60 

Let Pj, Pg, <kc., denote the tangential pressures at the pitch 
circles of the Various pairs of wheels in gear. 

Let ra, n, <fec., denote the radii of wheels, A, B, «fec., respec- 
tively. 

Then, since the power developed at pitch circle of wheel A, is 
equal to the power transmitted by ropes on pulley K, we get : — 

Pj X Circumferential speed of A = T x Circumferential speed ofK. 

Pi X 2 ^ ra Ni = T X 2 cr ri; N;, . 

.P,=Tx^x6. 

Or, iPi = 437-5 x ^^ x 60 = 8,750 lbs. 



Next, Pg^^c =PiXr6 

P2 = 8,750 X 
But, P3 X ^•e = P2 X rd . 



P2 = 8,750 X -| = 5,833-3 lbs. 



P3 = 5,833-3 X I = 3,600 lbs. 



XaAtly, :?4 X rg = T3 X T/ 

2 



T^^ 3;500x I =i;750'lbB. 
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LaCTUBE XI* — QUXSTIONS. 

1. Befine the following terms as applied to gesrin^ : — Pitch sntlace, 
pitch circle, and pitch point. Illustrate your answers by reference (1) to a 
spur wheel, (2) to a bevel wheel, and (3) to a rack. 

2. Define angular velocity, (riven the angular velocity of a body^ .about 
a given axis, show how you would find the linear velocity of any point in 
the body. 

3. Define the pitch circle of a toothed wheel. Prove that when f two 
wheels, whose axes are parallel, gear together, their angular velocities are 
inversely AS the diameters of their pitch circles. Two^ parallel shafts are 
at a distance of 4^ feet, and they are to rotate with velocities as the num- 
bers 7 and 11 respectively. Determine the diameters of the pitch circles of 
a pur of wheels which would give the required motion. A ns. 5| ft. and 3^ ft. 

4. Define the term train of wheels, and explain how to find the value of 
a given train. Arrange trains of wheels for the following values of f , no 
pinion to -have less than 12 teeth, and no wheel to have more than 120: — 
2,000 1,200 880 35^ 490 240 

240 ' 490 ' 35 ' 880' J,200' 2,0C0" 

5. What are mitre and idle wheels, and for what purposes are they used? 
Give instances of the use of both. 

6. Explain, by aid of a sketch, the use of a Marlborough wheel. A shaft 
is divided into two parts, the parts being still in line. ^Sketch an arrange- 
ment of wheels whereby one part of the shaft may drive the other at twice 
the speed of the first. 

7. Describe the operation of cutting a screw in a lathe, showing the 
wheels required, and how they are placed to cut a right-handed screw with 
8 threads to the inch in a lathe whose leading screw is of ^ inch pitch. 

8. Explain the use of change wheels in a screw-cutting lathe. It is 
desired to cut a screw of | inch pitch in a lathe with a leading screw of 
4 threads to the inch, using 4 wheels. If both screws be right-handed, 
what wheels would you employ ? (S. & A. Adv. Exam., 1887.) 

9. The leading screw in a self-acting lathe has a pitch of ^ inch, show an 
arrangement of change wheels for cutting a screw of j inch pitch. 

10. You are required to cut a left-handed screw of 5 threads to the inch 
in a lathe fitted with a right-handed guide-screw of ^ inch pitch. Show 
clearly by the aid of sketches the change- wheels which you would employ 
for the purpose, indicating how they would be respectively carried, and the 
number of teeth in each wheel. (S. & A. Exam., 1891.) 

11. The leaiding screw of a lathe is ^ inch pitch and right-handed. The 
set of change wheels belonging to the lathe consists of the following : — 
20, 25, 30, .35, 40, 45, 50, 60, 70, 80, 90, 100, 110, and 120 teeth. From 
these devise suitable trains to cut the following screws and draw up a table 
of your results :— 4, 44, 5, 5i, 6, 6^, 7, 8, 9, 10, 12, 14, and 16 threads 
per inch. 

12. A wheel of 40 teeth is driven by a winch handle 14 inches long, and 
gears with a rack having teeth of 1 inch pitch ; apply the principle of work 
to find the driving pressure exerted on the rack when a force of 50 lbs. is 
applied at the end of the winch handle. Ans. 110 lbs. 

13. Sketch, in side elevation, the wheelwork of an ordinary 5-ton lifting 
crane. In doing so, it will be sufficient to represent the wheels by their 
pitch circles. If the weight raised moves through 1 inch when the driving 
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handle moves through 40 inches, find the weight which could be raised by 
60 lbs. applied at the end of the lever handle. A718. 2,400 lbs. 

14. In a model of a lifting crab, the circumference of the circle described 
by the end of the winch handle is 43 inches, and the circumference of the 
drum which raises the weight is 14*9 inches. The wheel work gives an 
advantage of 8 to 1, and it is found by trial that a force of 3*1 lbs. on the 
winch handle just sufiBces to raise a weight of 56 lbs. hanging on a cord 
wound upon the drum. What proportion of the power exerted is lost in 
this model ? Ans. 21 *76 per cent. 

16. Sketch two views of a treble-purchase lifting crab. In doing so it 
will be sufficient to represent the wheels in side elevation by their pitch 
circles. Apply the Prin«iple of Work, or the Principle of Moments to 
determine the force-ratio, P : W, and the pressure between the teeth of 
each pair of wheels in gear. Ex. In a treble-purchase lifting crab the 
handles are 16 inches long; diameter of drum 16 inches, thickness of rope 
2i inches. The wheelwork consists of the following :— Pinions 6, 6, and 8 
inches diameter; wheels 24, 30, and 36 inches diameter. Supposing two 
men to work at each handle, each man exerting a ^orce of 30 lbs., find the 
weight which could be raised, and the pressure between the teeth of 
each pair of wheels in gear. Allowing 30 per cent, for friction, find the 
actual weight which could be raised by the four men. Ans. (1) 8*34 tons 
nearly, 610 lbs., 2,560 lbs., 9,600 lbs.; (2) 5-84 tons nearly. 

16. A water-wheel making two and a-half revolutions per minute is pro- 
vided with an internal toothed wheel of 20 feet diameter at the pitch circle. 
This wheel gears with a train of wheels, thus :— Pinions of 6, 4, and 2 feet 
in diameter, and wheels of 10 and 9 feet in diameter respectively. On 
the last shaft a pulley 10 feet in diameter is keyed, on the rim of which 
there are four ropes. The horse-power transmitted by the ropes is 20. 
You are required to find the pull on each rope, the pressure between the 
teeth of each pair of wheels gearing together, and the revolutions per 
minute made by the pulley. Ans. 56 lbs., 4,200 lbs., 2,520 lbs., 1,120 lbs., 
S3 75 revolutions. 
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LECTURE XII. 

CJONTBNTS. — Friction Gearing — Power Transmitted by Ordinary Friction 
Gearing — Examples I. and II. — Robertson's Friction or Wedge Gear- 
ing—Power Transmitted by Wedge Gearing — Questions. 

Friction Gearing. — Friction gearing is that form of gearing 
wherein the wheels in contact are driven, the one by the other, 
by reason of the friction between their pitch surfaces. The wheels 
require to be pressed together in a direction normal to their pitch 
surfaces at the line of contact, with a force sufficient to give a 
frictional resistance greater than the tangential resistance to 
motion. The wheels may be spur or bevel, according as the shafts 
are parallel or intereecting. 

In order to insure sufficient frictional resistance and smooth 
working, it is usual to face one wheel of the pair with some 
compressible material, such as wood, leather, india-rubber, com- 
pressed paper, &c. When slipping takes place between the wheels, 
*' flats'* are soon formed on the face of tlm follower (this being the 
wheel which lags behind the other), while the face of the driver 
gets equally worn all round. For this reason the driver, and not 
the follower, is £Eiced with the softer material. 

The usual forms of rims suitable for spur and bevel friction 
wheels are shown by the accompanying figures. 





Section of Spur Friction Wheel. 





Section op Bevel Friction Wheel. 
The rim of the driver is faced with wood or leather^ the different 
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layers of which are nailed or glued togei^er and then held in 
position by bolts as shown. When wood is used the grain should 
lie in a direction tangential to the working surfaces, the wear being 





Sectional View of Rim tor 
Spur Friction Wheel. 



Sectional View of Rim fob Bevbl^ 
Friction Wheel. 



then more uniform all over. The rim of the follower is of cast- 
iron turned in a lathe. 

Friction gearing of this kind is more employed in America than 
in this country, being often applied for driving saw-mills, &c. 

Power Transmitted by Ordinary Friction Gearing. — We shall 
now proceed to calculate the necessary pressure to be applied to- 
the wheels in order to transmit a given power. 

(1) By Spur Friction Gearing. 

Let P = Pressure between wheels at pitch line in pounds. 

„ T = Tangential resistance at pitch line in pounds. 

„ V = Circumferential velocity of wheels in /eet per minute. 

„ fL = Coefficient of friction for surfaces in contact. 



Then, Work transmitted = T Y ft. -lbs. per minute. 

TV 



H.P. = 



33,000 



(I> 
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If there is to be no slipping, we must have : — 
T 



Or, 
But, 



T = 



H.P. X 33,000 
V • 
H.P. X 33,000 



(11) 



Equation (II) gives the least pressure between the wheels in 

order to transmit a given power. 

The pressure, P, should always 

^ ^ H.P. X 33,000 
be greater than 

so as to provide against contin- 
gencies, such as oil or water get- 
ting on to the surfaces of the 
wheels. If P be less than this, 
then slipping must take place. y^ 

T 




Spub Friction Geasing. Bevel Friction Wheels. 

(2) By Bevel Friction^ GeaHng, 

Let P^, Pg = Thrusts along shafts 1 and 2 respectively. 

„ c?i, c?2 = Mean diameters of wheels 1 and 2 respectively. 
„ E. = Normal reaction between pitch cones. 

„ T = Tangential resistance at pitch line. 

„ 2 a = Angle of pitch cone 1. 

Then, 90* - a = Half-angle of pitch cone 2. 
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Since the pressures along the axes of the shafts are P^ and Pg, 
it follows that these are also the pressures at the pitch line, and act 
as indicated by the figure. 

The normal pressure between the surfaces is : — 

Pi = R cos (90' - a) = R sin a. 
Or, P2 = R cos a. 

But, tana = i^ = ^. 

H2 ^2 



tan a d^ 

s/l + tan2"c^ ^ ~ijdi + ~d\' 
1 d. 



s/l + tan2o6 Jdl + di' 



And, cos a = 



Or, 

But, 

Or, 



. , , . ^ H.P. X 33,000 
And, as before, T = :^ — . 

H.P. X 33,000 



I2_ 



K 


_ P V^ + 


dl 




' d^ 




R 


^j> s/d\ + 


di 


T: 


' d, 
_T 





R 



^V 



,, ,, -, _H.P. 33,000 e/i 

Consequently, ?,;::=. ^V ' V^T^ • ' • • (I") 

And, p-H.R33,000^^^ 

Equations (III) and (IV) determine the least values of the 
axial thrusts in order to insure sufficient frictional resistance for 
transmitting a given power. 

The following values of fi» may be taken *:— 

For metal on metal, . . . /<& = '15 to '20. 
For wood on metal, . . . /<& = -25 to "30. 

For millboard on metal, . . . ytt = -20. 

* Un win's Machine Design, part L, p. 283. 
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Taking the greatest and least of th^ above values for yu^ we see 
that in spur friction gearing, the smallest value of P must lie 

T T 

between 70 and 7p=, i.e., between 3JT and 6f T. 

In practice, the width of the face of friction wheels is about the 
same as that of a single leather belt whicli is required to transmit 
the same power. The tangential force may be taken at from 
15 to 30 lbs. per inch of width when the face of the driver is lined 
with wood. In the case of a wheel with millboard face, the 
tangential force transmitted was observed, by Prof Unwin, to be 
as great as 80 lbs. per inoh of width.* 

It will be apparent that friction gearing of the above kind 
is unsuited for transmitting great power. The constancy of 
velocity-ratio between the wheels cannot be relied upon. Gearing 
of this kind is only used(l) when the power to be transmitted is 
small ; (2) when the speed is so high that toothed gearing would 
be noisy ; (3) when the wheels require to be frequently put into 
or out of gear, t 

Example I. — In a spur friction gearing the driving wheel is 
faced with wood, and gears with a metal wheel 3 J feet in diameter. 
The latter makes 200 revolutions per minute, and transmits 
10 H.P. Find the tangential resistance at the circumferences of 
the wheels, and the necessary thrust to be applied to the bearings 
of the shafts, taking fi = '25. 

Answer. — Using the same notation as in the text, we have, 
99 
H:P. = 10; Y = Tdn = ~x 3 J x 200 = 2,200 ft. per minute. 

10 X 33,000 

— 2J00— = ^^° 1^^- 



H.P. 


X 33,000 




V 


T 


■*=»< 



Also, P = - = 

Example II. — 5 H.P. has to be transmitted through a pair of 
bevel friction wheels. The diameters of the wheels are 2 feet and 
li feet respectively. The circumferential speed of the wheels is 
1,000 feet per minute. Find the normal and tangential pressures 
at the surface of contact of the two wheels, and the axial thrusts 
to be applied to each shaft, taking /r& = -2. 

Answer.— Here d^ ^ 2 ft., d^ = IJ ft., V = 1,000 ft. permin. 
• Uuwin's Machine Design, p. 284. t Ibid., p. 281. 



Then ;— 

Normal pressure = R = 



WBDGE GEARING. 
H.P. X 33,000 
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5 X 33,000 



« 825 lbs. 



Tangenital pressure = T = 
Also, Pi = 

P = 

Similarly, Pg = 



•2 X 1,U00 
Afc R = -2 X 825 = 165 lbs. 



R 



s/di ■¥ dl* 
825 X 2 

825 X U 



= 660 lbs. 
= 495 lbs. 



Robertson's Friction or Wedge Gearing.— One objection to the 
friction gearing just described is the great pressure which is 
brought on the bearings, due to the force with which the wheels 





t 




^- -^ 



HOBXBlfON's WXDOB GXABIJiO. 

require to be pressed together in order to secure sufficient frictional 
resistance at their surfaces. To overcome this and the previous 
objections to the ordinary friction gearing, the wheels are now 
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made of cast iron with parallel wedge-sbaped projections round 
their rims. The projections of the one wheel fit into the wedge- 
shaped grooves on the other; and by this means the friction is 
greatly increased. 

Sections of the rims of such wheels are shown by the accom- 
panying figures, and need no further explanation. 

There is, however, one serious objection to such wheels — ^viz., 
the grinding action, and consequent excessive wear, while working. 
This is due to the sliding contact between the sides of the pro- 
jections and those of the groovea On this account the wheels 
sometimes work with great noise. This difficulty can be overcome 



^?:;'75'^5?55577;5'?5^55'5^^ 



lkVSXV^c5>C^C^ 



^^^^^ 




Wedge Geabiko. 

to a certain extent by making the depth of the surfaces in contact 
as small as possible. 

The depth of the acting surface {i,e,, the distance which the 
wheels penetrate each other when in gear) is given by the 
formula : — 

t = 0-025 VT.* 

Where t is the depth of acting surface, and T the tangential resist- 
ance between the wheels. 

Power Transmitted by Wedge Gearing.— Consider the action 
of one of the wedge-shaped projections in its groove. When the 
wheels rotate, the action is similar to that of a wedge thrust into 
the groove by a horizontal force. 

* Un win's Machine Designy part I., p. 286. 
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Let Pj = Horizontal force on projection considered. 
„ K^ = Total normal reaction on each side of groove. 
„ Fj = Total friction between projection and each side of groove. 
,y 2a = Angle of wedge. 

Then, P^ = 2 R^ sin a + 2 F^ cos a. 

But, Fi = AtRi. 

Pj = 2 Rj (sin a + fi cos a). 

Then, for all the wedges, if P denote the total force pushing the 
-wheels together, and R the total reaction, P = 2 Pi, R = 2 . 2 R^,, 
and we get : — 

P = R (sin a + fL cos a). 

.*. as before, T ^ ^a R. 



Or, R - ^ 



But, T = 

R^ 



At 

H.P. X 33,000 

V 
H.P. X 33,000 

H.P. X 33,000 sin a + ^ cos a 



(v> 



Equation (V) determines the least pressure with which the 
wheels must be forced together in order to transmit a given power. 

From this equation it is seen that the number of grooves or 
projections has no effect on the power transmitted. The number 
of grooves may be anything we please, but genei-ally there are no 
fewer than two nor more than teu. The pitch of the grooves may 
vary from \ inch to 1| inches. 

Usually the groove angle 2 a is 40°. Hence, taking /rt - '15,. 
we get : — 

TV rn ^^^ a ■¥ fi^ cos a 

^^^ 'JM ' 

^ sin 20° + -15 cos 20" 

" ^ -^ -15 

^ -342 + -15 X -94 

" ^ ^ 75 ' 

„^3-22T. 

i,e„ P must be at least 3i times T. In practice we may take 
P = 4T. 
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LxcTXTBB XIL — Questions. 

' 1. Define friction gearing. State the advantages and disadvantages of 
such a gearing, and mention under what circumstances it is likely to be 
employed in preference to other kinds of gearing. 

2. Describe, with sketches, the construction of the wheels used for friction 
gearing. State your reasons why, in ordinary friction gearing, one of the 
wheels only is faced with a softer material than the other, and say which 
wheel it is. 

3. In a spur friction gearing, the driving wheel is faced with wood and 
|;ears with a metal wheel of 2^ feet in diameter. The circumferential speed 
is 2,000 feet per minute. The force pressing the wheels together is 550 Ibe. 
Taking a* = |, find the maximum H.P. which can be transmitted. Sketch 
the arrangement, showing a method of engaging and disengaging the wheels. 
Ans, 11-iH.P. 

4. The diameters of a pair of bevel friction wheels are IJ feet and 4 feet 
respectively. The larger wheel makes 200 revolutions per minute, and 
transmits 10 H.P. Find the normal and tangential pressures at the pitch 
surfaces, and the axial thrusts on each shaft, fi = '25. Prove the formula 
which you employ. Ans. 525 lbs. ; 131-25 lbs. ; 184 lbs. ; 491 lbs. 

6. Describe, with sketches, Robertson's wedge gearing, and deduce a 
formula for the pressure between the wheels for a given H.P. 
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LECTURE XIII. 

Contents. — Constancy of the Velocity-Ratio of Toothed Gearing — Propor- 
tions of Teeth of Wheels — Clearance — Arc of Action — Relation between 
Length of Arc of Action and Pitch of Teeth — Clock and Watch Wheels 
— Primary Conditions for Correct Working of Toothed Wheels — 
Curves which satisfy the above Conditions — Particular Cases — 
(J.) When the Cycloid is a Straight Line — (II.) When the Epicycloid 
is the Involute of the Base Circle — (III.) When the Hypocycloid is a 
Straight Line— (IV.) When the Hypocycloid is a Point—Cycloidal 
Teeth — Gee's Patent Toothed Gearing — Exact Method of Drawing the 
Curves for Cycloidal Teeth — Practical Method of Drawing the Curves 
for Cycloidal Teeth — Application of Preceding Principles to the Case 
of a Rack and its Pinion— Particular Forms of Teeth as Dependent 
upon Changes in the Sizes of the Generating Circles Employed— 
First Particular Case — When the Hypocycloid is a Straight Line — 
Rack having Teeth with Radial Flanks— Practical Method of Draw- 
ing the Involute Curves for the Faces of the Teeth on the Pinion — 
Second Particular Case — When the Hypocycloid is a Point— Pin 
Wheels — Pins are always placed on the Follower— Rack and Pinion — 
Disadvantage of Pin Wheels — Questions. 

Constancy of the Velocity-Ratio of Toothed Gearing.* — In Dearly 
every case of the transmission of motion by friction or belt gearing, 
slipping takes place to a greater or less extent, and hence these 
methods of transmitting motion are unsuited where an exact or 
constant velocity-ratio is desired. In such a case it is best to 
employ toothed gearing. But, to insure a constant velocity-ratio 
and smooth working with toothed gearing, the teeth of the wheels 
must be carefully constructed, and of such shapes that, when 
gearing together, certain geometrical conditions are fulfilled. In 
this Lecture we shall endeavour to explain the principles according 
to which all properly constructed teeth of wheels are made and act. 

In the first place, we shall give some further definitions and 
general explanations relating to toothed gearing. 

Definition. — The pitch of the teeth is the distance from the 
centre of one tooth to the centre of the next tooth, measured 
along the pitch line. 

* The student may refer to the following; books on gearing : — 
Practical Treatise on Gearing, by Browne & Sharpe, printed by J. W. 

Pratt & Son, New York. 
OdonticSy by Geo. B. Grant, published by the Lexington Gear Works, 

Lexington, Mass. 
Handbook on the Teeth of Oears^ by Geo. B. Grant, Boston, Mass. 
Besel'Gears, by John W. Newall & Co , Manchester. 
A paper on ** Setting out the Curves of Wheel Teeth," by W. J, Last, in 

Froc. Innt. Civil Enffineers, vol. Ixxxix., p. .335. 
Elements of Machine JJtsign, by Prof. Unwin, published by Longmcjis^ 

Green & Co, 



CONSTANCY OF THE VELOCIIT-UATIO OF TOOTHED GEARING. 237 

Let d = Diameter of the pitch circle in inclies. 
„ jE> = Pitch of teeth in incites, 
„ n = Number of teeth on wheel. 



Then, np = '!rd 

Or, p= — 



And, 



np 



0) 



The pitch, as measured in this way, is called the Circular Pitch, 
and is the one chiefly used by engineers. But another and more 
convenient method of measuring the pitch is sometimes adopted, and 
is called the Diametral Pitch. According to this method the pitch of 
the teeth is stated as a fraction of the diameter of the pitch circle. 

Thus, if the diameter of the pitch circle be 40 inches, and the 
number of teeth on the circumference be 120, then : — 

40 
Diametral Fitch = yoT] — 3 i^^ch. 

In this case, the size of the wheel would be spoken of as one of 
3 teeth per inch of pitch circle diameter. 

Let p^ = Diametral pitch of teeth in inches. 
Then, using the same notation as in the case of circular pitch: — 

P^^n \ (H) 

Or, flf = A? p^ ' 

The student will notice that equations (II) are much simpler 
than equations (I), from the fact, that it is easier to treat of 
the sub-division of a straight line than that of a circle. It is 
for this reason, that several engineers, especially American, 
advocate the adoption of this method as being more convenient 
for stating the sizes of wheels. In this country the circumferential 
pitch is the one chiefly used, except in the case of small wheels 
(suoh as the change wheels for a lathe) whose sizes are often stated 
in terms of their number of teeth per inch in diameter. 

The relation between the circular and diametral pitches can be 
stated thus : — 

From (I), 
» (11), 



d = 


np 


d = 


np 


Pi = 


P 

•x' 



Or, p^:p = \:-K (Ill) 
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In this book the term pitch mnst always be understood as 
meaning the circular pitch, unless otherwise expressly stated. 

DEFINITIONS. — The Face of a tooth is that part of its acting 
surface which lies between the pitch surface and the crest of the 
tooth. 

The Flank of a tooth is that part of the acting surface which 
lies between the pitch surface and the bottom of the spaces 
between the teeth. 

The Addendum Circle is that imaginary circle which touches 
the crests of all the teeth on the wheel. 

The Root Circle is that imaginary circle which touches the 
. bottoms of the spaces between the teeth. 

The Addendum of a tooth is the length of the tooth projecting 
beyond the pitch surface ; or, it is that part of the tooth lying 
between the pitch surface and the addendum surface. 




Illustrating the Definitions of Terms. 

The above terms will be understood from the accompanying 
figure. 

Proportions of Teeth of Wheels. — The proportions for the teeth 
of wheels vary slightly with different makers, but the following 
rules, as given by Prof. Unwin, represent good average practice : — 

Let p = Pitch of teeth in inches. 

Then, Height of tooth above pitch line, . = *3 ^, 

Depth of tooth below pitch line, . = '^p. 
Thickness of tooth (measured along 

pitch line), . . . . = '4:8 p, 

Width of space between the teeth, . = '52p, 

Width of face of tooth, . . . = 2 p to Z p. 

Clearance. — These proportions, as shown in the following figure^ 
give a side clearance of (52 - -4:8) ^ = 'Oip, and a bottom dear- 
ance of (4 - -3) j9 = '1 p. 
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Arc of Action. — Consider the action of a pair of teeth gearing 
together, from the instant at which contact begins to the instant 
at which contact terminates. Daring .the first part of the action 
the flank of the tooth on the driver is in contact with the facQ 




- Bottom 
C/eara/ice. 

Proportions of Teeth of Wheels. 

of the tooth on the follower. This continues until the pitch 
point is reached, at which instant the line of contact of the teeth 
coincides with the line of contact of the pitch surfaces of the 
-wheels. After passing the pitch point, />, the face of the tooth 
on the driver continues in contact with the flank of the tooth on 
the follower, until contact ceases. Action begins at a, the point 
of the tooth on the foUower, and t&rminatea at 6, the point of the 
tooth on the driver. 




DRIVER 



I 

Illustrating the Terms Arcs of Approach and Recess. 

Arc of Approach = Arc ap, or Arofp. 
JixG of Keceas = Aioph, or Arc p&. 
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Definition. — The arc of either of the pitch circles over 
which there is contact between a pair of teeth is called the 
Arc of Action. 

Thus, either arc aph, or arc fp b, is called the arc of •action. 
The arc of action is divided at the pitch point into two parts, 
called respectively the Arc of Approach and the Arc of Recess. 
By an inspection of the above figure it will be seen that the 
length of the arc of approach depends on the addendum of the 
teeth on the folhwer ; whilst the length of the arc of recess 
depends on the addendum of the teeth on the driver. To increase 
or diminish the arc of contact, the addendum of the teeth must be 
increased or diminished, as will be shown farther on. 

Relation between Length of Arc of Action and Pitch of Teeth. 
— To insure continuous action between a pair of toothed wheels, 
there must, at any instant, be at least one pair of teeth in gear. 
Moreover, contact between one pair of teeth must not terminate 
before the succeeding pair comes into operation. This condition is 
insured by making the arc of action greater than the pitch of the 
teeth. In most cases, especially with heavy gearing, two or three 
teeth are in gear at once. Hence, the usual rule is to make the 
arc of action from three to /our times the pitch of the teeth. 

Clock and Watch Wheels. — In wheelwork, such as in clocks or 
watches, where friction is most injurious, the teeth of the wheels 
are usually so designed that the driving teeth have no flanks, and 
the driven teeth no faces. Contact, in such cases, occurs during 
the period of recess only, and then the arc of recess must be at 
least equal to the pitch. The reason for this is, that the friction, 
due to the sliding of the teeth on each other during action, is said 
to be greater during the period of approach than that during the 
period of recess.* 

Primary Conditions for Correct Workhig of Toothed Wheels. — 
Having explained some general principles relating to toothed 
gearing, we shall now proceed to consider the necessary con- 
ditions to be fulfilled in order that such gearing may work 
coiTectly. 

The two necessary conditions are : — 

I. The radii of the pitch surfaces must be such that by rolling 
together they give the desired velocity-ratio. 

Let R^, Rb = Radii of pitch circles of wheels A and B. 
n ^A9 ^u — Angular velocities „ „ 

Then, as a first condition we must have : — 
R^ : Rb = «B • «A- 
* Friction between the teeth of wheels will be considered in Lecture XVL 
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Or, the radii of the pitch circles must be inversely as the 
angular velocities of the wheels. 

II. The shape of the teeth of the wheels must be such, that 
the motion resulting from their mutual action shall be the same 
as that obtained by the rolling action of the pitch surfaces. 

Let A and B be the centres of the pitch circles of two wheels 
working together. AB the line of centres, &nd p the pitch 
point. 

For clearness we have represented only one tooth on each wheel. 
The teeth are in contact at the point ab ; a being the point of 
contact on tooth A, and 6 the point of contact on tooth B. 

Let HK, the common 
normal to the curves of the 
teeth at their point of con- 
tact, intersect the line of 
centres at q. From A and 
B draw the perpendiculars, 
AMandBN, uponHK. 

With centres A and B 
draw the circles passing 
through the point a b. Then, 
at any instant the point a 
is moving along the tangent 
to the circle passing through H-^ 
a, and having its centre at 
A ; i.e.f the point a is mov- 
ing in a direction at right 
angles to A a with a velocity 
^a = ^A ^ -^^« Similarly, 
the point b is moving in a 
direction at right angles to 
B b with a velocity Vb = 

o^B X B6. But though the j^^^^^^^ ^,^^ Conditions for 
points a and 6 are thus mov- correct Working of Whebl Teeth. 
ing in different directions 

and with different velocities, yet their component velocities along 
the common normal, HK, must be equal, otherwise the teeth 
would either separate from or penetrate each other. For an in- 
definitely small movement of the wheels the only relative motion 
of a and 6 is in a direction perpendicular to H K. 

Let V denote the equal component velocities of Va and v^ along 
H K. Then, with reference to wheel A : — 
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V — djj^ X AM 


Similarly, 


V = u^ X BN 


• 
• • 


«^ X A M = «B X B N, 


• 
• • 


fti^ : «B = BN : AM, 


t.e., 


Eb :Ra = BN : AM, 


Or, 


Bp :Ap = Bq : Aq [By similar tnangles] 



This can only be true when q coincides with p. Hence, the condi- 
tion to be fulfilled by the curves forming the teeth of wheels is :— 

The common normal to the carves at the point of contact of a 
pair of teeth must always pass through the pitch point. 

Carves which Satisfy the above Condition. — It now remains 
to describe curves which shall fulfil this condition. The problem 
of detcFmining the proper shape of teeth admits of many solutions. 
Any shape can be given to the teeth of one of a pair of wheels 
gearing together, so long as a corresponding shape be given to 
the teeth of the other wheel, to fulfil the above condition. 

Two principal curves have been used by engineers for describing 
the teeth of wheels. These are the cycloid and the involute.* We 
shall now explain the nature of these curves, and then show that 




C 

The Cycloid and How it is Described. 

teeth formed according to them satisfy the above condition for 
correct working. 

Depinitiox. — A cycloid is a curve traced out by a point on 
the circumference of a circle which rolls along a straight hue. 

The form of this curve will be understood from the accompany- 
ing figure. The rolling circle, G, is called the generating circle. 
The point, P, which traces out the curve is called the tracing poinU 
The line, A B, on which the circle rolls is called the base line, 

* Cycloid is derived from the Greek word kukXoV) signifying a ring or & 
circle; Epicycloid from eir/, signifying upon and kukXo^i and Hypocydoid 
from vird, si^ifying under and kukXos. Involute is derived from the Latin 
words tn, signifying upon, and volvOy to roU, 
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The length of A B is equal to the circumference of the generat- 
ing circle. For any position, G, of the generating circle, we have 
A C = arc P C of the circle. 

When the base line is a circle the curve traced out by the 
tracing point is called an Epicycloid or a Hypocycloid according as 




The Hypocycloid. 
A C B is the Base circle, P the Tracing point, G the Generating circle. 

the generating circle rolls on the convex or concave side of the base 
circle. We may define these curves separately, as follows : — 

Definition. — An Epicycloid is a curve traced out by a point on 
the circumference of a circle which rolls on the Convex arc of 
another circle. 
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Definition.— A Hypocycloid is a curve traced out by a point 
on the circumference of a circle which rolls on the Concave arc of 
another circle. 

The forms of these curves will be understood from the accom- 
panying figures. 

Particular Gases— I. When the Cycloid is a Straight Line.— 
Suppose the radius of the generating circle to become infinitely 
great ; then, clearly, the cycloid would become a straigTU line per- 
pendicular to the base line, A B. An application of this is to be 
found in the case of racks having teeth with straight flanks. 

II. When the Epicycloid is the Involute of the Base Circle.— 
If the radius of the generating circle of the epicycloid be infinitely 
great, then the arc, P C, becomes a straight line, and the epicycloid, 




Involute Curve. Hypocycloid a Straight Line. 

A C the Base circle, F the Tracing point. 

A P, is now termed the Involute of the Base Circle or simply an 
Involute. An involute of a circle is the curve traced out by a 
point on the free end of a stretched string when the string is being 
unwound from the circle. The form of this curve will be under- 
stood from the left-hand figure. 

III. When the Hypocycloid is a Straight Line. — If the diameter 
of the generating circle be equal to half the diameter of the circle 
inside which it rolls, then the hypocycloid traced out by the tracing 
point will be a straight line, and this straight line will be a 
diameter of the base circle. This case is shown by the figure on 
the right. 
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Let the tracing point be at A at the beginning of its motion, 
and at P for any position of the generating circle. Join O A, Gr P, 
and O C. O C passes through G, the centre of the generating circle. 

Let ^CaP = ^, ^COA = f. 

Then, arc P C = arc A C, by definition. 

G C X ^ = O C X f . 
But, G C = J O C, by hypothesis. 

^ = 2 <p, 

Now 6 is an angle at the centre of the circle G, and ^ is an 
angle at the circumference of the same circle. But, since ^ = 2 f , 
it follows (converse of Euc. III., 20) that these two angles must 
stand on the same arc, P 0, of the circle G. Therefore, P lies on 
the line O A. This being true for any position of G, we conclude 
that P moves along the straight line A B, which is a diameter of 
the base circle. 

IV. When the Hypocycloid is a Point. — By a reference to the 
following left-hand figure, it appears that the same hypocycloid 
can be traced out by either of the generating circles, Gj or Gg, 
when the diameters of these circles are such, that their sum is 
equal to the diameter of the circle inside which they roll. 





The Hypocycloid Deobnerating to a Point. 

Now, if the circle G^ goes on increasing in size, the hypocycloid, 
A P B, becomes more and more convex towards the centre, O, 
until, ultimately, when G^ becomes nearly equal in size to the base 
circle, the hypocycloid is a small half-loop, as shown by the right- 
hand figure. The same thing takes place as the circle Gg decreases 
in size. Hence, when the generating circle is equal in size to the 
base circle, the hypocycloid degenerates into a point. 
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The curves of the cycloid class have many important geometrical 
properties, some of which are familiar to students of higher 
Dynamics, but the only property with which we are coucerned 
here is that one relating to the normal at any point of the curve. 

Referring to the above figures, let C be the point of contact of 
the generating circle and base line ; P the tracing point. Then, 
at any particular instant during the rolling of the circle G, the 
tracing point, P, will be moving, as it were, in a circle whose 

radius is C P, and having 
C as its centre. In other 
words, C is the instan- 
taneous centre of motion. 
C P is, therefore, the radius 
of curvature of the curve 
at the point P. Hence, 
the normal to the curve 
at the point P is in the 
direction PC. It is this 
property of the cycloidal 
and involute curves which 
fit them so well for the 
teeth of wheels. 

Cycloidal Teeth. — Let 
EipEg, HijoHg be the 
pitch circles of two wheels 
gearing together, p being 
the pitch point. Let G 
be the fixed centre of a 
third circle touching the 
other two circles at the 
pitch point, p. Let P be 
a tracing point on the 
circumference of this 
circle. 

At the beginning of 




Illustrating Fulfilment of Primary 
Conditions by Cycloidal Teeth. 



motion, let P, Ej 
H, all coincide s 



and 
the 



point, p. Let the three circles now roll in contact with each, 
other in the directions indicated. The point, P, will then describe 
simultaneously the epicycloid, E^ P Eg, outside the pitch circle, A, 
and the hypocycloid, H^ P Hg, inside the pitch circle, B. Since 
both curves are traced out by the same generating circle and 
tracing point, it follows, from what has already been said, that the 
common normal at their point of contact, P, always passes through. 
the pitch point, p. But this is the very condition which we have 
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been seeking to fulfil, and we now see that teeth of the cycloidal 
class satisfy this condition for correct working. The part, E^ P, of 
the epicycloid may represent the curve for the face of a tooth on 
the wheel, A, and the part, H^ P, of the hypocycloid the curve for 
Mki^Jiank of a tooth on the wheel, B. Hence, if the faces of the 
teeth on the one wheel, and the flanks of the teeth on the other 
be described by the sanie generating circle, the two wheels will 
work correctly together. 

The student should observe that the action between a jiair 
of teeth, however perfectly formed, is not wholly due to the 
rolling of one tooth on the other. An inspection of the pre- 
vious figure will make this quite clear. Thus, at the beginning 
of the motion described, when P coincides with p, E^ coincides 
with Hj. When the motion is such that P is brought into the 
position shown on the figure, the length of epicycloid described is 
Ej P, and that of the hypocycloid, H^ P. These arcs are not 
equal in length, E^ P being greater than H^ P. Therefore, the 
amount of sliding is EjP - HjP. Hence, the action between a 
pair of teeth in contact is partly sliding and partly rolling. 

It is not necessary that the same generating circle be employed 
for describing both faces or both flanks of the teeth on the same 
wheel, but it is very advantageous to have the teeth so described, 
especially if the wheels require to run in either direction. 

Gee's Toothed Gearing. — When the wheels require to run in 
one direction only, the posterior or unacting surfaces of the 
teeth may be given any shape whatever. A form of toothed 




GiB*s Toothed Geabino. 

gearing, known as Gee's patent gearing, has lately been intro- 
duced, and is said to be 35 per cent, stronger than the ordinary 
form. The driving surfaces of the teeth are of the usual form, 
but the other surfaces are more inclined, as shown by the accom- 
panying figure. This causes the roots of the teeth to be much 
thicker than with ordinary teeth, and hence the increase of strength. 
Exact Method of Drawing the Curves for Cycloidal Teeth.-- 
The method of describing the curves for the teeth of wheels will 
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now be easily understood. Let Gj represent the generating circle 
used for describing the faces of the teeth on wheel A and the 
fianha of the teeth on B ; Gg the generating circle used for describ- 
ing the faces of the teeth on B and the flanks of the teeth on A» 
Draw the addendum and root circles and divide the pitch circles. 
into as many equal arcs as there will be teeth on the wheels. On 
each side of these points of division set off equal distances to repre- 
sent Aa{/'the thickness of a tooth as measured along the pitch circle. 




Illustrating Method of Setting out Curves for Teeth of Wheals. 



Let a, be a point on pitch circle of wheel A, and 6, a point on 
pitch circle B, from which the curves for a tooth on each wheel 
have to be set out. 

By placing the generating circles, G^, Gg, in contact with the 
pitch circles at these points, aiid then tracing out the parts of the 
epicycloids and hypocycloids between the pitch circles and adden- 
dum and root circles as shown, the curves for a tooth on each 
wheel may be thus described. This process may be repeated for 
all the teeth on both wheels, and we thus obtain a complete repre- 
sentation of a pair of spur wheels having cycloidal teeth. 

Practical Method of Drawing the Curves for Cycloidal Teeth. — 
The above method of setting out the curves for the teeth of 
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wheels, although mathematically exact and apparently quite simple, 
is found to be rather tedious in practice, and consequently in 
working drawings we always find the true curves represented 
approximately by arcs of circles. The following method of obtain- 
ing curves for the teeth of wheels is very often used in practice : — 
Make a wooden template, T, having a thickness of about | inch, 
and of such a shape that its outer and inner edges are each arcs of 
a circle having a radius equal to that of the pitch circle of the 
wheel upon which the teeth have to be described. Make also 
template segments of the generating circles, G^, G^) and pass a 





__ . 

Practical Method of Setting out Curves fob Teeth of Wheels. 
Index to Parts. 



D B represents Drawing board. 



DP 
T 
PC 
ADC 
RC 
Ge 

Gh 



Drawing paper. 
Template. 
Pitch circle. 
Addendum circle. 
Root circle. 
Generating circle 

for faces of teeth. 
Generating circle 

for flanks of teeth. 



N represents Needle, 



Tracing point of needle. 

Centre for circular arc 
approximately coin- 
ciding with epicy- 
cloidal arc, a h. 

Centre for circular arc 
approximately coin- 
ciding with hypo- 
cycloidal arc, ac 
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small pencil or needle, N P, through each, so that the point, P, 
coincides with the outer edge, as shown in the elevation. 

Fix a sheet of drawing paper on a drawing board, D B. On 
this paper draw an arc of a circle having a radkis equal to that of 
the pitch circle of the wheel. By means of nails attach the pitch 
circle template, T, to the drawing board in such a position that 
its convex arc coincides with the arc of the pitch circle drawn on 
the paper. Now take the generating circle, G^, and bring it m 
contact with the convex edge of the pitch circle template, so that 
the point, P, coincides with the point, a. Roll Gg along the tem- 
plate, T, in the direction indicated, when the point, P, will 
describe an arc of an epicycloid, a h. The arc of the epicycloid 
intercepted between the pitch circle and the addendum circle 
represents the /ace of a tooth. Now shift the pitch circle template, 
T, so that its concave edge coincides with the pitch circle drawn 
on the paper. By placing the generating circle, Gh, in contact 




Spur Wheel and Pinion with Citcloidal Teeth. 

with the concave edge of T, and having the tracing point or 
pencil, P, coinciding with a, the hypocycloid, ac, can then be 
traced in the same manner. The arc of the hypocycloid inter- 
cepted between the pitch circle and the root circle will repre- 
sent the Jlank of a tooth on the wheel. 

Having obtained these curves, it remains to find, by trial, the 
radii and centres, E, H, of arcs of circles which approximately 
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coincide with the epicycloidal and hypocycloidal arcs respectively. 
These being found, approximate curves can readily be drawn to 
represent the faces and flanks of the teeth. This method is 




Spur Wheels with Ctcloidal Teeth. 



often used by patternmakers when setting out the curves for the 
teeth of wheels. For ordinary methods of representing on drawings 
the curves for the teeth of wheels, the student must consult works 
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on Machine Drawing. The student must be reminded, however, 
that true cycloidal curves can never be accurately represented by 
arcs of circles, however many of these may be employed in com- 
pleting the drawing. 

The previous figures represent spur wheels with cycloidal teeth. 

Application of Preceding Principles to the Case of a Back 
and its Pinion. — For our present puipose, we may consider a rack 
as being simply a toothed wheel having a pitch circle of infinite 
radius ; and it therefore follows, that the preceding principles are 
applicable to it. 




Back and Pinion with Cycloidal Teeth. 

The figure on the right-hand side shows a rack and its pinion, 
the pitch lines being shown by dotted lines. The figure on the 
left-hand side shows the application of the preceding principles 
in obtaining the curves for the teeth on both rack and pinion. 
The generating circle, G^, is represented describing the face of a 
tooth on the rack and the flank of a tooth on the pinion, while 
the circle, G2, is employed in describing the flank of a tooth on 
the rack and the face of a tooth on the pinion. The curves 
forming the faces and flanks of the teeth on the rack will thus be 
arcs of cycloids. 

Particular Forms of Teeth as Dependent upon Changes in the 
Sizes of the Generating Circles Employed.— In what has preceded, 
we have been chiefly concerned with a discussion of the genei^ 
character and shape of teeth of the cycloidal class, and we now go 
on to consider a few particular cases as dependent upon the sizes 
of the generating circles employed. 

First Particular Case— When the Hypocycloid is a Straight 
Line. — ^We have already shown, that when the diameter of the 
generating circle is half that of the circle inside which it rolls, the 
hypocycloid traced out by the tracing point is a diameter of the 
base or pitch circle. This being the case it is easy to see^ that if 



RACK AND PINION, 253 

the flanks of the teeth of a pair of wheels be described by 
generating circles, whose diameters are half that of the correspond- 
ing pitch circles, such flanks will be straight or radial. 

The method of setting out such teeth may be briefly stated 
thus: — 

Let A and B be the centres of the pitch circles. Take generating 
circles, G^ Gg, having diameters respectively equal to half those of 



Rack and Pinion. 

the pitch circles A and B. By rolling G^ on the convex side of 
pitch circle, B, an epicycloid, h^ h^y will be traced out. This curve 
determines the form of the faces of the teeth on B. Similarly, by 
rolling Gb on the convex side of pitch circle. A, the epicycloid, a^a^, 
will be obtained, which will determine the form of the faces of the 
teeth on A. 

The hypocycloids corresponding to these generating circles are 
straight lines or radii of the pitch circles. Hence, to complete the 
-curves for the acting surfaces of the teeth, it is only necessary to 
draw the radii from the points a^ , 6^ , &c. 

Teeth with radial flanks are thinner at the roots than at the 
pitch circle, and if the wheel ifi small and has few teeth, it is not 
difficult to see that such teeth may exhibit comparative weakness 
at the roots, the very place where they should be strongest. With 
ordinary sized wheels, this need not present any serious obstacle, 
since the thickness at the roots may be increased by simply putting 
in flUets between the straight flanks and the root circle. 



254 



LECTURE XIII. 



Rack having Teeth with Radial Flanks.— lu carrying oat the 
above idea for the case of a rack and pinion, we notice that the 
generating circle to be used in describing the faces of the teeth on 
the pinion must have a diameter equal to that of the radiris of Hie 
pitch " circle " of the rack. But since this latter " circle '* has an 
infinite diameter, it follows that the diameter of the generating 
circle just referred to must also be infinite. Now, we have already 
shown that the epicycloid traced out by a generating circle of 
infinite diameter is an involute of the base or pitch circle, outside 
which this generating circle is supposed to roll. Hence, the faces 
of tlie teeth on the pinion must be involutes of its own pitch circle. 
The faoas of the teeth on the rack are cycloids described by a 
generating circle, having a diameter equal to the radius of the 
pinion. 




Pinion having Teeth with Involute Faces and Radial Flanks. 
Rack having Teeth with Cycloidal Faces and Straight Flanks. 

The piinciple of construction for this case will be understood 
from the left-hand figure above. The complete teeth are represented 
by the right-hand figure. 

It must be carefully borne in mind, that the form of the acting 
surfaces of the teeth on the one wheel, determines the necessary 
form of the acting surfaces of the teeth on the other wheel in gear 
with it. In the case of cycloidal teeth, the only necessary con- 
dition to be observed in their construction, in order to insure 
correct working is, that the same generating circle be used in 
describing the faces of the teeth on the one wheel as that used in 
describing the flanks of the teeth in the other. This condition is 
clearly fulfilled in the two particular cases just considered. 

Practical Method of Drawing Involute Curves for the Faces of 
Teeth on a Pinion. — The following is a simple practical method of 
drawing the involute curves for the faces of the teeth on the pinion, 
gearing with a rack having teeth with radial flanks. 

D B is a drawing board, having a sheet of drawing paper, D P, 
fixed to it. Draw on the paper, full size, an arc, jP C, of the 
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pitch circle of the pinion. Having made a template, T, of wood 
with a convex edge, struck with a radius equal to tbat of the pitch 
circle of the pinion, fix it to the board with this edge coinciding 
with P C, as shown by the figure. Next take a lath, L, of wood, 
having one of its edges perfectly straight, and carrying a small 

D.B. 




Pkacttcal Method of Drawing Involute of Pitch Circle. 
Index to Parts. 



D B represents Drawing hoard. 
DP „ Drawing paper. 
PC ,, Pitch circle of wheel. 



T represents Wooden template. 
L ,, Wooden lath. 

P ,, Tracing point. 



pencil or needle, P, projecting from the straight edge. Let the 
straight edge of L be placed against the convex edge of T, and let 
the point P coincide with the point a, from which the curve must 
start. Now allow the lath to roll on the edge of T, so that the 
straight edge of L will always form a tangent to the pitch circle, 
care being taken not to allow any slipping during the process. By 
this means, the point P will describe a curve which will be an 
involute of the pitch circle, P C. An arc of a circle can now be 
di-awn, which will approximately coincide with the involute arc so 
found, and then the curves for the faces of the teeth may be 
set out. 

Second Particular Case — When the Hypocycloid is a Point — 
Pin Wheels. — We have already shown that the hypocycloid degen- 
erates to a point when the diameter of the generating circle is 
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eqnal to that of the base circle inside which it rolls. Hence, if 
the diameters of the generating circles be taken equal in size to 
the respective pitch circles of a pair of wheels intended to gear 
together, it is clear, that the teeth on both wheels will possess 
the peculiar property of having no flanks. In this particular 
case, the teeth on one of the wheels must, theoretically, be mere 
points. In practice the teeth must have some magnitude, and 
consequently we find pins instead of mere points. A wheel of 
this description would be called a pin wheel, and consists of a 
series of pins projecting from the face of a circular disc, as shown 
by the following figures. When the pins are fixed between two 
discs v-e then obtain what is called a lantern wheel ; a form of 
wheel now rarely used, except in clock and watch mechanism. 





Pin Wheel. 



Lantekn Wheel. 



The problem now before us is, given a pin or lantern wheel, to 
describe the teeth on another wheel which shall work accurately 
with it. 

We shall first suppose the pins to have no diameter, in other 
words, to be mere points. 





Method of Dbawzng Teeth on a Wheel to Gear with a Pin Wheel. 



TEETH TO GEAR WITH A PIN WHEEL. 
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Let A be the centre of the pitch circle upon which the required 
teeth, have to be described, and B the centre of the pin wheel. The 
generating circle, G, used for describing the faces of the teeth oii 
A, must be of the same size as the pitch circle, £. The shape of 
the complete teeth on A is shown by the figure on the right-hand 
side, from which it will be seen that the teeth have no flanks. 

To complete the problem we must modify the above figure on 
the right-hand side to suit the actual case when pins of definite 
diameter are substituted for the points on the wheel B. Having 
fixed upon the diameter of the pins, draw circles to represent 
these round the pitch circle, B, as shown. At the points of inter- 
section of the dotted epicycloids with the pitch circle. A, draw the 
small arcs inward (with a 
radius equal to that of the 
pins), to represent the re- 
cesses into which the pins 
enter when approaching the 
pitch point, p. Then draw 
curves from the ends of 
these small arcs parallel to 
the dotted epicycloids as 
indicated, the distance be- 
tween the parallel curves 
being half the diameter of 
the pins. 

It should be noticed, how- 
ever, that the parallel curves 
so drawn are very approxi- 
mately epicycloids traced by 
a generating circle equal in 
size to the one used in de- 
scribing the dotted curves. 
Hence, it is only necessary 
to draw from the ends of 

the small circular arcs, epicycloids with a generating circle equal 
in diameter to that of the pitch circle, B, and these will represent 
the working faces of the teeth on A. 

Pins are always placed on the Follower. — When one of a 
pair of wheels in gear has pins instead of teeth, it is the practice 
to place the pins on that wlieel which is to be the follower. The 
reason for this will he apparent when we remember what has been 
said regarding the friction between the teeth during the arcs of 
approach and recess. The friction during the arc of approach is 
said to be greater than that during recess, and if this be the case, 
it follows, that the arc of approach should be as small as possible. 

17 




Teeth to Gear with a 
Pin Wheel. 
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NoWy in the arrangement just considered, wherein the teeth have 
no flanks, it is elear that there will be no arc of approach or no 
arc of recess according as the pin wheel is the follower or the 
driver. If the pin wheel be the follower, the whole of the action 
between the teeth on A and the pins on B will occur after the 
line of centres — i.e., during the arc of recess. If B becomes the 
driver, then the whole of the action takes place during the arc 
of approach. This latter arrangement should therefore not be 
adopted. 

Rack and Pmion. — Sometimes we find either a rack or its pinion 
fitted with pins instead of ordinary teeth. In any case, however, 
the above rule must be attended to — viz., the pins always to be 
placed on the foUoioer, Hence two cases arise — (1) the pinion 
may drive the jrack, or (2) the rack may drive the pinion. 

(1) Suppose the Pinion to Drive the Back — In this case, the 
pins must be placed upon the rack. Now the pitch line of a 
rack has been stated to be part of a pitch circle of infinite radius, 
and since the faces of the teeth on the driver are supposed to be 
described by a generating circle having the same diameter as 
the pitch circle of the follower, it follows that this generating 
circle must also be of infinite radius. Hence, the curves for the 




PiKiON IN Gear with Rack Fitted with Pins. 

faces of the teeth on the pinion will be involutes of its own pitch 
circle. 

The principles of construction in this case will be understood 
from what has preceded and by a reference to the accompanying 



(2) Suppose the Back to Drive the Pinion. — In this case, the 
pins must be placed upon the pinion. Hence, the faces of the 
teeth on the rack must be described by a generating circle, G, eqtuU 
in diameter to that of the pitch circle of the pinion. The curves 
for the faces of these teeth will thus be cycloids. The method 
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of describing these as well as their appearance when complete 
will be easily understood from the figure. 




PITCH LINE OF RACK 



Piif Wheel in Gear with a Baoe. 

Disadvantage of Pin Wheels. — Pin wheels are now seldom used, 
except in clock and watch mechanism, owing to a practical dis- 
advantage which they possess — viz., that the wheels required to 
gear with them have to be specially designed, and these latter can 
only be geared with one particular size of pin wheels and with na 
other kind of toothed wheel. 
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Lecture XIIL— Questions. 

1. Explain the terms "pitch" (circular and diametral), "pitch circle," 
and "pitch point" as applied to toothed gearing. State tlie relation be- 
tween the circular and diametral pitches. 

2. Explain, by aid of sketches, the meanings of the terms "face," 
"flank," "addendum," and "clearance" as applied to toothed gearing. 
State the usual proportions for the addendum and clearance (side and 
bottom) in terms of the pitch. What is the efifect of clearance on the 
action of the teeth ? 

3. What is meant by the pitch of a tooth in a spur wheel ? What are the 
usual forms of teeth and how are they described ? Sketch two consecutive 
teeth of a spur wheel, and give the relative proportions of the different 
parts of a tooth in terms of the pitch. 

4. Design by any method you know the tooth of a sptur wheel— pitch 
= 2 inches ; diameter = 7 inches ; and show by dimensions the correct 
proportions. (C. and G. of L. Mech. Eng. Hons. Exam., 1891.) 

5. What is meant by the term arc of action ? State the usual length of 
arc of action in terms of the pitch. 

6. Upon what principle are teeth of wheels of the epicycloidal and hypo- 
cycloidal form constructed V Show under what conditions they will work 
properly. What is to be done in order that any wheels of a set may work 
accurately together? (S. and A. App. Mechs. Hons. Exam., 1893.) 

7. In forming the teeth of wheels, the geometrical condition is that the 
common perpendicular to the surfaces of two teeth in contact shall always 
jy&aa through the point of contact of the pitch circles of the wheels. Write 
out a proof of this general proposition. (S. and A. App. Mechs. Hons. 
Exam., 1889.) 

8. Give the theory for constructing teeth of wheels with radial flanks 
which shall work accurately together, the distance between the centres of 
the pitch circles of two such wheels being 24 inches, and the required 
velocity-ratio of the wheels 3 to 1, find the diameter of the rolling circles 
for describing the teeth of each wheel. (S. and A. App. Mechs. Hons. 
Exam., 1885.) ^n^. IS ins. and 6 ins. 

9. A toothed spur wheel is 4 inches pitch. Sketch a tooth and mark on 
it suitable dimensions. Draw accurately a suitable curve for such a tooth, 
taking the pitch line straight as in a rack, and using a describing circle of 
5 inches radius. (S. and A. Mach. Const. Hons. Exam., 1882.) 

10. What geometrical condition must be satisfied by the acting surfaces 
of the teeth of a pair of wheels in order that the velocity-ratio communicated 
may be constant ? Show that this condition is fulfilled by epicycloidal and 
hypocycloidal curves. 

11. Show, by sketches, what cycloldal curves should be used or approxi- 
mated to in the faces and flanks of the teeth in the following cases: — 
<a) Pair of wheels in external contact ; (6) Pinion and rack. It is only 
necessary to mention the proper curves, without attempting to draw them. 
<S. and A. Mach. Const. Hons. Exam., 1883.) 

12. Define, and show roughly by sketches, the following curves: — The 
cycloid, epicycloid, hypocycToid, and involute. Mention one property of 
those curves which make them so useful for engineering purposes. Discuss 
the various particular forms assumed by those curves under particular 
circumstances, and state some of their applications. 
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13. Describe the form of Gee's patent wheel teeth, and mention what is 
their advantage. (S. and A. Mach. Const. Hons. Exam., 1883.) 

14. In -wheels with pins for teeth the pins are always placed npon the 
follower; will yon explain this? What are the chief disadvantages of pin 
wheels ? 

15. A toothed wheel drives a pin wheel ; investigate the proper form for 
the curves of the teeth. The diameter of each pin being known, how do 
you proceed to set out the teeth, preserving their theoretical outline? 
Sketch the necessary diagram. (S. and A. App. Mechs. Hons. Exam., 
1888.) 
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LECTURE XIV, 

Contents.— Path of Contact with Cycloidal Teeth— Obliqnity of Reaction 
— Length of Cycloidal Teeth for given Arcs of Approach and Recess — 
Calculation of the Length of Cycloidal Teeth — Examples I. and II.— 
Diameter of Generating Circle — Least Number of Cycloidal Teeth to 
be placed upon a Wheel — Cycloidal Teeth for Wheels with Internal 
Contact — Path of Contact with Internal Gearing — Formulae for Length 
of Teeth of Internal Gearing — Questions. 

Path of Contact with Cycloidal Teeth. — Let the accompanying 
fij^ure represent portions of two pitch circles with their addendum 




circles and generating circles, Gj, G^. Fiom the figure, it will be 
seen that contact between two teetli begins at a^^ and terminates 
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^t b^, the points a^ and 6^ being determined by the intersection 
pf the addendum and generating circles. Daring motion the 
point of contact of the pair of teeth in question travels along the 
curve, a^ph^y which is made up of the arcs, ctiP, pb^, of the two 
generating circles, G;^, Gg. 

Definition. — The path a^pb-^, along which the point of contact 
of a pair of teeth moves, is called the Path of Contact. 

The whole path of contact is divided at the pitch point, p, into 
two parts called, respectively, the Path of Approach, a^p, and the 
iPath of Recess, p 61.* 

If the direction of motion of the wheels be reversed, then the 
2)ath of content will be ag/^ftg. 

The path of contact in the case of cycloidal teeth is always 
circular, but in some forms of teeth, for example involute teeth, 
the path of contact may be a straight line. 1'he student should 
examine all the preceding particular cases and ascertain the nature 
of the path of contact. He will then see that in teeth with in- 
volute faces part of this path is a straight line. 

Obliquity of Reaction. — We have seen that (neglecting friction) 
the direction or line of action of the mutual pressure, or reaction, 
between a pair of properly constructed teeth in contact always 
passes through the pitch point, p. The angle which this direction 
Tnakes with the common tangent to the two pitch circles at their 
point of contact is called the Obliquity of Reaction. Thus, in the 
previous figure, the direction of the mutual pressure or reaction 
at the beginning of contact of a pair of teeth is along a^ p, and 
at the end of contact along p b^. The obliquities of reaction at 
these two particular points are denoted by the angles Oi^M, 
b^p'N respectively. When the point of contact of the teeth 
reaches the pitch point, p, the direction of the reaction is along 
M K, the common tangent at p, and at this point the obliquity is 
zero. Thus, the obliquity of reaction in the case of cycloidal 
teeth, varies from a maximum at the beginning and end of contact 
of a pair of teeth, to zero at the pitch point. With such teeth, 

*The stndent mnst carefullv distinguish between the terms pcUh of 
contact and arc of contact. The latter term refers to the arc on either 
pUch circle turned through by that pitch circle during contact of a pair of 
teeth, while the former refers to the actual path traversed by the point of 
contact during the same period. Kevertheless, it should be noticed, that 
toith cycloidal teeth : — 

Length of arc of approach, ep or gp = length of path of approach, aip, 
„ arc of recess, pf or p h = „ pathof recess, pbi. 
flothat: — 

Length of arc of contact = length of palh of contact. 
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the maximum obliquity should never be allowed to exceed 30^ 
In those teeth of which the path of contact is a straight line, 
the obliquity remaiDS constant duiing contact, and should never 
exceed about 15*. 

Length of Cycloidal Teeth for given Arcs of Approach and 
BeceSB. — ^When the arcs of approach and recess are given for a 
pair of wheels, we can then determine the lengths to be given to 
the teeth on the two wheels respectively. Beferring to the last 
figure, let arcs p e, pf represent the given lengths of the arcs of 
approach and recess respectively. On the given generating circles, 
Gj, Gg, cut off the arcs p a^, p ftj, equal in length respectively to 
p «, p/l Through the points a^, b^ draw the circles Ad Cb, Ad 0^, 
about the centres B and A respectively. These are the addendum 
circles for the two wheels. After making allowances for bottom 
clearance, the root circles, R C^, R Cg, can be drawn. From this 
construction, the sizes of the teeth on the two wheels can be 
determined. 

Calculation of the Length of Cycloidal Teeth ^We shall now 

show how the previous problems may be solved by calculation. 

In the accompanying figure, let wheel A be the driver, B the 
follower, and G^, Gg the generating circles. Then apb is the 
path of contact. 

Let Rj = Radius of pitch 
circle, A. 

„ r^ = Radiusof circle, Gj, 
used in describing 
/aces of teeth on A. 

„ d^ = Addendum of teeth 
on A. 

„ 6, <p = Maximum obliqui- 
ties of action dur- 
ing approach and 
recess respec- 
tively. 

„ a, j8 = Lengths of arcs of 
approach and re- 
cess respectively. 

Length of Cycloidal Teeth. 

Then, since Path of approach or recess =Arc of approach or recess. 

a = arc ap ; and fi = bxc p b. 

Join A 6, Gi6, C 5, and p b. Draw A H perpendicular U> bp 
produced. Then clearly, .^ /? A H = .^p Cb = .^bpN = <p. 
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Since & A H is a right angled triangle, we get : — 
A 62 = A H2 + H 62. 

But, A 6 = Ri + 5^. 

A H = Rj cos (p. 
And, H 6 = H j» + jt? 6 = Rj sin 9 + 2 r^ sin f . 

(Ri + aj)2 = RJcos2 ^ + (Rj + 2 ri)2 sin2 9. 
.-. E? + 2 R^ a^ + a? = RJ (cos2 <p + sin2 9) + 4 (R^ + r^r^ sin2 ^. 

2 Ri a^ + a? = 4(Ri + ri)ri sin2 9 (I) 

Also, Arc ph — T^ x 2 9. 

^=.^- 1 '"' 

Similarly, if Rg, fg, a^ apply to the follower, B. 

Then, 2R2a2 + a? = 4(R2 + r2)r28m2 ^ . . . . (I^) 

And, a = 2 Tn ^ ) 

'-^/f <'^' 

From these equations the addenda of the teeth on the two wheels 
can be calculated, if we know the sizes of the generatiog circles and 
the arcs of approach and recess. 

When the wheels are large we may neglect a2 in equations (I) 
and (la), since this quantity will be small compared with R, and 
we get the approximate formulae : — 



a, = 2(l + 0riSin29 
And, a^ = 2 fl + g?) ra sin2 6 



(III) 



Again, the sizes of the generating circles are generally stated in 
terms of the size of the pitch circles inside which they roll. 

Hence, let: — r^ = m^ R2, r^ = rn^ Ri- 

Where m^ and m^ are fractions seldom greater than one-half. 

Then, equations (I) and (III) become : — 

2 Rj a^ + a? = 4/?72 (Ri + m^ Ro) Rg 8ia2 ^ |^ 

2 R2 ag + aj = 4mi (R2 + mi R^) Rj 8in2 ^ J * ^ ^ 

Or, approximately, b^ = 2mJl + ^V"^^ R^ 8in2 ^ 1 
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Let p = Pitch of teeth on wheels. 

„ n^y Wg = Number of teeth on respective wheels. 

Then. R. = K. R, = ^. 

And we get the following final equations : — 

^/?iP 3i + ^ aj = /W2 (/7i + /W2 /I2) ri2P^ 8in2 <p ) ,yjv 

Or, approximately, 

^n^d^^ m^ (/?i + /W2 W2) ''2P ^^^ ^ I /vm 
cr/?2a2 = mi(/72 + /Wi/?i)/?ipBin2^ j '^ ' 

And, cr a = /Wi /?! /> n (VIII) 

^fi = m^n^p^} ^ ^ 

We would recommend the student to use equations (I) and (II) 
in wording put problems, instead of attempting to remember all 
the above particular forms which they assume. 

ExAi^PLE I. — The flanks of the teeth of a pair of wheels are 
radial. The number of teeth on the wheels are 21 and 120. The 
addendum to each wheel is ^jj pitch. Find the lengths of the arcs 
of approach and recess, supposing the small wheel to be the driver. 

3 

Answer.— Here Wj = 21; Wg = 120; 6^ = 6^ = j^rp. 



n^p 2lp 

1 " "2^ " 2T' 



R = 



And R - ""2? - ]^, 

1 120« 

Since the flanks are radial r, = t^Ro = . » 

And r ^Tt 2^^ 

And, ^^ = _R^ = __, 

From equation (I), we get : — 

2 Ri a^ + a; = 4 (Ri + r^ r^ sin2 p. 

. 2 x2L£x^^ + ^^' = 4r^ + l?^'i xl^O^sin^^. 
•'2^'^ To Too *V2^4^;'^4^^^ 

. 2x21 X 3x^9 X 2^ ,^„ ^A • 9 
• TO -"-lOO-^ 1^2 X eOsrn^p. 

sin f = -0652. 

Or, p = 31', nearly = '065 radian. 
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Hence, Arc df recess = ^3 = 2 r^ 9 

= 2 X ^1^ X -065 = 1-25 p, nearly. 

Next, to find the arc of approach. 
From equation (!« ), we get : — 

2 B2 ag + aj = 4 (R2 + rg) rg sin2 6, 

2^ 10 100 V2'r 4: It J 4i'jT 

,-. 2 X 12 X 3 X 2^+ ^ iqq"^ = 261 x 21 sin2 ^. 

sin i? = -2885. 

6 = 16f° nearly = '292 radian. 

Hence, Arc of approach = a = 2 rg ^ 

21 V 
„ = 2 X -^ X -292 = -976 p, nearly. 

Had we neglected a^ in the above solution, and taken the ap- 
proximate formulae (III), we would have got : — 

sin (p = -0638, instead of -0652. 

Now the difference in those two angles is only about 5 minutes, 
the first sine corresponding to an angle of 3** 39', the second corre- 
sponding to an angle of 3** 44'. 

Again, the exact value of ^ is 16° 46', while the approximate 
value (neglecting a^) would be 16** 42'. 

Had we, therefore, assumed the approximate formulae the results 
would practically not have been different from what we have just 
obtained. 

Example II. — In Example I., find the addenda, when the arcs 
of approach and recess are each equal to half the pitch. 



Answer.— Here, a = fi = ^p. 




From equation (I la), we get: — 




._ . ^' - 


«• 


2r, -^2lp 


21 
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g- "^ 1^^ ROW 
sin < = -149. 

Andfrom II, P = ^ = — ^oy, = 120- 

2 ^ TV" • 
^ 180 
P =120'' -^" = ^^*^- 
Or, sin p = -0262. 

Hence, taking the approximate formula: (III), we get : — 
i, -2(1 + J_)r,siii«? 

Similarly, ^^ = ^ (^ + ^) ''2^'"^ ^• 

In this example we might have farther simplified our calcula- 
tions by writing sin ^ = ^ and sin 9=9, since these angles are 
very small. Doing this and combining equations (I) and (II), we 
get the following approximate formulae : — 



''-i(^*rl)'*l 



(IX) 



*2 '2/ 

Substituting for a, /S, R^, Rg? ^v ^2> ^^ S®* • — 

which are exactly the same results as before. 

Diameter of Generating Circle. — We have already had instances 
of the effects produced on the form of cyloidal teeth, by the size 
of the generating circle employed. We have seen that if the size 



DIAMETER OF GENERATING CIRCLE FOR CYCLOIDAL TEETH. 269 







of the generating circle be half that of the pitch circle inside which 
it rolls, the flanks of the teeth so described are radial. If the 
generating circle be larger than this, the flanks described by it 
will be undercut and com- 
paratively weak at the 
roots. The accompanying 
flgure illustrates the in- 
fluence of the size of the 
generating circle on the 
form of the teeth. The 
flanks of the teeth, A, B, 
and C, are described by 
generating circles, having 
respectively diameters less 
than, equal to, and greater 
than the radius of the 
pitch circle. From these 
flgures it is evident that 
the generating circle em- 
ployed in describing the 
flanks of the teeth on a 
wheel should never have 
a diameter greater than 
half that of the pitch circle 
of the wheel. 

If a set of wheels, snch as the change wheels for a screw- 
cutting lathe, have to gear together in diflerent arrangements, it is 
clear that the same generating circle must be used for describing 
both faces and flanks of the teeth of every wheel in the set. This 
being the case, it follows from what has been «aid above that the 
diameter of the generating circle employed in describing the faces 
and flanks of the teeth of a set of wheels mnst not be greater 
than half that of the pitch circle of the smallest wheel in the set, 
otherwise the flanks of the teeth on the smallest wheel would be 
undercut and weak at the roots.* Since it is desirable to have as 
large a generating circle as possible, it is usual to construct the 
teeth on the smallest wheel with radial flanks. The size of the 
generating circle must then have a diameter equal to the radius of 
the smallest lolieel in the set. 

Least Number of Cycloidal Teeth to be placed upon a Wheel — 
It has been pointed out, that with any pair of wheels gearing 
together, there should never be fewer tJian two pairs of consecutive 

* Cases are not wanting where the flanks have been described by a 
generating circle larger than the radius of the pitch circle ; but in such 
cases fillets are made at the roots in order to strengthen the teeth. 



Influence of Size of Generating 
Circle on the Form of Teeth. 
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teeth in action at any time, and, further, that the maximum 
obliquity of reaction should never exceed 30**, in the case of 
cycloidal teeth. These conditions being premised, it is easy to 
determine the least number of teeth which must be placed upon 
the smallest wheel of a set. 

Let A be the centre of the pitch circle of the smallest wheel in 
the set ; G the generating circle, the diameter of which is half that 
of pitch circle, A. 

Let contact between a pair of teeth begin at a, then .^ ap'N 
= 30°. When one pair of teeth are in contact at a, the preceding 
consecutive pair will be in contact at the pitch point, p. Make 
arc pe = arc p a. Then, in this case, pe h the arc of approach^ 
and is equal to the pitch of the teeth. Join A e. This line will 
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pass through the point a ; hence, it is easy to see that .^cri p Ae 
= .^ a;? N = 30°. We then get :— 

Arc pe = arc of 30° on pitch circle A, 

» = tV ^^ circumference of pitch circle A. 
But arc pe = pitch of teeth, 
.'. Pitch of teeth = ^-^ of circumference of pitch circle A, 

t.6, the least number of teeth on the smallest wheel of a set must 
be 12. 

In a similar way, it can be shown that the least number of pins 
to be placed upon a pin or lantern wheel is 6. 

Cycloidal Teeth for Wheels with Internal Contact.— Let A be 
the centre of an internal toothed wheel ; B the centre of a pinion 
gearing with wheel A. The faces of the teeth on A and the flanks 
of the teeth on B are described by the same generating circle, G^, 
while the flanks of the teeth on A and the faces of the teeth on B 
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are described by the generating circle Gg. Since the fa^es of the 
teeth on an internal toothed wheel lie inside the pitch surface, 
and the fianlcB outside the pitch surface, it is clear that the curves 
for the former are arcs of hypocycloids obtained by rolling G^ inside 
the pitch circle A, while the curves for the flanks are epicycloids 
obtained by rolling Gg outside the pitch circle A. Hence, the 
curves for the faces of the teeth on A and the flanks of the teeth 
on B are hypocycloids, while the curves for the flanks of the teeth 
on A and the faces of the teeth on B are epicycloids. The size of 
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generating circle, G^, must not exceed half that of pitch circle of 
the pinion, B, otherwise the roots of the teeth on the pinion 
will be undercut and weak. The size of generating circle, Gg, 
may be anything we like, since the curves described by it on both 
pitch circles are epicycloids. 

Path of Contact with Internal Gearing. — Let PC, AdC, and 
BO, with the suffixes A and B, denote the pitch, addendum^ 
and root circles of wheels A and B respectively. Let the pinion 
be the driver. Contact between a pair of teeth begins at a, the 
point of intersection of circles G^ and Ad G^, and terminates at h, 
the point of intersection of circles Gg and Ad Cbj aphi^ there- 
fore, the path of contact. If the annular wheel were the driver, 
then the curve, a^ph^, would represent the path of contact, 
the direction of motion being the same as before. The student 
should experience little difficulty in applying all the preceding 
principles to internal toothed gearing if he has followed intelli- 
gently what has already been said regarding wheels with external 
contact. 

FormnlsB for Length of Teeth of Internal Gearing. — The student 
should now prove the following formulae for internal gearing, the 
method of arriving at the results being similar to that previously 
given. 
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(1) WJien the Pinion is tlie Driver, 
For Pinion :— 2 R^ a^ + a? = 4 (R^ + Ki) r^ sin2 <p 

And, 2 Tj ^ = ^. 

Por Annular Wheel, 2 Rg a^ - a^ = 4 (Rg - r^ r^ sin2 ^ 
And, 2r2^ = a. 

(2) When tlie Piniooi is the Follower. 
For Pinion:— 2 R^ a^ + a^ = 4 (R^ + rg) rg sin^ & 

And, 2 r2 ^ = a. 

For Annular Wheel, 2 R^ a^ - aj = 4 (R^ - r^) r^ sin2 (p 
And, 2ri9 = /3. 

The various symbols have the same meanings as before. 
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Lecture XIV.— Questions. 

1. Distinguish between the terms arc of approach or recess and path of 
approach or recess. Given the pitch circles of a pair of wheels, sizes of 
generating circles, and arcs of approach and recess, show by a construction 
how to set out the path of contact. 

2. Upon what principle are teeth of wheels of the epicycloidal and hypo- 
cycloidal form constructed ? Show under what conditions they will work 
properly. What is to be done in order that any wheels of a set may work 
accurately together? (S. and A. Hons. Exam., 1893.) 

3. In the consideration of the form suitable for the teeth of spur wheels, 
state : — (a) What geometrical condition should be satisfied as to the position 
of the common normal at the point of contact of two teeth, and explain 
why that condition should be satisfied ; (&) within what limits it is desirable 
to keep the obliquity of the line of action of the pressure between two teeth, 
and why within those limits ; (c) the least number of pairs of teeth which 
it is desirable should be engaged at the same time. Explain also {d) why 
it is undesirable that the action between two teeth should extend far from 
the pitch point. By a graphical construction, determine the arc of action, 
and the greatest obliquity of the line of action of a pair of cycloidal teeth, 
according to the following data, and state how many pairs of teeth will be 
in action at the same time : — Pitch of teeth = 2 inches ; number of teeth in 
wheels = 30 and 50 ; diameter of rolling or describing circles = 8J inches ; 
addenda of teeth = f inch. (S. and A. Mach. Const. Hons. Exam., 1892.) 
Ans. 4 inches; 13*5"; 3. 

4. Show by construction how you would determine the correct form for 
the teeth of a spur wheel 4 feet in diameter. The diameter of the smallest 
wheel in the train being 8 inches, what sized rolling circle would you use ? 
<C. and G. Mech. Eng. Ord. Exam., 1892.) Ans. 4 inches. 

5. A pair of wheels have 25 and 130 cycloidal teeth respectively. Find 
the addendum of each wheel, that the arcs of approach and recess may each 
be equal to the pitch, the flanks being radial. Ans. *17 p ; *28 p. 

6. The diameter of the pitch circle of an annular wheel by means of 
which a water-wheel communicates motion to a mill is to differ as little as 
possible from 24 feet. The pitch of the teeth is to be 4 inches. Find actual 
diameter and number of teeth. If the velocity of the periphery be 5^ feet 
per second, and the pinion in gear with the wheel is required to make 30 
revolutions i>er minute, find the necessary diameter of the pinion and the 
number of teeth. Again, if both faces and flanks of all the teeth be de- 
scribed by a constant generating circle 12 inches in diameter, find the arcs 
of approach and recess, the addendum of both wheels being 1^ inches. 
Ans. 23-98 ft,; 226 teeth; 3*5 ft.; 33 teeth; a = 3-42 ins.; /3 = 3-96 ins. 
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LECTURE XV. 

CSONTSNTS. — Involate Teeth — Size of Base Circle to be employed — Length 
of Involute Teeth for given Arcs of Approach and Recess ~ Calculation 
of the Length of Involute Teeth — Least Number of Involute Teeth to be 
placed upou a Wheel — Rack and Pinion with Involute Teeth — Wheels 
with Involute Teeth and Internal Contact — Calculations for Involute 
'J'eeth with Internal Contact — Examples I. and II. — Bevel Wheels^ 
Teeth of Bevel Wheels — Mortice Wheels — Gear Cutting Machine — 
Questions. 

Involute Teeth. — In a previous Lecture we have shown that 
an involute curve is a particular case of au epicycloid, and with 
those jiarticular conditions we have had instances of teeth with 
involute faces. But no case has yet been considered wherein both 
faces and flanks are involute in form. Involute teeth — i.e., those 
forms of teeth whose faces and flanks are described by involutes of 
circles—possess certain peculiar properties, and on that account 
may be studied as a class independent of all other forms. 

In this Lecture, we shall first show that the involute form of 
tooth satisfies all the primary conditions for correct working, and 
we shall thereafter explain its unique properties. 

In order to properly understand what follows, we shall first 
explain how an involute curve can be drawn. 

Let C represent the centre of a thin pulley with a fine string 
wound round its circumference. Fix a sheet of drawing paper to 

one of the faces of the 

» P pulley, and tie a pencil, P, 

to the free end of the 
string. By keeping the 
string taut and unwind- 
ing it from the pulley, the 
pencil at P will tmce on 
the drawing paper the in- 
volute, A P. 

For our present purpose 
it is much better to con- 
ceive the curve described 
in the following manner : — 

Let the pulley and its attached pay)er be capable of turning 
round C as an axis. Take hold of the pencil, P, and pull 
it along the straight line, BP. By this means the pulley and 
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paper will be made to rotate about C, while the pencil will trace 
out the involute, A P, on the moving paper just as before. 
Similarly, if the string be wound on to the pulley, by rotating the 
pulley and the paper, the pencil will retrace the curve P A, if P 
be made to move in the direction, P B. 

The circle of which the curve is the involute is called the base 
circle. 

In the next figure, let the dotted circles represent the pitch 
circles of a pair of wheels in gear. 

With A and B as centres, 
describe the circles CaE, 
D 6 F, of such sizes that 

AC :BD = Ap :Bp. 

These are the base circles 
for the pair of wheels. 

Kow imagine these base 
circles to represent pulleys 
over which a crossed string, 
CD FE, is stretched. Then, 
clearly, the motion trans- 
mitted by means of these 
pulleys and the crossed 
string will be identically 
the same as that obtained 
by the rolling of the pitch 
circles. 

Suppose a sheet of paper 
to be fixed to pulley, A, 
and capable of rotating 
with it. Then a pencil, P, 
anywhere on the string, 

CD, will, during rotation in the direction shown, describe the 
involute, aP, on the rotating paper. The curve, aP, is an 
involute to the base circle, CaE. Similarly, by supposing a 
sheet of paper to have been fixed to pulley, B, the pencil 
would have, simultaneously described the involute, 6 P, to the base 
circle, D 6 F. 

The two involutes, a P, 6P, being simultaneously described 
by the tracing point, P, will always be in contact at that point, 
and have a common normal, C D. The locus of P is C D, and 
therefore the common normal always passes through the pitch 
point, p. Hence the principal condition for the curves of all 
properly-constructed teeth is satisfied by involutes traced in the 
above manner. 




Tracing the Curves for Involute 
Teeth. 
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By fixing a pencil to the string, E F, and proceeding as before, 
the curves for the opposite working surfaces of the teeth can be 
drawn. 

To complete the curves representing the working surfaces of the 
teeth, it is only necessary to describe the addendum and root 
circles ; the parts of the involutes intercepted between these circles 
will represent the acting surfaces of the complete teeth. 

The following properties of involute teeth should be noted :— r 

(1) Both face and flank of an involute tooth form one continuous 
curve. 

On this account it will be much easier to set out the curves for 
involute teeth than for cycloidal teeth, since, in the latter, the 
curves for face and flank are always of opposite convexity. 

(2) With involute teeth the centres of the wJieels can be pushed 
further apart or brought closer together without affecting tJieir 
velocity-ratio or smoothness of action. 

This is a most valuable and unique property of such teeth. 
The reasons for this propeHy will be apparent from an inspection 
of the previous figure. Pushing the wheels further apart, or 
bringing them closer together, alters the sizes of the pitch circles 
without altering their ratio, but does not alter the sizes of 
the base circles, and, therefore, does not affect the curvature of 
the involutes. It does, however, affect the direction of the normal 
thrust between the teeth. The direction of this thrust is always 
«long the common tangent to the base circles. More will be said 
: about this immediately. 

(3) All wheels with involute teeth of equal pitch and obliquity of 
"Option work accurately with each other. 

The reasons for this will also be apparent from what has just 
«been said. 

From the above properties it will be seen, that involute teeth 
are singularly well suited for most purposes, and in our opinion it 
would be well if engineers would universally adopt this form, and 
thus save endless expense and trouble in patterns, &c. As matters 
now stand, each maker of toothed wheels has his own method 
of constructing the teeth ; the result being, that the wheels of 
one maker will not work correctly, nor approximately correct, 
with those of equal pitch by other makers. The same state of 
afiairs with regard to screw threads existed prior to the estab- 
lishment of a standard thread by the late Sir Joseph Whitworth. 
At that time, if the nut of a bolt were lost, it was ten chances 
to one if another could be found to fit it, with the result that 
many good bolts had to be thrown into the scrap heap for want of 
nuts. The nuts, too, were of all sizes, even for the same size 
of bolt, and as a consequence every fitter had to be supplied 
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with a multitude of spanners whenever he had a series of bolts to 
deal with. 

One objection which has been urged by some engineers against 
involute teeth is the normal thrust between the teeth, which is 
always constant in direction^ and, being oblique to the common 
tangent at the pitch point, 
tends to push the wheels 
out of gear. We are of 
opinion, however, that too 
much importance has been 
attached to this; for, if 
the obliquity of reaction 
be kept less than 15**, no 
very serious results will 
follow. With cycloidal 
teeth, the obliquity of re- 
action varies from zero, 
when the pair of teeth are 
in contact at the pitch 
point, to a maximum, when 
the teeth are just begin- 
ning or just ending con- 
tact. 

Size of Base Circle to 
be employed. — ^We have 
shown that the line of 
action of a pair of involute 
teeth in contact is always 
along a common tangent gizj. ^p Base Cieclhj for Involute 
to the base circles. The Teeth. 

direction of the mutual 
thrust, or, in other words, the obliquity of reaction, is constant. 

Let II = Thrust between a pair of teeth in contact 
„ d = Obliquity of reaction = .^ D p'N, 

„ Rj_ Rg = Radii of pitch circles, A and B. 
» ^1 ^2 ~ »» base „ ,, 

Then, Component of R along M N = R cos tf. 

Component o/R ahng A B = R sin ^. 

The former of these represents the effective pressure causing 
motion, while the latter tends to throw the wheels out of gear, and 
has, therefore, to be resisted by the bearings at A and B. To 
reduce this separating force to a minimum, ^ must be made as 
small as possible. In practice, tf never exceeds 14^** or 15®. 
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Taking ^ at 15', we can easily ^calculate the size of base circle 
for any given size of pitch circle. 

Beferring to the above figure, we see that : — 



Hence, 
But, 



r^ = Rj cos 6. 
r« = Ro cos 0. 



63 



cos ^ = cos 15° = -966 or — , nearly. 
63 



Or, 



r, = -966 Ri = gg Ri 
63 



(I) 



Diameter of base circle = ^^ (diameter of pitch circle). 



Length of Involute Teeth for given Arcs of Approach and 
Becess. — With involute teeth the path of contact is a straight 
line, which is a tangent to the base circles. In the accompanying 
figure (which is much exaggerated for the sake of clearness) three 
pairs of teeth are shown in contact. One pair is beginning contact 




Length op Involute Teeth for given Arcs of Approach 
AND Recess. 

at C, a second pair is in contact at the pitch point, p, while the 
third pair is terminating contact at D. Contact cannot commence 
before C, nor be carried beyond D. If, therefore, the maximum 
length of contact be utilised, then the addendum circles for A and 
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B must be drawn through the points D and C respectively. After 
allowing for bottom clearance, the root circles, R C^, K Cji, can 
be drawn. 

From the figure it will be seen, that the root circles fall inside 
the base circles and are concentric with them. Now the curves 
forming the working surfaces of the teeth, being involutes of 
the base circles, do not pass beyond those base circles, and con- 
sequently those parts of the roots of the teeth lying between the 
base and root circles must be formed by some line straight or 
curved. Since, however, those parts are not portions of the 
working surfaces they are usually made straight and radial. 

If arc e p == arc gp = arc of approach, and arc p/ = arc p h 
= arc of recess, then, manifestly, e, fy g^ and /* are points of inter- 
section of the curves of the teeth with the pitch circles. 

We are now able to find 
the addenda of the teeth 
for given arcs of approach 
and recess; or conversely, 
to find the arcs of approach 
and recess when the ad- 
denda of the teeth are 
given. 

Draw the pitch circles 
for the two wheels. 
Through p draw the line 
of mutual pressure, C D, 
making an angle, ^, with 
M N. As already ex- 
plained, 6 should not ex- 
ceed 15". With A and 
B as centres draw the base 
circles tangential to C D. 
Along pitch circle A set 
off arc p e equal to given 
arc of approach, and on 
pitch circle B set off arc p h 
equal to given arc of re- 
cess. Join A c, B A. These 
radii cut the base circles 
at c and d respectively. Then arc c w is the arc turned through 
by base circle, A, during approach, while arc n c^ is the arc turned 
through by base circle, B, during recess. 

Along CD set off ;? a = arc c m, and /? 6 = arc dn. Then the 
stmight line aphi^ the path of contact. 

Through h and a draw the addendum circles as shown. After 
allowing for clearance the root circles can be drawn in. 




To Find the Addenda op 
Involute Teeth. 
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Again, since 



And, 



■^1 ""27' 2 - 



"2P 
2^ 



, and usually 6=15^, 



sin 2 ^ = sin 30** 



cos^ ^ = cos2 15° = 



2 + 



xA3 



Making these substitutions in (III), we get : — 

2 + ^3 



n.p , /n^p 1 



/Wj p 



+ (3 X 



3-732 X 3-1416' 



^. 



Similarly, 






^1 



(lY) 



Least Number of In- 
volute Teeth to be placed 
upon a Wheel. — Let A and 
B be the centres of a pair 
of wheels in gear. Set out 
the obliquity line, D, 
making an angle, d, with 
the common tangent, M N, 
to the pitch circles. Draw 
the base circles tangential 
to CD. Then CD is the 
maximum length of path 
of contact 

Let B be the smaller 
wheel, then ^ D is less than 

Now, in order that there 
may not be less than two 
pairs of teeth in contact 
at any instant, it is clear 
that if one pair of teeth 
be just ending contact at D, 
another pair must be just 
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beginning contact at some point near C, while an intermediate 
pair is in contact at p. 

Let r = Radias of base circle of smaller wheel B. 
„ n --= Least number of teeth on „ „ 

Then the minimum number of teeth on B will occur when the 
whole path /? D is utilised and when 6 has its maximum value. 

Hence, w x pD = Circumference of base circle B = 2-Tr. 
But, /? D = B D tan ^ = r tan ^. 

n r tan ^ = 2 ^ r. 
2t 
tan 6 
Since d must not exceed 15°, we get : — 
2 X 3-141G 



n = 



•2679 



^ 2345. 



t.6.. The least number of involute teeth to be placed upon a wheel 
18 24. 

Rack and Pinion with Involute Teeth ^When a pinion with 

involute teeth has to gear with a rack, then the teeth of the latter 




Rack and Pinion with Involute Teeth. 



must also be involute. Now, the pitch circle of the rack is infinite 
in size, hence its base circle is also infinite in size, and, therefore, 



WHEELS WITH INVOLUTE TEETH AND INTERNAL CONTACT. 285 



tbe involute corresponding to it will be a straight line. Hence, 
the face and flank of a tooth on the mck will be a straight 
line. 

Since the working surface of the teeth during contact must be 
perpendicular to the line of obliquity ; and, since this line makes 
an angle of about 15" with the common tangent to the pitch 
circles, it follows that the working surfaces of the teeth on the 
rack (being straight) make constant angles of 75° with this 
common tangent. And clearly, in the case of a rack and pinion, 
the common tangent coincides with the pitch line of the rack. 

The previous figure represents a rack and pinion with in- 
volute teeth. 

Wheels with Involute Teeth and Internal Contact.— Draw the 
pitch circles of the annular wheel, A, and its pinion, B. Let M N 
be the common tangent to 

the pitch circles at the pitch ^^^ 

point, p. Through p draw 
the obliquity line, C jt? E, 
making an angle, ^, with 
MN. 

From A and B draw the 
perpendiculars AC, B D 
upon C E. These are radii 
of the base circles for wheels 
A and B respectively. 

Next di-aw in the ad- 
dendum circles for the two 
wheels as indicated. Let 
these circles intersect the 
obliquity line in the points 
a and 6 respectively. Then, 
for the direction of motion 
shown in the figure, a h will 
be the path of contact, a p the patli of approach, and p h the path 
of recess. 

The preceding principles for wheels with external contact apply 
equally to the case of wheels with internal contact, so that the 
student should not experience much difficulty in applying them. 
He should, however, note that the base circle for the annular 
wheel must be less than its addendum circle, which, in this case, 
is inside the pitch circle. 

Calculations for Involute Teeth with Internal Contact.— The 
student should now prove the following formulae for internal 
gearing, the method of arnving at the results being similar to 
that previously given. 
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Let the sjmbols with the suffixes 1 and 2 refer to the driver 
and follower respectively. Then : — 

(1) W?ben the Pinion is the Driver. 

2Ei3i + aj = (RiBin2tf + ^ cos^ tf) /J 1 /yv 

2 B2 ^2 - ^ = (^2 ™ 2 tf - a C0b2 ^) a J 

(2) When the Annular Wheel is the Driver, 

2Ria^ - a; = (EiBin2tf - ficos^fi)fi } .y V 

2 Rg ^2 + ^ = (Rg Bin 2 tf + a cob^ d)a ) ' ' 



The approximate formulse corresponding to these are : — 



(VI) 



(vi«) 



*^ - »,py 



The student should also notice that the formulae for internal 
gearing are at once deduced from those for external gearing by 
consideriug the radius of the annular wheel as negative. 

Example I. — A pair of wheels with involute teeth have 30 and 
1 20 teeth respectively. The addendum to each wheel is ^jj pitch. 
Find the lengths of the arcs of approach and recess, supposing the 
obliquity to be 16°, and the small wheel the driver. 

Answer.— Here W]_ = 30; rig = 120; d-^ = d^ = ^jjp. 

From equation (IV), we get : — 

3^/1 3a \ 

10^ " U "^ rso^y "^ 

.-. a2 + lOpa - 12;?2 = 0. 



« 



-10± V102 + 4X 12 , .^ 

i.e., Arc of approach = 1-08 x pitch. 

* The positive sign for the radical must be taken, since neither a nor j3 
can be negative. 
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Again, 



3 /I 3 /3 \ 

^2 + 5pfi - 6p^ = 0. 



/3 =- 



t.e.. 



5±V52 + 4x2x6 

2T-2 ^ == ^^^ ^• 

Arc of Recess = -885 x pitch. 

Example II. — With the same sizes of wheels as in last example, 
find the addenda of the wheels, the arcs of approach and recess 
being each | of the pitch. 

Answer. — Here a = /3 = J/?. 
From equation (IV), we get : — 

^ ""—^ X IP = -295 X pitch. 



5 _/1^3jLi^\ 



30 jt? 
3 X Ip 



Again, ^2 = (j + nrioir) "" iP = '^^^ ^ P^**^^- 

Bevel Wheels. — The teeth on bevel wheels are constructed 
upon precisely the same principles as those on spur wheels. In 
the case of bevel wheels, however, the pitch surfaces are conical. 




Method of Setting out the Pitch Cones for Bevel Wheels. 

* The positive, sign for the radical must be taken, since neither a nor ff 
ctt^ be negative. 
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and on tbis account it becomes necessary to give a brief description 
of tbe application of tbe preceding piinciples to such cases.- In 
the first place we shall explain how to set out the pitcb cones for 
a pair of bevel wheels whose angular velocity-ratio is given. 

Two principal cases are shown by the foregoing figure — (1) 
when the axes of the shafts intersect at right angles, and (2) when 
they intersect at an acute angle. The letters on the two diagrams 
are so arranged that the following description is applicable to both. 

Let O be the intersection of the axes, O A, O B, of the shafts. 
Suppose the angular velocity-ratio to be 2 : 3 ; i.e., let : — 

Angular velocity of shaft, O A : Angular velocity of shaft, O B = 2 : 3. 

When the size of one of the wheels is given, that of the other 
wheel can be found in the usual way when the angular velocity- 
ratio is known. Thus : — 

Diameter ofwlied on shaft, O A : Diameter ) _ *> . 9 
of wlieel on sliaft, OB ] ~ '^ 

With centre, O, draw two circles of diameters equal or propor- 
tional to those of the wheels. From the larger circle draw the 
tangents, FD, GC, parallel to the axis, OA; and from the 
smaller circle di-aw the tangents, H C, K E, parallel to the axis. 
O B. The tangents, G C, H C, intersect at C. The line, O C, is 
then the line of contact of the two pitch cones. By drawing C D 
and CE perpendicular to the axes, OA, OB, respectively, and 
meeting the tangents, F D, K E, in the points, D and E, and by 
joining O D, O E we get the complete pitch cones, COD, C O E. 
In practice, frusta only of the pitch cones are used. These are 
shown by full lines on the figures. 

Another method of setting out the pitch cones is as follows : — 
Along the axes, O A, OB, measure off distances, OH, O G, re- 
spectively proportional to the angular velocities of the shafts, O A 
and O B ; i.e., in this particular case, let O H : O G = 2 : 3. 
Complete the pamllelogram, O H C G ; then the diagonal, O C, is 
the line of contact of the pitch cones as before. The pitch 
cones can then be completed by making ^.^ A O D = .^^ A O C, 
and .^^ BOE = .^rBOC. The remainder of the construction 
is obvious. 

Teeth of Bevel Wheels.— We shall now give a brief explanation 
of the usual method adopted in setting out the teeth for a pair of 
bevel wheels in gear. Let O A, OB be the axes of the shafts. 
Having drawn the pitch cones, COD, C O E, draw A C B through 
C perpendicular to the line of contact, OC, and join AD, BE. 
Imagine CAD, CBE to be conical surfaces whose vertices are 
A and B respectively. Now, if we further imagine these conical 
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surfaces developed — that is, flattened out into circular segments^ 
AOM, BCN — then these segments would roll, without slipping, 
upon their circular edges, CM, ON, during the rotation of the 
wheels. Hence, we may look upon ACM, BON as portions of 
the pitch circles, with reference to which the outer ends of the 
teeth are described. On these virtvM pitch circles the curves for 
the outer ends of the teeth are to be described in the usual way. 
The teeth may be either cycloidal or involute. From the figures 
it will be seen that the teeth taper towards the point, O. 



-EEEE 




Method of Setting out Curves for Teeth on Bevel Wheels. 

In a similar way to the above we could draw the virtual pitch 
circles for the inner ends of the conical frusta, and then construct 
the curves for the inner ends of the teeth. These inner virtual 
pitch circles are usually drawn concentric with the outer ones as 
follows: — Let CO be the breadth of the face of the wheels. 
Through G draw H G K perpendicular to O G, and meeting O A 
in H and O B in K. Then, just as before, H G and K G are the 
radii of the virtual pitch circles for the smaiUer ends of the frusta. 
It is more convenient to draw these circles about A and B as 
centres than about H and K as centres. Hence project G on to 
A istud B 0, by drawing G A, G A; parallel to O A and O B respec- 
tively. Then, A A = H G, and B A; = K G. With A and B as 
centres, draw the virtual pitch circles Am, kn. The curves for 
the inner ends of the teeth are set out on these virtual pitch 
circles. The dimensions of the teeth on hm,kn are reduced in 
the proportion AA:AO, orB^:BO. 

19 
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Mortice Wheels. — When ordinary toothed wheels are ran at a 
high speed their mutual actioiis become very rough and noisy, and 
severe vibrations are usually set up. To obtain a smoother and 
more regular action the method is sometimes adopted of placing 
wooden teeth on one of each pair of wheels in gear. These wooden 
teeth, or '' cog9 " as they are called, are morticed into the iron 
rims of the wheels, and hence such wheels are termed mortice 
wheels. The action of mortice wheels is very smooth and 
noiseless. Some of the common methods of securing the cogs to 
the rims are shown by the accompanying figures. In the upper 



CroM Seotlom nf Wheel 
tefth Angle Coge. 




Enlarged Section 

of Cog with 

one^ded Shoulder, 



Croea Section of Wheel 
with Double Coge, 



MOBTICB WHUXfi. 



figures the cogs are secured by pegs or pins passing through the 
tenons of the cogs in a direction parallel to their length. In 
the lower figures they are shown secured by dove-tailed wooden 
keys driven into correspondingly-shaped grooves at the projecting 
ends of the tenons. Double cogs are sometimes used when the 
wheels are very broad ; these are shown by the cross sectional 
views on the right*hand side. The cogs are usually made with 
side shoulders, as shown by the longitudinal sections of the rims 
of the wheels, but occasionally there is only one side shoulder, as 
shown by the lower left-hand figure. 

The ccgs may be oycloidal or involute, according to the shape of 
the iron teeth in gear with them, and are usually shaped by hand. 
To prevent undue wear of the cogs by the iron teeth, it is usual 
to ^ pitch" and ''trim** the acting surfaces of the latter by care- 
fully chipping^ and efterwards filing, them to a high degree at 
smoothness. With machiu/e-moulded teethg whi<£ aie mubh 
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smoother, more uniform and peifect in shape than those cast 
from a pattern in the ordinary way, it is sufficient to merely file 
the teeth to smoothness. 

The cogs are made of hard, tough wood, such as oak, beech, 
hornbeam, holly, or apple tree. Since the material of the cogs is 
softer and weaker than that of cast iron, it follows, as a matter of 
economical distribution of material, that the thickness of the cogs 
should be greater than that of the iron teeth. The following are 
the usual proportions for the teeth of mortice gearing : — 

Thickness of wood cogs at pitch circle = 0*60 x pitch. 

„ iron teeth „ =0*40 „ 

Height of teeth above „ =0*25 „ 

Depth „ below „ = 0*30 „ 

From these proportions it will be seen that there is no side 
clearance between the teeth when new. 

Bevel wheels can also be fitted with wooden cogs, which are 
secured to the rim by methods similar to those for spur wheels. 

Gear Gutting Machine. 
— It is now becoming 
more and more common 
to cut the teeth of wheels 
from a plain blank, and 
not to cast them. The 
involute form of tooth is 
especially suitable for 
this, as each side of the 
tooth is one continuous 
curve. With machine- 
cut teeth there is no side 
clearance, and, therefore, 
no back lash. The figure 
shows a machine for cut- 
ting wheel teeth, as made 
by Messrs. John Lang & 
Sons of Johnstone (who 
have kindly supplied the 
illustration). The wheel 
to be cut is placed on 
the mandril, M, which 
carries a worm wheel, 
WW, on its back end. 




Gbab Cutting Machine. 



(This worm wheel is covered by a guard, which prevents its teeth 
being seen in the figure.) The bearing for the mandril can be 
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moved up and down between the vertical guides by a screw and 
hand-wheel, and the height of M is thus adjusted to suit wheels 
of different diameters. The cutter is ground to the exact form 
of the spaces between the teeth, and is lixed to a spindle carried 
by the slide, S, as shown at 0. As the cutter rotates it is 
advanced by a screw, and cuts a space right across the rim of the 
blank. When it has gone through, the slide shifts a tappet and 
reverses the motion of the screw. The cutter is then moved back 
and is ready to cut another space. The wheel being cut is turned 
through the space of the pitch of its teeth by the worm wheel, 
WW, and change wheels, CW. The screw, gearing with the 
worm wheel, carries a small friction clutch which is always in 
motion, but while the cutter is in action, the screw is prevented 
from rotating by a hook and cam at the end of the train of change 
wheels. Eveiy time the slide nears the end of its back stroke it 
pulls away this hook by the releasing chain, R C, and so releases 
the cam. The friction clutch then turns the screw and worm 
wheel until again stopped. As the cam can only make exactly 
one revolution before being again stopped by the hook, the angle 
through which the mandril, and wheel being cut, turn, can be 
made anything required by putting in a suitable ti-ain of change 
wheels. The machine is driven by a belt in the usual way and is 
self-acting. When used for cutting bevel wheels the table carrying 
the slide and " cutter is inclined by the quadmnt, Q, to suit the 
angle of the face of the wheel. As the teeth of bevel wheels are 
not of the same size at their inner and outer ends, they cannot be 
made at one cut, but each side has to be cut separately.* 

* The student should see The Practical Engineer of 26th July, 1895, p. 60, 
for a x>aper on " Cutting Bevel Gears in a Universal Milling Machine." 
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Lecture XV.— Qoestions. 

1. A pair of \i'heels have 25 and 130 involute teeth respectively. The 
addenda of the teeth in both cases is ^ tii^ pitch. Find the lengths of the 
arcs of approach and recess, assuming the obliquity to be 15'*, and the 
larger wheel the driver. Ana. a = '925 p; /3 = 1*19/?. 

2. Prove the formulae for the addenda of involute teeth in terms of the 
arcs of approach and recess, &c. Hence show that, if the arcs of approach 
and recess are each equal to the pitch, the addenda should be calculated 

from the formula: — Addendum = ( 7 + — ) x pitch, where n represents the 

number of teeth on wheel. 

3. What are bevel wheels ? Two axes intersect at an angle of G0°, and 
it i3 required to ccmncct them by bevel gearing, so that their angular velo- 
cities shall be as 3 : 2. Construct the pitch cones of the bevel wheels. 

4. Under what conditions will two cones roll together ? Motion is to be 
communicated between two shafts inclined at an angle of 90*", and one is 
to make three rotations while the other makes four. Set out the pitch 
cones in a diagram, marking dimensions. (S. and A. Exam., 18S9.) 

5. Two shafts intersectiug at right angles are connected by bevel wheels 
with 22 and 44 teeth respectively, of 1 inch pitch. Draw, to a scale of i, 
the pitch surfaces of the wheels, and find the development of the conical 
surfaces on which the shape of the ends of the teeth are set out. Having 
given the shape of the end of a tooth, explain how the shape of the surface 
of the tooth is determined. (S. and A. Mach. Const. Adv. Exam., 1891.) 

6. Draw the pitch cones for two bevel wheels in gear, having 60 and 45 
teeth respectively with 2^ inches pitch, measured at larger end of conical 
frustum, the shafts to make an angle of 60° with each other. Explain fully 
the method adopted by engineers in setting out the teeth for a pair of bevel 
wheels, by applying it to the example given. 

7. Sketch to scale a pair of bevel wheels in gear with each other, the 
gearing ratio to be 3 to 1, the mean pitch to be 1| inches, and the number 
of teeth in the smaller wheel to be 16. Make sufficient sketches to show 
the construction of the wheels and the shape of the teeth fully. Given the 
shape of the tooth of a rack in a set of interchangeable wheels, show how 
to develop by graphic construction the proper shape of tooth for a wheel 
of any given number of teeth. (C. and G. of L. Mech. Eng. Hons. Exam., 
1884.) 

8. Distinguish between a bevel wheel, a mitre wheel, and a mortice 
wheel. Draw a section of two mitre wheels in gear. Sketch a mortice 
tooth for (1) a spur wheel, (2) a bevel wheel, and describe with sketches 
two methods of fixing it in position. 

9. Give two views of a tooth of a mortice spur wheel, showing how it is 
fitted into the rim of the wheel and held in position. Under what circum- 
stances would you use mortice wheels? (S. and A. Mach. Const. Adv. 
Exam., 1888.) 
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LECTURE XVL 



CoNTKKTS. — Friction of Toothed Gearine — The Principle of Combined Botar 
tions — Example I. — Strength of Wheel Teeth — Case I. — Strength of 
Teeth when Contact between the VariooB Pairs of Teeth in Gear is 
Perfect — Case II. —Strength of Teeth when Contact is Imperfect- 
Breadth of Wheel Teeth— Example II.— Flanfj^ed or Shrouded Teeth— 
Hooke's Stepped Gearing — Helical Gearing— Double Helical Wheels- 
Questions. 

Friction of Toothed Gearing. — The action between a pair of 
teeth in contact is partly rolling and pai-tly sliding, but the fric- 
tional resistance of the former is small compared with that of the 
latter, and may, therefore, be conveDiently neglected. The sliding 
between a pair of teeth takes place in a direction peq)eDdicular to 
the common normal at their point of contact, and in order to find 
its amount we require to know the relative motion of the teeth in 
this direction. We proceed, in the first place, to determine this 
relative motion of the teeth, and in doing so shall make use of: — 
The Principle of Combined Rotations.— Let A and B be the 
centres of two spur wheels in gear, p being the pitch point. 

Let R|, H^ — Radii of wheels A and B. 



= An<;ular velocities of A and B. 




To Illustrate the Principle or Combined Rotations. 
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. The wheels will rotate in the opponite or in the same direction^ 
according as the contact is external or internal. It is convenient 
to indicate this distinction by tlie sign attached to u. Thus, in 
the case of external contact, let the angular velocities be + u^ and 
- «2 ; for internal contact, let these quantities be + ca^ and + u^. 

The relative angular velocities of wheels A and B will not be 
altered, if to each we impart an equal angular velocity. Thus, 
suppose each of the wheels in external contact receives an angular 
velocity + u^ about the axis, B. Then the angular velocity of 
B will be Wg - u^ = ; i.e., it will be at i^st. The wheel A 
will be rotating about B with angular velocity, w^* ^^^ about its 
own axis with angular velocity, Uy Hence, the resultant angular 
velocity of wheel A is (w^ + Wg) about some axis which we are 
about to determine. During the rotation of the wheel A about B, 
that line on A, which is, for the instant, in contact with B, is at 
rest. At that instant, the wheel A is rotating about this line as 
an instantaneous axis. Clearly, this instantaneous axis passes 
through the pitch point, p, and is parallel to the axis of A or B. 
Hence, at a given instant any point, P, on wheel A is rotating 
about the axis through p, with an angular velocity (w^ + u^). 

By similar reasoning, if each of the wheels in internal contact 
receive an angular - w^, then wheel B will be brought to rest,, 
and any point on wheel A will be rotating about the instantaneous 
axis through p, with an angular velocity (w^ - w^). 

If, then, P be a point of contact between a pair of teeth, P /? is 
the direction of the common normal to the two teeth at that point, 
and the velocity of P perpendicular to Fp is the velocity of sliding 
between the teeth. 

Let V s= Velocity of pitch circles. 
„ V = Velocity of P perpendicular to "Pp. 
„ r = Distance of P from pitch point, p. 

Then, from what has been demonstrated above, we get :^ 
Or, V = («i + w^) r, for external gearing, 

„ = (wjL - W2) ^y » internal „ 
But, V = Wj Rj, = W2 Rg- 

Let arc p P be denoted by a?, and suppose the wheels to receive 
a small* citcular* displacement, dx, as measured along the pitch 
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circles. Daring this displacement, let ds represent the distance 
through which the teeth slide on one another. 

dv r 1 I ] dV 
"" di^ 



Then, ^« = j|= {r^ ±BJ 



We may take r as being approximately constant, since, for a small 
movement da, at right angles to pF, it does not perceptibly 
change. 

Let Pn = Normal pressure between the teeth. 
„ fi ^ Coefficient of friction, 
ly a, |8 = Length of arcs of approach and recess respectively. 

Then,TrorA;fo^m^ 
friction duringV^ fhVnds, 
displacemerU, dx,j 



.% Total work lost ^ 



contact J ' '^^^* ^* 

The law according to which Pn varies is not definitely known, 
being dependent upon the number of teeth in contact, the state of 
the teeth, and other causes. Its magnitude may not vary much, 
and probably has a mean value somewhere between ^ P and- P, 
where P denotes the driving or tangential force at the pitch 
circles of the wheels. 

Taking Pn = | P, which is quite a legitimate assumption, and 
putting chord pF = arc pF, or r = a?, we get the following 
approximate equations : — 

Let N^, ^2 = Number of teeth on wheels A and £ respectively. 
„ p = Pitch of teeth. 

Then, W = |»mp{^±^J°^^ (II«) 
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If, farther, we suppose the arcs of approach and recess each 
equal to the pitch, we get : — 

W = t.^p{^^±^-}p.. . . . (II.) 

From these equations, we learn that the greater the number of 
teeth (i.e.,' the smaller the pitch), and the shorter the arcs of 
approach -and recess, the smaller is the loss due to friction. 

The above results are equally true for bevel gearing. 

The loss due to the friction of toothed gearing is usually very 
small, being about 3 per cent. It has been stated by some 
authorities that the friction during approach is gi'eater than that 
during recess. This explains why, in some kinds of wheel work 
(such as in watches and clocks), the teeth are shaped so that there 
is no arc of approach. 

Example I. — In a pair of spur wheels with external contact, 
the number of teeth on the wheels is 30 and 70 respectively. 
Assuming the arcs of approach and recess each equal to the pitch 
of the teeth, and taking the coefficient of friction at -1, find the 
efficiency of the gearing. 

Answer. — The work lost by friction during the action between 
one pair of teeth is given by equation (II & ), viz. : — 



^-t'^^^l^-N-j^- 



The total work expended during the same action (arc of 
approach + arc of recess) is: — 

Wy = Pn (arc of approach + arc of recess) 

2 4 

„ » 3 Px 2p=^Pp. 

vm • — Useful work done 

Ificve y — 2?^^^^ work expended * 

-1 ?? 1/1. 11 

~ ^ 7 ^ 10 I 70 "^ 30 ) • 

Or, . Efficiency = 1 - -015 = -985, or, 98-5 per cent. 

This example serves to show how small is the loss due to the 
friction of the teeth of wheels. 
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Strength of Wheel Teeth.— -The power which can be transmitted 
by toothed gearing depends npon the cii'cumferential speed of the 
wheels and the strength of the teeth. Thus : — 

Let H.P. = Horse-power transmitted. 
„ P = Tangential pressure in lbs. at pitch circle. 
„ V = Velocity in feet per minute at pitch circle. 

Then, ^-^'-^ («1) 

We now proceed to determine P in terms of the dimensions of 
the teeth, drc. 

The streugth of a tooth depends upon the manner in which the 
pressure on that tooth is distributed, and this latter depends upon 
the accuracy with which the wheels are made and adjusted in 
geai*. Two cases occur, according as the contact between a 
pair of teeth is perfect or imperfect. We shall consider these cases 
separately. 

Case I.— Strength of Teeth when Contact between the Various 
Pairs of Teeth in Gear is Perfect. — When the wheels are accurately 
adjusted in gear, and the teeth well formed, any pair of teeth should 
be in contact along a line across the breadth of the teeth. In such 
a case the mutual pressure between the teeth will probably be 
uniformly distributed along that line. Let this line be taken at 
the end or point of the tooth which we are about to consider, so 
that the bending moment due to the distributed pressure may be 
a maximum. We may also neglect the curved form of the tooth, 
and assume it to be a rectangular block fixed to the rim of the 
wheel. It may then be looked upon as a shoH beam fixed at one 
end (the root) and loaded uniformly along a transverse line at the 
other or free end. 

Let Pn = Total pressure acting on the tooth. 
„ hj I, t = Breadth, length, and thickness of the tooth. 
„ / = Safe stress for the material. 

If the material of the tooth be of uniform strength throughout, 
then the tendency of Pn will be to break the tooth along the root 
EFGH. 

The bending moment at section E F G H is, B.M. = P^ I. 

The resisting moment offered by the material at section EFGH 
is : — 



STRENGTH OF TKETH. 



.301 



Or, 



R.M. =-g6t2/ 






Now, the magnitude of Pn is not exactly known ; but, if there 
are never fewer than two pairs of teeth in contact at once, it seems 

2 
quite a fair assumption to take P^ = o !*• Hence : — 



-K'-fV- 



(IV) 



Usually the dimensions of a tooth are stated in terms of the 
pitch of the teeth, and the ordinary proportions for new teeth were 
stated at the beginning of Lecture XIII. Making an allowance 
for wear, we may take : — 

I ^ '7 p for iron teeth. t = '36 p for iron teeth. 

I = '6p for wooden teeth. t — '45 p for wooden teeth. 

The breadth, 6, varies considerably, the average being, b = 2*5/?. 
In the meantime, denote the breadth by np. Making these sub- 
stitutions in equation (IV), we get : — 



P = 0-0463 n p^f, for iron teetlt. \ 
P = 0-0844 n p^f, for wooden teeth f 



(V) 





Illustbating Distributed 
Pkbssure on Tooth. 



Illustrating Concentrated 
Pressure on Tooth. 



From these equations we see that tlie driving force, P, varies as 
the square of the pitch of the- teeth. 
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By substituting these ValEes for P in equation (III), the 
maximum H.P. transmitted can be obtained. 

Case II. — Strength of Teeth when Contact is Imperfect. — 
When the wheels are badly adjusted in gear, or the teeth badly 
shaped, contact between the latter will most likely be very 
imperfect. Instead of the teeth bearing along a line, as in the 
case just considered, they may bear at a few points, or perhaps at 
one point only. This state of affairs may be caused by one or 
more of the following defects : — (1) in spur gearing, the shafts may 
not be strictly parallel ; or, in bevel gearing, the shafts may not be 
coplanar — i.e., in the same plane. Although these defects may 
not exist when the gearing is newly erected, the subsequent wear 
of the shaft bearings may ultimately bring about this state of 
affairij. . (2) The . severe stresses to which the parts of the gearing 
(especially at the shaft supports) are sometimes subjected cause 
imperfect contact between the teeth. (3) The teeth may have 
been badly shaped to begin with. With wheels which have been 
moulded from a pattern in the ordinary way, the teeth are slightly 
tapered across their breadth, caused by the pattern which is 
purposely made thus to allow its being withdrawn from the mould. 
Hence, care, is needed in the erection of such wheels, to see that 
they are so placed that the thick parts of the teeth on the one 
come in contact with the thin parts of the teeth on the other. 
Attontion to this rule is not always given. This defect does not 
exist with machine-moulded or machine-cut teeth. 

The worst, and most likely, case occurs when the one tooth 
presses upon a corner of the other. We shall, therefore, consider 
this ckse. 

Let Pn act at the corner A. Then its tendency is to break 
off* a triangular portion, E A K, along a section, E K L H, passing 
through E H. 

Let & = angle A E K. Draw A M perpendicular to E K. 

Then bending moment about section, E K L H, is : — 

B.M. = Pn X AM = Pn^sin 6. 
Resisting moment of material at section, E K L H, is : — 

R.M. = ^. E K . «V = g-. ^sec ^ . t^f. 
g-/sec^.«V= P«^sind 
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This gives the stress in the material aloDg the section, EKLH, 
in teims of Pn, and will be a maxiraum wlien & = 45°, or sin 
2^=1. Hence, Pn tends to break off the portion, E AK, along 
a plane, E KLH, inclined at an angle of 45 ** with E A or E F. 

Pn=J-.<2/ 

Or,puttingPn = 3P, weget:-P = 2.f2/. . . . . (VI) 

This equation shows that in tbis case P is independent of the 
breadth and length of the tooth. 

Substituting for t its value in terms of the pitch, p, we get : — 

P = 0-065 p^f, for iron teeth { /vttv 

P=0100jD2y; ,^ wooden,,} ' ' ' ^^ ^^> 

Equations (VII) again show that the driving force, P, varies as 
the square of the pitch of the teeth. 

From what has been said above regarding the uncertainty of 
the distribution of the pressure on the teeth, it will be evident 
that the results expressed by equations (VII) should be taken in 
the design of wheel teeth. 

Hence, combining equations (III) and (VII) we get the follow- 
ing : — ^Wlien the teeth of different wheels are proportioned 
according to the same rules, the power which they are capable 
of transmitting is proportional to the pitch circle velocity and to 
the square of the pitch of the teeth. 

Or, H.P. oc Vjd2. 

/HTF. 

The value of / in equations (VII) varies according to circum- 
stances. In machinery subjected to shocks, vibrations, or sudden 
reversals (as in pumping and rolling-mill gears) a larger factor of 
safety, and, therefore, a smaller value of / must be employed, 
than in those other cases (such as hand-worked or slow moving 
machinery), which are ntot so severely stressed. The following 
average values for^are given by Prof. Unwin : — 

Iron teeth subjected to little shock, /= 9,600 lbs. per sq. in, 
„ „ moderate „ /= 6,100 „ „ 

„ „ excessive „ / = 4,300 „ „ 
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For wooden teeth we may take / = 2,740 ll>s. per square inch, 
since these should never be subjected to severe shocks. 

Breadth of Wheel Teeth.— The greater the breadth of the teeth 
the greater is their dui-ability. When, however, the teeth are 
made too broad, there ia a difficulty in fixing the wheels accurately 
in gear, since the slightest amount out of truth may cause the 
mutual pressure between the teeth to act over a very limited area. 
The breadth varies from 2p to 4j9 in ordinary gearing, the average 
being 2*5/?. 

The above formulae for the strength of teeth, though deduced 
for the case of spur wheels, are equally true for bevel gearing. In 
the latter case, however, the velocity, V, and the pitch, p, are to 
be measured at a pitch circle half way between the larger and 
smaller ends of the conical pitch frustum. 

Example II. — A spur wheel of 2 inches pitch and 4 inches 
width of face transmits 30 H.P. when its pitch line velocity is 
10 feet per second. What power could be transmitted by a spur 
wheel of 4 inches pitch and 8 inches width of face with a pitch 
line velocity of 3 feet per second ] (S. and A. Mach. Const. Hons. 
Exam., 1881.) 

Answer. — Let the various quantities in the two cases be dis- 
tinguished by the suffixes 1 and 2 respectively. 

PV 

From equation (III) H.P. = o^Tji^V) • 

Now, assuming contact between the teeth to be perfect, as ex- 
plained in the text, we get : — 

From equation (IV) P = J (rj)f' 

Or, „ (V) P=:-0463 6;>/ 

„-3 -0463 ._ „ 

H.P. = ^^^fhpY, 

Hence, assuming/ to be the same in both cases, wo get : — 

H.P.1 hp,Y,' 

H.P.i, ^ 8 X 4 X (3 X 60) 6 
30 4 X 2 X (10 X 60) 5* 

H.P.J = |x 30 = 36. 
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Flanged or Shronded Wheels. — Sometimes the rims of toothed 
wheels are made broader than the teeth, and extend to the pitch 
circle or even to the points of the teeth. The wheels in such cases 
are said to be **Jlanged" or ^^ shrouded,** Shrouding has the effect 
of increasing the strength of the teeth, and it is for this purpose 
they are so made. With ordinary proportions of teeth, shrouding 
to the points may have the effect of nearly doubling the strength 
Qf the teeth. It is clear, however, that only one of a pair of wheels 
can be strengthened in this way. When the two wheels in gear 
are about equal in size, both may be shrouded to near their pitch 
circles. In other cases, it is usual to fully shroud the smaller wheel 
only, since the teeth of this wheel are subjected to greater wear 
than those on the larger one. Sometimes both wheels are shrouded 
to the points of their teeth on one side only, the shrouded side of 
the one being opposite the unshrouded side of the other. This 



Longitud/nat Section of Wheel Shrouded Shrouded Shrouded Longitudinal Section of Wheel 
Shrouded to Points of Teeth, to the Points, on one Side, to Pitch Line. Shrouded to the Pitch Line. 

Shroxtded Teeth. 

method is also adopted in those cases where the wheels are re- 
quired to be thrown out of gear, by sliding one of the wheels 
along its shaft. These three methods of shrouding will be easily 
undei-stood from the accompanying figures. Owing to the difficulty 
in moulding shrouded wheels, they are never adopted except in 
heavy machinery subjected to severe shocks. 

Hooke's Stepped Gearing. — The smoothness of action with 
toothed gearing depends upon the number of pairs of teeth which 
are in contact simultaneously, the greater the number the sweeter 
and smoother the motion. This is of the greatest importance 
with some kinds of machinery, and noisy action should be avoided, 
as far as possible, in every case. We have seen in a previous 
Lecture that the number of pairs of teeth which are in action at 
once may be increased, either by reducing the pitch of the teeth, 
or by increasing the length of the path of contact. But reducing 
the pitch of the teeth reduces their strength, as we have just 
shown ; and increasing the length of the path of contact causes an 
increase in the length of the teeth, which has also the effect of 
reducing their strength. Hence, neither of these methods can be 
advantageously adopted. To overcome these difficulties, Dr. Hooke 
invented his stepped gearing^ which results in the smoothness of 
action due to fine pitched teeth without the reduction in strength. 

To understand this form of gearing, imagine an ordinary spur 

20 
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wheel bnilt up of n (fire on the figure) narrow spur wheels r^dly 
fixed together side by side, the pitch and other dimensions of the 
teeth being proportioned by the ordinary rules. Instead of the 
teeth being placed end to end in a straight line parallel to the 
shaft, let them be arranged in steps, as shown at A, B, C, D, E, so 
that each successive tooth is a short distance behind the previous 
one. The action with a pair of such wheels will clearly be similar 
to that of ordinary wheels wherein the pitch is only b c. The 
number of steps, n, and the length of the steps, b c, may be any- 
thing to suit circumstances, but the former is generally so arranged 
that the face of the last tooth, E, may just be to the left of the face 
of the first tooth, F, on the next series of teeth, by the length of 
a step, b c. The length of a step, & c, is then one nth of the pitch 



1 \M W 11 11 mil 
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Hookers Stepped Geabutq. 

of the teeth, and should be small compared with the thickness of the 
teeth, otherwise the teeth will be weakened for want of sufficient 
connection with those on either side. If the teeth are designed in 
the usual way, so that two consecutive teeth on any of the rings 
composing a wheel are always in contact with two consecutive 
teeth on the corresponding ring of the other wheel, it is evident 
that for the two wheels there will never be fewer than 2 n pairs 
of teeth in contact. Thus, under ordinary circumstances, with 
five steps on each wheel, there would always be at least ten pairs 
of teeth in contact. The motion would, therefore, be much 
smoother and sweeter than with ordinary gearing. Stepped 
gearing is sometimes used for the rack and pinion arrangements 
for moving the tables of planing machines, which require* to be 
very uniformly and steadily moved. This form of gearing might 
be conveniently adopted in many other cases where regularity 
and smoothness of motion are of primary importance. 
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Helical Gearing. — If we suppose 5 c to become infinitely small, 
and, therefore, the number of steps, n, infinitely great, the broken 
line abcde . . . . would become a continuous curve, which is 
clearly a helix, or screw line, traced on the pitch surface of the 
wheel. The series of stepped teeth. A, B, C, D, E, would then 
form a single helical tooth. Wheels having their teeth formed in 
this manner are called Helical Wheels. When accurately made 




Single Hmtjcal Wsbeis nr Gear, Showing Oppositb Obliqttitibs. 

and erected, there is almost perfect line contact between the pairs 
of teeth in gear, thus augmenting the strength of the gearing, 
while the smoothness of action is about the greatest attainable 
with ordinary materials. 

The obliquity of the teeth is the angle which their directions 
make with a plane containing the axis of the shaft, and in ordinary 
circumstances is about 35**. Just as screws are right-handed or 
left-handed, according to the direction of the helical thread on the 
bolt, so we speak of right-handed or Feft-handed obliquities with 
respect to helical teeth. . A pair of helical wheels to gear together 
must have right- and left-handed obliquities respectively, as shown 
by the above figures. 

Doable Helical Wheels. — Owing to the oblique direction of the 
teeth their mutual pressure tends to separate the wheels axially, 
and thereby produces considerable lateral pressure on the bearings. 
To neutralise this prejudicial action, the teeth are now formed in 
two equal parts with opposite obliquities, and united at a common 
section, as shown by the accompanying figures. Such wheels are 
termed Double Helical Wheels. They are remarkable for their 
strength and smoothness of action. The pinion shown is shrouded 
to the pitch circle, which further increases its strength. No 
reliable information has as yet been forthcoming regarding the 
relative strength of helical and ordinary gearing, but it is believed 
that, «nder similar circumstances, the former are at least 30 per 
cent, stronger than the latter, and they are certainly more durable 
and easier in their action. It is, however, more difficult to obtain 
perfect bearing between the teeth of helical wheels than with 
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ordinary ones. The smallest displacement of the middle planes of 
the wheels from coincidence may cause the action between the 
teeth to be confined to one half of each tooth, thus virtually 
diminishing their strength. The method of overcoming this diffi- 
culty is to allow one of the shafts a small amount of lateral motion 
in its bearings, so that the wheel which it carries may always 
accommodate itself to the other. 

Helical teeth are designed in the same way and according to 
the same rules as ordinary teeth, by setting off their dimensions. 




Bevel Wheels with Double Helical Teeth.* 



<fec., along a pitch circle of the wheel. The teeth, however, must 
lie along the face of the wheel in a helical direction. 

Helical wheels are extensively used in the construction of heavy 
gearing, such as that required tor large cogging and rolling mills 
and submarine cable machinery, and tliey are said to give great 
satisfaction. The casting of such wheels presented considerable 
difficulties at first, but these have been overcome, and now helical 
bevel wheels can be as easily cast as spur wheels. Their cost is 
little more than that of ordinary toothed wheels. 

* We are indebted to Messrs. P. R. JacksoD & Co., Ltd., Manchester, 
and Messrs. Bodley Bros. & Co., Exeter, for these figures. 
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Lecture XVI. — Questions. 

1. Dedace an expression for the work lost by friction between the teeth 
of a pair of wheels in gear. In a pair of spur wheels with external contact, 
the number of teeth on the wheels are 25 and 75 respectively, and the 
coefQcient of friction is 0*1. Assuming the arcs of approach and recess 
each equal to the pitch, find the efficiency of the gearing;. Ana, 98*3 Vo- 

2. In spur-wheel gearing, explain how to estimate the pitch of the teeth 
to transmit a given horse-power with a given speed of periphery. Show 

that under some circumstances the pitch should be proportional to VP, 

p 
and under other circumstances to r, where P is the pressure between two 

teeth, and b is the breadth of the face of the teeth. (S. and A. Mach. 
Const. Hons. Exam., 1890.) 

3. A toothed wheel, 18 inches diameter, makes 150 revolutions per 
minute, and transmits 30 horse-power, what is the maximum pressure on 
one tooth, assuming it to take the whole load ? If the width of the teeth 
is 2 inches, what pitch should you adopt ? (C. and G. of L. Mech. Eng. 
Hons. Exam., 1892.) Ans. P = 1,400 and p = 1*4 inches. 

4. A cast-steel spur wheel transmits 80 horse-power. The pressure 
comes upon one tooth, and may be supposed to act uniformly along its 
point— that is to say, the tooth may be regarded as a cantilever loaded at 
the extremity. Diameter of spur wheel, -3 feet ; number of revolutions per 
minute, 150; length of tooth, 1^ inches; width of tooth, 4 inches; safe 
tensile and compressive strength of cast steel (allowing for vibrations) per 
square inch, 8,000 lbs. Find thickness of root of tooth. (0. and G. of L. 
Mech. Eng. Hons. Exam., 1890.) Ans, '6 inch. 

5. Sketch the rim of a spur wheel with shrouded teeth. Explain the 
object of shrouding the teeth. 

6. Give sketches showing Hooke's stepped gearing, and explain its con- 
struction and action. What advantages are derived from making toothed 
gearing of this form ? 

7. Give sketches showing single and double helical wheels. Explain the 
principles upon which they are constructed and act. Why are double 
helical wheels used in preference to single helical wheels? Discuss the 
advantages and disadvantages of helical and ordinary toothed wheels. 
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LECTURE XVIL 

€05TBirT8.^Belt, Rope, and Chain Gearing — MateriaUi for Belting— 
Caring, Cutting, and Splicing Leather for Belts— Different Methods of 
Jointing Leather Belts— Averase Strength of Leather Belt Joints — 
Manufacture of Long and Broad Leather Belting— Which Side of the 
Leather should Face the Pulley— Double and Treble Belting— Com> 
pound Belting— Link Chain Belting — Victoria Belting — ^Waterproof 
Canvas Belts — ^India-rubber Belts — Guttapercha and Composite Gutta- 
percha Belts -7- Strength of. Working Tension in, and florae-power 
Transmitted bv, Belts— General Requirements for Belting — Rope Gear- 
ing — Sizes of Ropes and Pulleys — Strength of Cotton and Hemp 
Ropes — Roi)e Pulleys — Multigroove Rope Drives — Speed of, and 
Horse -power Transmitted . by, Ropes — Power Absorbed by Rope 
Driving— Telodjmamic Transmission — Pulleys — Wire-Rope Haulage 
and Transport — Questions. 

Belt, Rope, and Chain Gearing.— The transmission of power 
between distant shafts is usually effected by means of pulleys and 
belts, ropes, or chains.* Although belts are most commonly 

* The transmission of power between distant shafts is often effected by 
means of dynamos, wires, and motors, but this case is evidently out^side of 
the range of the present work. The following is a list of books and papers 
treating of belt and rope driving : — 

E. & F. Spon's Dictionary 0/ Engineering (E. & F. Spon, London). 
Paper on ** Transmission of Power by Wire, Ropes, and Turbines," by 

H. M. Morrison. Proceedings of In/tt, of Mech. Engineers ^ 1874, p. 6(5. 
Paper on " Rope Gearing for Transmission of Large Powers in Mills and 

Factories," by J. Durie. Proceedings of Inst, of Mech. Engineers^ 

1876, p. 372. 
Sir W. Siemens' prize " Essay on Machine Belting," by A. H. Barendt, 

read before the Liverpool Polytechnic Society, January 29, 1883. • 
Paper on "Belt Driving," by J. TuUis, communicated to the Convention 

of British and Irish Millers in Glasgow, June 17, 1885. See Messrs. 

TuUis & Son's Guide to Belt Driving, 1891. 
"Rope Driving," by Chas. W. Hunt, of N. Y. City. See vol. of Tranf. 

Am. 80c, of Mech. Engs. for 1890. 
A Treatise oti the Use of Belting for the Transmission of Power, by John H. 

Cooper. Fourth edition, 1891. Published by Edward Meeks, Walnut 

Street, Philadelphia, U.S.A., and E. & F. Spon, London. 
'* Experiments on the Transmission of Power by Belting," made by Messrs. 

Wm. Sellars & Co. See vol. vii. Am. Soc Mech. Engineers. 
Two Papers, by Wilfred Lewis and Prof. Lanza, read before the American 

Society of Engineers, Chicago. See vol vii. of the Transactions, 1886. 
** Comparative Tests of Leather and Canvas Rubber Belts,'* by S. Webber. 

See Trans, of the Am. Soc. Mech. Engs., voL viii., 1887, and the 

Electrical JReview of September 5, 1890. 
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employed for this purpose, yet in certain cases, where great power 
has to be transmitted between two distant shafts at high speeds, 
rope gearing is preferred on account of its flexibility, lightness, 
quiet smooth working, easy repair, small first cost, and the facility 
with which the desired tension can be regulated by means of a 
tightening pulley when one continuous rope is used.* 

Chain gearing is employed in cases where the motion is slow 
and the power greater than could be safely tmnsmitted by narrow 
belts or ropes. It is also used where slipping is inadmissible, 
and where, as in the case of rolling mills, &c., belts or ropes 
would soon become perished or burned by the heat from the 
materials being acted upon by the rolls. • 

Materials for Belting. — The most common and, generally 
speaking, the best material for belting is leather ; although many 
substitutes, such as cotton, india-rubber, Dick's canvas and balata, 
woven gut, camels' and Llama hair, have been devised, and found 
very serviceable under special conditions. 

Curing, Cutting, and Splicing Leather for Belts. — The best 
leather for belting is made from skins taken from the backs of 
full-grown Highland oxen. The hides are thoroughly cured by 
being immersed for a long time in an " orange tan " liquid, t which 
possesses the property of condensing and contracting the raw hide 
instead of causing it to swell and become heavier, as is the c^se 
when they are tanned with " oak bark." This process produces a 

Paper on ** Belting for Machinery," by H. A. Mavor, M.Inst.E.E., read 
before the Institution of Engineers and Shipbuilders, Glasgow, on 
February 21, 1893. See Proceeding8 of the Institution, 

Elements of Machine Design, Part I., "Belt and Rope Gearing," by Prof. 
W. C. Unwin, F.R.S. (Longman, Green & Co., London). 

Pocket Diary of the Mechanical World (Emmot & Co., Manchester). 

The Practical Engiv^er Pocket-Book and Diary (Technical Publishing Co., 
Manchester). 

Paper by Prof. W. C. Unwin, F.R.S., being the Howard Lectures delivered 
before the Society of Arts, 1893. Printed in the Society of Arts 
Jouvnalf and reprinted in the Practical Engineer, December, 1893, and 
January, 1894. 

A series of excellent articles on "Rope Driving," by Prof. J. J. Flather 
in The Electrical World (W. J. Johnston Co., Limited, New York 
City), from October 21, 1893, to April, 1895. 
* When two or more independent ropes are employed, tightening pulleys 

are found to be impracticable. 

tFrom the Patent Specification No. 8,165 of 1884 we learn that this 

liquid consists of " * Spanish extract,' having borax or saltpetre dissolved 

therein ; the said extract being an astringent solution obtained by grinding 

and boiling the rind of the orange and lemon. The quantities of borax 

and saltpetre may be considerably varied. After the hides, when thus 

saturated, are treated by the ordinary operation of currying, it converts 

them into leather fit for commercial use." 
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-thin, firm, practically stretchless and very light, strong leather, 
which is particularly well suited for the transmission of power. 
The thickness of the leather thus obtained is generally about -^ 
inch, its extreme length is about 4 feet 6 inches, and width about 
4 feet. The tanned hides are usually cut up into parallel strips of 
the required breadth, and these strips are then joined end to end 
by overlap tapered splices in order to make up the desired length 
of belting. 

In forming these splices the ends of two strips are first carefully 
tapered to a thin edge by planing machines.* Secondly, the 
tapered faces are covered with glue. Thirdly, they are cemented 
together under great pressure. FourtMy^ as an additional pre- 
caution the splices are laced with untanned ox-hide, riveted with 
copper rivets and washers, or sewn with wax thread and copper 
wire. 

If a greater thickness should be required than that afforded by 
a single strip of the hide (as in the case of double or treble 
belting), then two or three such strips are thoroughly glued 
together under great pressure. The final ends are lefb square 
until the roll of belting is taken from the store for the purpose of 
making up an endless belt of the required length for any par- 
ticular set of pulleys. A sufficient length is then cut from tlie 
roll and stretched before making the final joint by one or other of 
the following methods. 

Different Methods of Jointing Leather Belts. — Fig. (1) shows 
a joint which is generally made in a belt factory where the 
necessary scarfing planes and compressing gear are available. 
Cemented joints made in this way are nearly as strong as the 
•other joints. They last longer and drive better than when cut 
up by sewing or riveting (see following table). 

Fig. (2) represents a good connector for new and stout leather 
belts. This Harris's fastener is laid down upon an iron block 
with the teeth upwards. First one end of the belt is driven home 
upon one half of the teeth, and then the other end upon the other 
half, care being taken not to disturb the curve of the feistener as 
this gives the necessary holding bite to the teeth. 

Fig. (3). The tough yellow metal fasteners shown serve very 
well for belts running at high speeds over small pulleys. The 
slits for these clips are made by a special form of cutting pliers and 
^should be cut fully \ inch from the end of the belt, being so spaced 
that the crossheads of the £eisteners come close to each other across 

* Care should be taken to plane the one strip from the hair aide And the 
other strip from the flesh side, so that the belt as a whole may present a 
uniform surface on each face. 
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the Btrap. In order to prevent the body of the metal clip from 
being bent up and down when passing over the pulleys the fastener 
should be as short as practicable. 

Fig. (4). The strength of an upturned joint of this form ia in- 
creased by inserting a leather strip or washer between the turned 
up ends as shown. For this kind of joint Jackson's patent bolt 
and washer fasteners are used by Messrs. John Tullis k Son, of 
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Two METHODS OF LACING BUTT JOINTS. 
Different Methods of JourriNO Leather Belts. 

Glasgow. They are also recommended by them for cotton and 
Uama hair belting. 

Fig. (5) shows the ordinary overlap laced joint in both section 
and plan. Care should be taken to taper down and curve the 
ends to suit the smallest pulley over which the belt has to pass, 
otherwise the joint will be stiff, and, consequently, every time it 
travels on and off the pulley a sort of hinge action takes place, 
accompanied by a shock, which not only shortens the life of the 
belt, but also communicates a jar to the shaft and machine being 
driven. 
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Fig. (6). For heavy broad double belts, where a scarfed cemeuted 
joint cannot be used, this form of joint with leather apron makes 
a very good connection. 

Figs. (7) and (8) show the best methods of lacing simple butt 
joints. The holes for the lacer are punched so as to form a 
diamond or pointed figure, whereby there are never more than 
two holes in line across the belt ; and, consequently, it is possible 
to retain almost the entire strength of the belt without reducing 
its flexibility. Another plan of lacing a butt joint, which is 
very suitable for dynamo driving and ensures steady smooth 
running, is illustrated by the following figure ; — 




7 V 11 IS 

Dotted Linet Show Lacing* on Inside of Belt. 



Plan of a Laced Bcttt Joint por a 6-inch Belt. 

The joint is made by a Helvatiou leather lacer of ^-inch width 
in one length, by beginning at hole marked 1, and continuing 
through the several holes in the order, 2, 3, 4, &c., as shown by 
the figure, ending with hole 1, which is also marked 21. 

In order to facilitate the making of any one or other of the 
above-mentioned joints in belts more than 6 inches wide, it is 
usual to employ a " drawing-up frame " of the form shown by the 
accompanying figure. The two ends, B^, Bg, of the belt, after 
being passed over the driving and driven pulleys, are brought 
towards each other and gripped by the clamps, Cj, Cg. The 
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spanner, K, is then applied alternately to tbe nuts of the long 
screws, S^, Sg, until the tapers of the splice are brought fairly 
over each other, or until the ends come together fairly and 
squarely in the case of a butt joint The lacing can then be done 




Strktchikg Apparatus. 



without any other effort than that of merely passing the thong 
through the holes and drawing it home tightly. 

The chief objects to be attained by a good joint are— -first, to 
maintain a close approximation to the belt strength ; and 
second, to keep the thickness and flexibility of the joint as nearly 
equal to that of the belt as possible in order to prevent jumping. 
From the following table it will be seen how far the first of these 
objects is attained in practice : — 

Average Strength of Leather Belt Joints. 

And percentage strength as compared with the average strength of leather 
belts, taken as 4,132 lbs. per square inch. From tests made by 
A. H. Barendt at the Liveri)ool School of Science. 



Kind of Joint. 


Average Strength 
per square inch. 


Per Cent. 
Strength. 


Cemented (only), .... 
Ordinary white thong, without rivets, 
Waxed thread, without rivets. 
Wire sewn or clinched, without rivets, 
White thong, with two rivets, 
Waxed thread, with two rivets, 
CJopper wire sewn, with two rivets, 
White thong, with one rivet, . 




2,254 
2,404 
3,240 
3,272 
2,262 
2,802 
3,060 
3,226 


52-12 

69-4 

78-4 

79-18 

64-74 

67-83 

75-81 

78-06 
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Manufacture of Long and Broad Leather Belting.— Bj the 
ordinary plan of cutting up hides into straight strips, their length 
is limited to about 5 feet, thereby necessitating a corresponding 
number of splices. Messrs. Sampson <& Co., of Stroud, have 
recently devised a method of making long continuous strips of 
leather. A disc of leather, 4 to 4| feet in diameter, is cut from 
the hide. After being tanned and cured in the usual way, it is 
cut in a spiral direction from the outer edge to within about 
9 inches of the centre. This spiral strip is then stretched and 
well rubbed until it becomes quite straight. It is found that the 
strength of the leather.is not apparently diminished by this process. 
Of course, the length of the strip depends on its breadth. If the 
breadth be only 1 -5 to 2 inches, then a strip of about 100 feet can 
thus be cut from a disc 4^ feet in diameter. By sewing a number 
of such strips together side by side, while stretched, a belt of any 
required width can be obtained. Belts 75 inches broad, ^ inch 
thick, and over 150 feet in length, have thus been built up for 
transmitting power in mills, directly from the flywheels of large 
engines to the main shafting. Long belts should never be made 
heavy, because the greater their weight, the greater becomes their 
tendency to oscillate up and down, and swing from side to side. 

Which Side of the Leather should Face the Pulley. — The grain 
or hair side of the leather is naturally much smoother than the 
flesh side, and engineers differ in opinion regarding which of these 
sides should run in contact with the pulley. In this country, the 
rough or flesh side is almost invariably placed in contact with the 
pulley ; but in America it is the smooth side. It is claimed for 
the latter method, that the life and efficiency of a belt is thereby 
increased. Whichever side of the belt is in contact with one 
pulley, the same side should be in contact with all the pulleys over 
which it passes, so as not to bend it alternately in different 
directions. When the flesh side is next the rim of the pulley, it 
should receive one coating of currier's dubbing, and three coatings 
of boiled linseed oil every year, in the case of a belt having to 
endure continuous hard work. This has the effect of rendering it 
about as smooth as the hair side, and its efficiency as a whole is 
said to be thereby increased. When the hair side is in contact 
with the pulley, it is usual to give that side an occasional coating 
of castor oil in order to render it more flexible, and, consequently, 
more durable than it would be in its natural state. Bosin or 
cobbler's wax should never be employed, as they gather dirt, and 
form lumps on the pulley and belt. 

Double and Treble Belting. — Sometimes the breadth of a single 
belt necessary to tiunsmit a given power would be inconveniently 
great, and hence double or treble belts are used. These are made 
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by cementiDg, and then riveting or sewing, two or three thicknesses 
of belting together. Owing to the greater rigidity of such belts, 
they do not work so satisfactorily as single ones, and are not well 
adapted for running at high 
speeds, or over pulleys hav- 
ing a diameter of less than 
3 or 4 feet, or in cases 
where the pulleys are close 
together. This is clearly seen 
from the accompanying illus- 
tration, which shows the 
change that is continually 
going on in thick belts, 
especially when passing over 
small pulleys. The compres- 
sion on the inner face of the 
belt is shown by the necessary 
reduction in the size of the 
inside blocks, and the stretch- 
ing of the outer face by the 
parting of the blocks of the 
outside row, when passing 
over the pulley. 




Action on Thick Belts passing 
OVER Small Pulleys. 



Sampson <fe Co. build their double belts by sewing 
together and pegging with hard wood pins, a number of speci- 
ally cut narrow leather strips, with a layer of canvas between 
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Sampson & Co.'s Double Leather Belting. 
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them, as illustrated by tlie accompanying figure. There is always 
one more strip on the lower or working side than on the upper 
half. They claim the advantage of being able to produce in this 
way a belt of very nearly uniform weight throughout its length, 
having a hard, smooth surface formed on the flesh side, due to the 
hammering required to drive home and clench the numerous hard 
wooden pegs with which the two single belts are fixed together. 
Further, since the sewing is not exposed on either surface of this 
belt, the leather must be nearly worn through before the sewing is 
damaged. 

Gompoond Belting. — In order to avoid the internal straining 
action of thick double or treble belting, it has been found advisable 
to simply put two or three thin single belts on the top of each other, 

without any cementing or 
riveting together, as shown 
by the accompanying figure. 
This gives perfect freedom 
of action to each belt to 
accommodate itself to the 
curves over which it passes 
without stressing its neigh- 
bours. The friction between 
the surfaces of these several belts is not found to have any observ- 
able objections, and it is said that 70 per cent, more power can 
be transmitted by compounding two single belts in this manner. 
By the addition of a third belt, still more power may be conveyed. 
Messrs. Tullis & Co. find that by placing plain double belting on 
the top of their linked chain belts (when arched to fit the curve 
of the pulley), twice as much power may be transmitted than by 
either of these alone. 




Compound Belt Driving. 




Compound Belt Driving for Three Machines. 

A simple modification of this compound belt drive is illusti*ated 
by the above figure. The power is transmitted from one main 
driving pulley to two or more driven pulleys by separate belts, all 
moving in the same plane, and in a direct line with each other. 
This arrangement saves considerable room in a workshop or 
factory. It has been proved to be very handy for driving several 
dynamos direct from one flywheel, instead of from independent 
drums. 
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It is often urged as an argument against single belting, that it 
does not work well under the action of shifting guide forks. 
This may be avoided by running the belt at a sufficient speed, say 
between 2,000 and 3,000 feet per minute, and, in all cases, by 
placing the guiding fork at least 1 foot from the point where the 
belt touches the ongoing side of the pulley, so as to give freedom 
to the belt to assume its new position. 

Link Chain Belting.— Since flat belts fail to take a perfect grip, 
due to their retaining a cushion of air between them and their 
pulleys, Messrs. Tullis & Son, of Glasgow, have devised a complete 





Thick- SfDEi) Chain Belting. 



TuLLis's Thick-Sided 
Leather Chain 
Belt, Working 
Quarter Twist. 



system of link chain belting. This form of belting permits of the 
escape of the air through the spaces between the links, and thus 
enables the leather to bear uniformly over the face of the pulley. 

It is composed of a series of short leather links bound together 
by steel pins and washers. These belts possess considerable 
flexibility, and can be made with a flexible central row of links 
to automatically suit the arch of any pulley. If desired, they 
may be specially curved to suit any camber. They further possess 
the advantage of being easily shortened and rejointed by simply 
bringing the ends together with a drawing-up frame, interlocking 

21 
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the links until a row of rivet boles are brought fair in a line, 
and then inserting the rivet. When one side of this belting is 
made thicker than the other it is well adapted for working on 
tapered cones and for quarter twist driving. 

victoria Belting. — A successful kind of belting has of late been 
introduced under the name " Victoria Belting" This is simply 
ordinary belting from which the spongy parts of the leather on 
the flesh side have been pared away by aid of machinery, and the 
whole reduced to a uniform thickness. A belt of this description 
is more flexible than an ordinary one, and, although thinner, is 
about equal in strength. Double belts, made by cementing 
and riveting two thicknesses of Victoria belting, are little thicker 
than ordinary single belts, and are quite as flexible and very 
much stronger. The hair side of each of the parts cemented 
together being kept outside, these will always run in contact with 
the rims of the pulleys and guide pulleys over which they pass. 

Waterproof Canvas Belts. — Next to leather, waterproof canvas 
belting of one kind or another is the most popular. It is especially 
well suited for paper-mills, dye-works, and other factories where 
moisture or steam is prevalent, or for working in the open air 
under varying climatic conditions. The best canvas belting is 
made from selected Egyptian cotton. After being folded to the 
required breadth and number of plies, it is stretched and then 
stitched throughout its length along the open seam. After being 
dried it is thoroughly saturated with linseed oil, painted with red 
silicate to make it grip, mangled to squeeze out the superfluous 
oU, and finally stretched for about a fortnight to render it as inex- 
tensible as possible under ordinary working conditions. It can 
be made in one piece of any required length, breadth, or thickness, 
and it has a greater breaking stress per square inch than oak 
tanned leather in the ratio of about 6,700 lbs. for canvas to 
4,100 lbs. for the leather. It forms excellent main driving belts, 
but once it begins to wear and give way at any place it cannot be 
repaired or patched so readily as leather, neither does it so well 
endure cross driving or being acted upon by shifting forks. 
The latter defect is to a large extent overcome by protecting 
it with stitched leather edges throughout its entire length. 

India-Rubber Belts. — These belts present a very smooth, well 
finished, and excellent gripping surface. They are made by taking 
stout canvas of the required breadth direct from the roll, passing 
it over a steam heated cylinder in order to expel the damp inherent 
in the canvas, which would otherwise rot the first layer of rubber. 
The web is next passed between two heated rollers. From the 
upper one it receives a thin plastic coating of rubber. It is then 
folded double ; or, if the canvas is of the same breadth as the belt, 
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two or more plies similarly treated are pressed together. It is then 
entirely wrapped in rubber, trimmed along the edges, and vulcan- 
ised in steam heated moulds under considerable pressure. They 
do not wear nearly so well as leather belts, for the life of a 
hard worked one does not exceed eighteen months, and once the 
rubber begins to peal off the working side and the canvas heart to 
wear they suddenly break straight across. They do not give so 
much trouble as might be expected from stretching, and they can 
be taken up and jointed by the methods shown in Figs. 1, 4, and 6 
at the beginning of this Lecture. They cannot be recommended 
for shifting belts, as the edges which come into contact with 
the shifting fork soon become ragged and cut. 

Guttapercha and Composite Guttapercha Belts.— Solid gutta- 
percha belts have been tried, but being expensive, liable to perish, 
and to stretch they have been abandoned. A very successful com- 
posite belt has, however, been introduced of late by Messrs. K & J. 
Dick of the Greenhead Works, Glasgow, which possesses all the 
advantages of water-proofed canvas, together with good gripping and 




Walker's Jump-Joint Fastener. 

lasting qualities. It is manufactured from the best " long-staple " 
Egyptian cotton canvas, which is cut to the required breadth, 
dried, and covered on each side with balata, dried again, folded into 
the number of plies and breadth of the belt, covered on the outside 
with guttapercha, and finally, is stretched in long lengths in 
order to render it as inextensible as possible under working 
conditions. 

Any required length, breadth, and thickness of belt can be made 
in this way, and the final single joint may be so neatly scarfed, 
glued, and pressed that it is not thicker than the ordinary belt and 
nearly as strong and supple. Or Walker's jump-joint fasteners 
may be employed, as illustrated by the accompanying figures. 

Strength of, Working Tension in, and Horse Power transmitted 
by, Belts. — The ultimate strength of ordinary bark tanned single 
leather belting varies from 3,000 to 5,000 lbs. per square inch of 
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cross-section.* It is, however, sometiaies considered more con- 
venient to state the tenacity of a belt in lbs. per inch of width. 
The thickness of single belting varies frora ^^ to -j^ inch, and from 
|- to 1^ inch for double belting. Taking the mean thicknesses, we 
may say that the breaking stresses are from : — 

750 to 1,260 lbs. per inch of width for single belts, 
and 1,500 to 2,500 „ „ double „ 

It is found, however, that the strength of the joints is sometimes 
only about one-third of the strength of the solid leather. Hence, 
the final sti*ength of an endless belt should not be reckoned at 
more than one-third of the above values. Further, the safe toorking 
tension, should never exceed on&fifth of this final strength (of the 
joint), in order to provide for deterioration and sudden changes 
of load. From this point of view, we thus arrive at approxi- 
mate values for the safe working tensions by taking one-fifteenth 
{i,e,y one-third for joint and one-fifth for factor of safety) of the 
breaking stress per inch o/undth, viz. : — 

For single belting, 50 to 80 lbs.' 

„ double „ 100 „ 160 „ 

In practicey however, the rule is not to put on a greater tension 
than 50 lbs.t for single, and 80 lbs. for double belts per inch of 
width, since it is found that under these mild conditions, leather 
belts run for many years with a minimum of lubrication on the 
bearings, and with far less chance of heating the journals or stress- 
ing the shafts. 

The theoretical safe working tension per inch of belt width 
to transmit a certain power, at a certain speed, without slipping, 
may be arrived at from another point of view, viz. : — By ascer- 
taining the coefficient of friction between a belt and its pulley, 
and substituting the same in the formulae given in Lectures 
YII. and YIIL, from which it will be seen, that the power which 
may be transmitted by a belt is determined by the difference 
between the tensions of the driving and following sides, and the 
speed of the belt, and that the logarithm of the ratio of these ten- 

* Messrs. TuUis & Sons, of Glasgow, claim the following from tests 
carried out at Lloyd's Proving House : — 

For their orsuige tanned leather, a breaking stress of 8,244 lbs. per sq. in., 
with 1*3 per cent, elongation. 

For the best oak tanned leather, a breaking stress of 5,746 lbs. per sq. 
in., with 3*8 per cent, elongation. 

*f Mr. John H. Cooper, in his Treatise on the Use of Belting ^ pp. 383, 384, 
tabulates the results of fifty-three rules for the H.P. and stress transmitted 
by belts, and also arrives at the above mean result of 50 lbs. per inch of 
width. 
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sions is proportional to the coeflScient of friction, and to the arc 
of the pulley embraced by the belt.* 

Example I. — Referring to the following table, we see that 
one H.P. can be transmitted per inch of width of belt, when 
travelling at 700 feet per minute. Let the arc embraced by the 
belt be 180** and the coefficient of friction '25. Find the tensions 
on the driving and slack sides of the belt, and their difference. 

Let T^ = Tension on driving side in lbs. 
„ T^ = Tension on slack side in lbs. 
„ V = Telocity of belt in feet per minute = 700. 
„ fL =^ Coefficient of friction = '25. 
„ & •= liatio of length of arc of contact to radius of pulley. 

Then, H.P. = -gp^o^- 

H .P. X 33,000 

Or. T.-T,A?^^«-= 47-2 lbs.. .(1) 

From Lecture VII., emjatlon (XI.), we get :- 




But, = -r.- = --' = -r. 

' radius r 

.-.loge^'* = log ^4-4343 i -25 x 3-1416 x •4343=-34n. 
T« T« • 

7^ = 2-2. Or, Td = 2-2 T, . . (2) 

Inserting this value in equation (1), we get : — 

2-2 T« - T, = 47-2. /. T, = 39-3 lbs. 
And, Td = 47-2 + T, = 86-5 lbs. 

These are the minimum working stresses per inch width of 
belt which must be applied to prevent slipping under the above- 
mentioned conditions. 

* For a description of Morin's experiments on the tension of belts made at 
Metz in 1834, and his use of this formula, see Cooper on ** Use of Belting," 
Chap. VII. 
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HOBSE-POWER THAT DIFFERENT LEATHER BELTS WILL TRANSMIT 

PER Inch in Width at Various Speeds. 





{By A. G. Brown, M.E.,for Musgrave <k Co,) 






Velocity of 
Belt per 
Minute. 


Kind of Belts. 


Best Oak-tanned Belts. 


Best Link or Chain Belts. { 


Single 
belU. 
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double 
belts. 


Heavy 
double 
belts. 


r 


r 


r 


r 


r 


1' 


Feet. 
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•16 


•21 


•27 


•13 


•15 


•17 


•20 


•24 


•27 
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•30 


•42 


•55 


•25 


•29 


•35 


•40 


•47 


•66 
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•45 


•64 


•82 


•38 


•44 


•62 


•60 


•71 


•82 


400 


•61 


•85 


1^09 


•51 


•58 


•69 


•80 


•95 


109 
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•76 


1-06 


1-36 


•64 


•73 


•86 


100 


1-18 


1-36 


600 


•91 


1-27 


1^64 


•76 


•87 


104 


1-20 


1-42 


1-64 


700 


ro6 


1-49 


1-91 


•89 


1-02 


1-21 


1-40 


1-65 


1-91 


800 


1-21 


1^70 


2-18 


•92 


1^16 


1-38 


1-60 


r89 


2-18 


. 900 


1-36 


1-91 


2-46 


1-05 


1-31 


1-65 


1-80 


213 


2-45 


1000 


1-51 


2-12 


2-73 


1-27 


1-45 


1-73 


2-00 


2-36 


2-73 


1100 


1^67 


2-33 


3^00 


1-40 


1-60 


1-90 


2-20 


2-60 


300 


1200 


1-82 


2-55 


327 


1-63 


1-75 


207 


2-40 


2-84 


3-27 


1300 


1-97 


2-76 


3^55 


1-65 


1-89 


2-25 


2-60 


3^07 


3-65 


1400 


2^12 


2-97 


3-82 


1-78 


2-04 


2-42 
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3 31 


3-82 


1500 


2 27 


318 


409 


1-91 


2-18 


2-59 


300 


3-55 


409 


1600 


2-42 


3-39 


4-36 


204 


2-33 


2-76 


3-20 


3-78 


4-36 


1700 


2-58 


3-61 


4^64 


2-16 


2-47 


2-94 


340 


4 02 


4-64 
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2-73 


3-82 


4-91 


2-29 


2-62 


311 


3-60 


4-25 


4-91 
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2-88 


4-03 


5-18 


2-42 


2-76 


3-28 


3-80 


4-49 


5^18 
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4^24 


6-45 


2-55 


2-91 


3-45 


4-00 


4^73 


6-46 
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3-18 


4-45 


5-73 
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3 05 


3-63 


4-20 


4-96 
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2200 


3-33 


4-67 
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2'80 


3-20 


3-80 
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6^20 
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4-88 
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2-93 
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3-97 


4-60 
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3-49 
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3-64 


4-32 
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5-91 
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3-78 


4-49 
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6-16 
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3'28 


3-85 


4-66 
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6-38 


736 
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4-24 
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7-64 


3-31 


3-86 


4-73 


5^60 


6-62 


7-64 


2900 


4^39 


6-15 


7-91 


3-32 


3-87 


4-78 
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6-85 


791 


3000 


4-50 


6-36 


8^18 


3-31 


3-86 


4-75 


697 


7-09 


8^18 


3100 


4-60 


6-58 


8-45 


3-30 


3-85 


4-73 


6-96 


7-33 


8^46 


3200 


4-69 


6-79 


8-70 


3-28 


3 82 


4-71 


694 


7-37 


873 


3300 


4-77 
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8-86 


3-24 


3-77 


4-70 


5-92 


7-35 


8-88 


3400 


4-84 


7-21 


8-96 


3 19 


3-71 


4-64 


5-87 


7-32 


8-86 


3500 


4-90 


7-31 
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3-61 
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5-78 


7-26 


8-80 
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4-95 
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916 
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4-37 
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7-16 
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4-99 
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4-26 
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7-01 
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9-29 
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3-28 


4-15 


6-41 


6-87 


8-41 


3900 


5-03 7-60 


9-34 


2-72 


313 


4-02 


5-20 


6-70 


8^27 


4000 


5-08 7-64 


9^37 


2-58 


2-95 


3-84 ' 


601 


6-48 


804 
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General Beqnirements for Belting. — The ultimate strength of a 
belt is, however, a secondary consideration, since it is so very mach 
greater than the normal working stress. The properties of greatest 
impoi*tance are — (1) straightness, (2) stretchlessness, (3) pliability, 
(4) homogeneity, (5) uniformity in thickness, (6) good flexible 
joints, (7) ease of repair, (8) endurance or longevity. These caea 
only be determined by practical experience. Further, the very 
best belting cannot be expected to work well upon pulleys which 
are unbalanced or out of truth and line, or which are too close 
together.* The pulleys should be as far apart as possible and their 
diameters as large as possible. For example, at Messrs. Clark & 
Oo.'s thread works at Paisley there are pulleys as far apart as 
90 feet. For high speeds the pulleys should have little or no 
crowning ; for, when a speed of about 3,000 feet per minute is 
reached, the sides of the belt will rise up from the face of a heavily 
crowned pulley due to centrifugal force, and thus greatly diminish 
the area of contact, inducing slipping, wearing of the belt, and 
unsatisfactory driving. 

Rope Gearing. — The transmission of power is frequently accom- 
plished by means of ropes instead of belts. In addition* to their 
other advantages mentioned at the beginning of this Lecture, 
ropes seldom give way without due warning by, slackening or 
fraying in one or more of the strands, thus reducing the risk of 
accident and stoppage of the works to a minimum. The working 
stress in the ropes being but a small fraction of their breaking 
strength, any signs of weakness in an individual rope would allow 
it to be removed and the engine run with the remaining ropes 
until a convenient opportunity is offered for the replacement of the 
weak member. Further, their comparative slackness between the 
pulleys facilitates their cancelling any small irregularity in the 
motive power. 

These ropes are made of manilla-hemp, cotton, leather, and raw 
ox hide. Hemp ropes are preferred to cotton ropes for main 
drives with large pulleys since they are cheaper, stronger, and 
last nearly as long if spun with a soft greased core. In Messrs. 
J. & P. Coats' great thread works. Paisley, cotton ropes aiBj 
however, universally employed. They are made "hawser laid," 
from the best "long staple" Egyptian, white, untarred cotton. 
' By " hawser laid " is meant that the fibres of the material are first 
spun into yarns having a right-handed ttmst. These yams are 

*Mr. Henry A. Mavor in his reply to the discussion on his p^>6r 
*• Belting for Machinery," read before- the Institution of Engineers and 
Shipbailders in Scotland, states that (where possible) the pulleys should 
be kept apart not less than three times, and not more than four times the 
diameter of the larger pulley. . 
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next twisted Ufi-handedly into strands. Lastly, three such strands 
are twisted together right-handedly so as to complete the rope. . It 
will be noticed that when the strand is twisted it untwists each of 
the threads, and that when the three strands are twisted together 
into rope this action untwists the strands, but at the same time 
re-twists the threads. It is this opposite twist that serves to keep 
the rope in its proper form.* Cotton ropes', being softer and more 
pliable than manilla ropes, can be used with smaller pulleys 
without undue injury to the fibres. This is also considerably aided 
by the natural wax in the structure of the long staple variety 
which acts as a lubricant, and permits of greater freedom of motion 
between the several fibres. The life of a good cotton rope is 
usually about thirteen years if properly adjusted and well treated. 

Sizes of Bopes and Pulleys.— The size and number of ropes, as 
well as the least diameter of pulley, for any given power, are points 
of importance and should be considered for each case. 

The ropes commonly used for the transmission of power in 
factories or mills vary from 3 to 5 inches in circumference. 
No matter what the diameter of the pulley may be, ropes of 
1^ inches diameter should not be exceeded for main drives, and 
ij inches diameter for secondary drives. The diameter of the 
smallest pulley should not be less than thirty times the diameter 
of the rope, as the larger the pulley the less will be the internal 
friction, and consequent injury to the rope from bending and 
unbending (see the following table). 

Strength of Cotton and Hemp Ropes. — The ultimate strength 
of white untarred cotton ropes may be taken at 9,000 lbs. per 
square inch of the nett sectional area, which is about 90 per cent. 
of the area of the circumscribing circle. The normal working stress 
should not exceed ^V of the ultimate breaking stress, or say 300 lbs. 
per square inch, although ropes are frequently worked at even a 
less tension. Messrs. Musgrave <fe Sons, of Bolton, allow a working 
stress of about 300 lbs. per square inch of sectional area. Of this 
about 20 per cent, or 60 lbs. is absorbed in overcoming back tension, 
wedging of rope, <fec., leaving 240 lbs. for centrifugal force and 
transmission of power. 

The following table from The Practical Engineer gives useful 
data regarding these points. 

The ultimate strength of new manilla ropes is about 11,000 lbs. 
per square inch of the nett sectional area, which in a three stranded 
hawser is only about 80 per cent, of the area of its circumscribing 
circle. The necessary lubrication, however, reduces the strength by 

* See The Practical Engineer of June 22, 1894, p. 486, &c., for "Notes 
on the Manufacture of Ropes," by W. C. Popplewell, M.Sc. 
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20 to 30 per cent., but the lubrication of the fibres is of much 
greater importance than the actual breaking stress. The greater 
freedom of movement amongst the fibres permits a heavier working 
stress to be carried, and ensures a much longer life ; for a pro- 
perly lubricated manilla rope will outlast from two to four similar 
dry laid ropes working under the same conditions. There are 
many ways of lessening the internal friction ; one of the best being 
that of coating the several yarns with a mixture of black lead and 
tallow prior to twisting the same into strands. Under favourable 
conditions, when thus treated, it is practically waterproof, and will 
last for about eight years. 
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Splicing Ropes. — The splicing of ropes is a matter of great im- 
portance, and should never be left to unskilled hands. In order 
to secure a sufficiently strong joint its length requires to be 
from forty to fifty times the diameter of the rope, or say from 
6 to 7 feet for main, and from 4 to 5 feet for secondary drives. 
The different strands should be neatly interlocked, so that the 
thickness of the rope is not increased. The strength of a good 
splice is only about 70 per cent, of that of the rope. f 

Rope Pulleys. — The pulleys used for rope gearing are made with 
V-shaped grooves around their rims, as shown by the accompanying 
figures. 

The sides of the grooves usually make an angle of 45° with each 
other. The ropes must never be allowed to rest on the bottom of 
the grooves, but only on the sides, as shown. They are thus 
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wedged into the grooves, and the resistance to slipping is thereby 
greatly increased. This has the efiect, however, of producing 
greater wear and tear of the ropes. In the case of guide 
pulleys, the rope should always rest on the bottom of the 
groove. 




Section of Grooves for Rope PrrLLEYs. 

The following table gives the proportions of grooves of the form 
«hown in the above figure, for ropes from J inch diameter to Sc- 
inches diameter : — 



Proportions of Grooves for Rope Pulleys. 
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In the case of belts running on flat-rimmed pulleys, we have 
seen that sufficient adhesion to prevent slipping between the belt 
and pulleys is obtained by stretching the belt over the pulleys with 
an initial tension. But with ropes, it is found that smoother 



% 




Special Fobm of Eopb Pulley by Watson, Laidlaw & Co. 

working and less wear and tear take place when the rope is put 
on the pulleys with as little initial stress as possible. Hence the 
reason for increasing the frictional resistance between the rope and 
its pulleys, by allowing the rope to wedge itself into the grooves 
in the pulley rims. The necessary pressure between the rope and 
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the sides of the grooves to ensure sufficient frictional adhesion at 
the commencement of motion, is simply that due to the weight of 

the hanging parts of 
the ropes between the 
pulleys. The pulleys 
should, therefore, be 
large, and be placed at 
a sufficient horizontal 
distance apart, so as to 
have the arcs of con- 
tact between the rope 
and the pulleys as great 
as possible. 

The accompanying 
figure shows the con- 
struction of a large rope 
flywheel, in which the 
wrought- iron bolt, B, 
connects the grooved 
rim, G R, with the 
wheel boss, WB, and 
thus receives the tensile 
stress due to centri- 
fugal action on G R. 

In horizontal drives, 
the tight side of the 
rope should always be 
in contact with the 
lower parts of the pul- 
leys, and the slack side 
above, so as to obtain 
a maximum arc of con- 
tact between the rope 
and the pulleys, as 
shown by the following 
right-hand figure. 



BR 



Section of Large Eope Pulley. 



Index to Parts. 



W B for Wheel boss. 
SC ,, Steel cotters. 
B „ Wrought-iron 
bolt. 



A for Arm. 
G R „ Grooved rim. 
BR ,, Barring rack. 
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If the drive be vertical, tLen tbe rope may require a tightening 
pulley, in order to insure sufficient 
frictional resistance between it and 
the under side of the lower pulley, 
as shown by T P in the right-hand 
figure. A tightening pulley 
naturally shortens the life of the 
rope. 





Horizontal Rope Driving. 



Vertical Rope Driving. 



Mnltigroove Rope Drives. — Where great power has to be trans- 
mitted it is neither convenient nor advisable to use very thick 
ropes. The usual practice is to have a number of ropes running 
in parallel grooves on one large pulley or wheel. The grooves in 
each pulley must be of the same size and depth, and all the ropes 
of the same thickness. They should also be stretched as equally 
as possible between the pulleys. These conditions are necessary 
to prevent some of the ropes being more severely strained than 
others. Since ropes stretch, it is advisable to put them all on at 




MULTIGROOVE RoPE DrIVE WITH ONE RoPE AND GUIDE PULLEY. 

the same time when they are intended to work on the same pair 
of pulleys. In cei'tain cases, such as when driving an alternator 
and its exciter, a single rope is used with a guide pulley and 
facilities for sliding the machines towards or away from the driving 
pulley, as shown by the figure, or the guide pulley may also be 
used independently for tightening the rope. 
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HOBSE-POWEB THAT GOOD COTTON DRIVING ROPES WILL TRANSMIT 

AT Vamous Speeds.* 
[By A. G. Brown, M.E.,/or Musgrave ds Co,) 
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22-34 


1,100 


1^53 


2-35 


3-47 
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36-81 


49-76 


64-67 


3,600 


409 


6-31 


929 


12-63 


16-67 


25-76 


37-38 


50-51 


65-66 


3,700 


415 


6-41 


9-43 


1281 


16-91 


26-13 


37-92 


51-24 


66-62 


3,800 


4-20 


6-48 


9-53 


1296 


17-10 


26-43 


38-36 


51-82 


67-36 


3,900 


4-25 


6^56 


9-65 


1312 


17-32 


26-76 


38-83 


52-48 


68-22 


4,000 


4-29 


6-62 


9-75 


13-24 


17-48 


27 01 


39-20 


52-97 


68-86 


4,100 


4-33 


6-68 


9-83 


13-36 


17-63 


27-25 


39-53 


53-42 


69-44 


4,200 


4-36 


673 


9-91 


13-46 


17-77 


27-46 


39-84 


53-84 


69-99 


4,300 


4-39 


6^78 


9-98 


13-55 


17-89 


27-65 


40-11 


54-21 


70-47 


4,400 


4^41 


6^80 


1001 


13-60 


17-95 


27-75 


40-26 


54-40 


70-72 


4,600 


4-42 


6-82 


1004 


13-64 


18-00 


27^82 


40-36 


64-65 


70-91 


4,600 


443 


6-83 


1006 


13-66 


1803 


27-87 


40-44 


54-64 


71-04 


4,700 


4-43 


6^84 


10^07 


13-67 


1805 


27-90 


40-48 


54-70 


71-10 


4,800 


4-43 


6-84 


1007 


13-67 


18-06 


27-90 


40-48 


64-70 


71-10 


4,900 


443 


6-83 


1006 


13-66 


1803 


27-87 


40-44 


54-64 


71-04 


5,000 


4-41 


6-80 


1001 


1360 


17-95 


27-74 


40-25 


54-40 


70-70 



* In practice, Messrs. Clark & Co. of Paisley find these powers to be rather high for the 
'arger ropes. For example, they only allow 35 to 40 H. P. for a l|-inch cotton rope at 
500 feet per minute. 
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Speed of, and Horse-Power Transmitted by, Ropes. — The speed 
of ropes is generally very high, being from 3,000 to 5,000 feet 
per minute. The usual or average speed may be stated to 
be about 4,500 feet per minute, although some engineers have 
used as high as 5,600 with advantage. The preceding table shows 
the power which good cotton ropes will transmit at various 
speeds. 

Power Absorbed by Rope Driving. — It is stated by some engineers 
that rope gearing absorbs 10 per cent, less power than toothed 
gearing. I am assured, however, that this is an error, for well 
designed and well applied tooth gearing consumes little more than 
4 per cent., belts from 5 to 5^ per cent., and ropes about 7 per cent. 

Telodynamic Transmission.'^ — ^The successful transmission of 
power by round endless wire ropes commences where a belt, or 
cotton and hemp ropes, would be too long to be used profitably 
(i.e., say about 60 feet between the driver and follower for belt- 
ing and 100 feet for ordinary ropes), and ends economically at 
distances of from 10,000 to 13,000 feet. * For, the efficiency rapidly 
decreases as the distance increases, being about 95 per cent, for 
100 yards, 90 per cent, for 500 yards, and only 60 per cent, for 
5,000 yards under the most favourable conditions. 

This system has been much more extensively employed on the 
Continent than in this country, although the author has seen 
numerous instances of its adoption in Scotland, and in Orkney, 
for driving ordinary thrashing mills where the water power was 
down in a hollow and removed from the steadings about 200 
to 400 yards. Messrs. Rochling and Trenton, N. J., state, that in 
point of economy, this system costs only about Jg- of an equivalent 
amount of belting and ^ of shafting. This is not to be wondered 
at, since steel wire ropes are cheap and strong, and can be run at 
very high speeds so that great power may be transmitted by them 
with comparatively light gearing. The range in the size of the 
cables used is, however, small, for the employment of a large wire 
rope means self destruction and loss of power due to its bending 
and unbending over the pulleys ; and further loss of ppwer due to 
moving it at the required velocity over great distances. iFor 
example, a rope of f inch diameter will transmit 20 H.P. or less, 
and a 1-inch rope 300 H.P., whereas a IJ-inch one would not 

* See Chapter VIII. of the fourth edition of a Treatise On the Use of 
Belting, by John H. Cooper (Edward Meeks, Walnut Street, Philadelphia^ 
or E. & F. Spon, London, 1891) ; EUmenia of Machine Design, by ProL 
W. C. Unwin (Longmans, Green & Co., London) 5 also the Howard 
Lectures, by Prof. Unwin, Society of Arts Journal, 1893, where an in- 
teresting account is given of the rise and progress of Telodynamic Trans- 
mission as well as details of the latest practice. 



336 



LECTURE XVII. 



successfully transmit any more power, with the same speed and 
size of pulleys and the same extreme distance, owing to its greater 
stiffness and weight. 

The first of the following figures shows a single span with the 
slack part of the rope uppermost : — 




Single Span. 

The second also represents a single span but with the slack part 
below and supported in the middle by a guide pulley. 




Span with Single Supporting Pullet. 

"When the length of a span is great, and the height of the 
pulleys not sufficient to prevent the rope trailing on the ground, 
it may be supported in the manner shown in the third figure. 



Cr^McTO O ^ 

Single Span with Multiple Supporting Pulleys. 

When the power has to be conveyed over a very great distance, 
it is advisable to split up the length into intermediate stations or 
" relays," each relay being worked by a separate rope, as shown by 
the following figure. The pulleys at the relays are double grooved, 




FOLLOWER 



RELAY RELAY 

Independent Spans. 



DRIVER 



so that the two ropes run together on the same pulley. The 
length of a relay may be from 400 to 500 feet, with guide pulleys 
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every 50 or 60 feet. A good example of this is to be found at 
Schaffhausen on the Rhine, where about 650 horse-power are 
transmitted through a distance of 2,700 feet to twenty-three 
customers, where a small rope of 1-inch diameter, moving at 
62 feet per second, transmits 280 horse-power. 

Pulleys. — Since bending is more injurious to wire ropes than 
those made of hemp or cotton, it is necessary to use very large 
pulleys with the former. This 
not only diminishes the damage 
done to the cable, but also the 
power expended in bending 
and unbending the rope. 
Further, the arcs of contact 
should be as large as possible, 
in order to secure sufficient 
frictional resistance between 
the rope and the pulleys. 
Wire ropes, unlike hemp or 
cotton ones, must not be 
pressed laterally against the 
sides of the V-shaped groove?, 
but allowed to rest on the 
bottom. The grooves for wire 
ropes are much wider than 
those for hemp or cotton ropes, 
and it is necessary to line the 
bottom of the grooves with 
some material softer than iron, 
such as wood, guttapercha, old 
rope, tarred oakum, or leather, 
so as to protect the rope, and 
increase its resistance to slip- 
ping. The last material is most 
extensively used for this purpose. The leather is cut into sections 
of the dove-tailed shape shown shaded dark in the figures on the 
next page, and set in on end around the rim. Scrap leather, cut 
from old shoes or pieces of belting, does very well, but, being 
very thin, it takes at least a thousand of them for a 7-foot wheel. 
When many are wanted, it is worth while to make a die to cut 
them out accurately and quickly. This is the most durable filling 
that can be made, but it is reported that even leather does not 
last more than six months' continuous work.* The guide or sup- 
porting pulleys do not require to be lined in this way. 

* It occurs to the author that compressed brown paper might make a 
good lining for the bottoms of the grooves of these wire-rope pulleys. 

22 




Large Pulley for Wire Ropes. 
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The ropes used for telodjimmic transmission are generally made 
of steel wires. There are usually six strands in each rope. Each 
strand is composed of six wires twisted around a hempen core, 
and these six strands are then laid around a central hempen 
core. As with hemp or cotton ropes, the strands are twisted 
in the opposite direction to the wires composing them. Finally, 




SiKOLX Gboove. 



DoiTB^ Groove fob Relays. 



the rope is protected from oxidation by a coating of boiled linseed 
oiL Considerable trouble is caused by the stretching of these 
cables, but this may, to a large extent, be prevented by passing 
them (before use) between grooved compression rollers, which 
kills this tendency to stretch, although, at the same time, it of 
necessity slightly diminishes their diameter. 

The splicing of these ropes must be done by a practised hand, in 
order that the splices may not be distinguishable in size, strength, 
and appearance from the factory made cable. The splices should 
be of such a length — say 20 to 30 feet for 1-incli ropes — that the 
friction between the interlaid wires may easily withstand the 
tension. 

These wire ropes, when at work, are subjected to three different 
stresses — (1) the longitudinal tension due to the power transmitted 
and their own weight, (2) the bending stress when passing over 
the pulleys, and (3) the centrifugal stress. As a rule, the longi- 
tudinal tension on the tight side is made twice that on the slack 
side, and the diameter of the pulleys is so chosen that the bending 
stress is about equal to the maximum longitudinal stress. The 
centrifugal stress is usually neglected, unless the velocity of the 
ropes is exceptionally great. The working tension is seldom 
greater than 15,000 lbs. per square inch of section, although the 
steel wires composing the same withstand from 70 to 100 tons per 
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square inch.* The life of these ropes does not appear to be mUch 
more than one year when working continuously; consequently, 
it is found advisable to keep a spare rope spliced and ready for 
action in case of accident. 

Wire Rope Haulage and Transport.— Although this large subject 
naturally follows what has been said on telddynamic transmission, 
there is neither space nor time for a full treatment of the question 
in this book. Consequently, we must refer students who may 
desire to pursue this subject to those books and papers wherein 
the different systems are described and discussed, t The various 
Rope Tramways to be . met with in San Francisco, Chicago, New 
York, Melbourne, London, and Edinburgh are excellent examples 
of fast speed rope haulage. These instances are, however, excelled 
as far as speed and distance are concerned by the District Subway 
of Glasgow. Here, there are two parallel circular iron tunnels, each 
6 J miles long, with thirteen stations. Through these run seven trains 
of two cars each, at a speed of between 18 and 20 miles per hour. 
These trains are worked by an endless steel wire rope kept in con- 
tinuous motion by stationary engines coupled to grooved drums 
and the necessary accessories. When about to leave a station, all 
that the train driver has to do is to bring the cable-grip into action 
with the moving rope, and when arriving at one he has simply 
to disengage it and apply the brake, as may be seen from the 
accompanying figures. J 

* See Paper on ** Wire Ropes," by A. S. Biggart. Proceedings of the 
Institute of CivU Engineers, vol. ci., p. 231, 1889-90. 

t See Paper on **The Monte Penna Wire Ropeway," by W. P. Church- 
ward. Proc^ Inst. Civil Engineers, vol. Ixiii., p. 273. 

Paper on "Three Systems of Wire Rope Transport," by W, T. H. 
Carrington. Proc. Inst, Oivil Engineers, vol. bcv. , p. 299. 

Paper on ** Wire Rope Street' Railways of San Francisco and Chicago," 
by W. Morris. Proc, Inst, Civil Engineers, vol. Ixxii., p. 210. 

Paper on "The Temple Street Cable Railway, Los Angelos, California," 
by F. W. Wood and H. Hawgood. Proc. Inst. 'Civil Engineers, voL evil., 
p. 323. 

Street RaUways : Their Construction, Operation, and Maintenance, by C. 
B. Fairchild (The Street Railway Publishmg Co., World Buildings, New 
York). 

t These two figures, and the one of a ** Multigroove Rope Drive" for 
one rope and guide pulley, were kindly provided by the Institution of 
Civil Engineers with the approval of the Council. 
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The gripper attachment is fixed to the end of the shank, B, 
which is a flat bar of iron 5 J inches wide by | inch thick, working 




Cross Section of Cab and Gripper. 
WiRE-RoPK Street Railroads in San Francisco and Chicago. 

through a longitudinal slot. Tliis gripper, A, consists of two 
pairs of small sheaves about 3^ inches in diameter, and placed at 
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Lecture XVII.— Questions. 

1. Under what respective circiunstances would you use belt, rope, and 
chain gearing, and state the advantages and disadvantages of each ? 

2. !&plain how the best leather belts are made and spliced. 

3. What is meant by ** compound " belting? For what reasons is it pre- 
ferred to " double " or " treble " belting ? 

4. Give a short description of ** chain," "Victoria," and "composite 
guttapercha" belting. State their respective advantages and disad- 
vantages. 

6. The tension on the slack side of a belt is half that on the tight side. 
The limiting tension is 40 lbs. for each inch in width of the belt. Find the 
breadth of the belt to transmit 40 horse-power from a pulley 3 feet in 
diameter making 100 revolutions per minute (Adv. Sc. & A. £zam., 1894). 
Ana, 70 inches. 

6. -A belt transmits 35 horse-power when moving at 3,300 feet per 
minute. Find the net driving tension. If the coefficient of friction be '3, 
and the belt embraces half the circumference of the pulley, find the 
tensions on the driving and slack sides respectively. What width of belt 
would you use ? Ans. 350 lbs.; 675 lbs.; 225 lbs.; 11*5 inches. 

7. Explain the construction of cotton and hemp ropes for driving 
machinery, and give their respective strengths and advantages. 

8. Sketch a section of the rim of a rope pulley for a 1-inch rope, marking 
all the dimensions. 

9. What is *' Telodynamic Transmission of Power? " How is it applied 
for short and long distances ? Give sections and description of the ropes, 
and of the single and double grooved pulleys used in this system. 

10. Describe the machinery employed in the manufacture of wire ropes, 
and give a detailed account of the process of constructing a wire rope. 
With the aid of sketches, describe how the ends of such a rope are secured 
so that its full strength may be utilised (Sc. & A. Hods. Mach. Cons. Exam., 
1895). (See Mr. Smith's paper in the Proc. Mech. Eng, 1862, and 
Unwinds Machine Design^ part I. ) 

11. Give a sketch and short description of tramway rope haulage. 



NOTES ON LECTUKK XVII. AND QUESTIONS. 343 



344 



LECTURE XVIII. 

Contents.— Velocity-Ratio with Belt and Rope Transmission—Example L 
— Velocity-Ratio in a Compound System of Belt Gearing — Example XL 
— Length of a Crossed Belt — Examples HI. and IV. — Length of an 
Open Belt — Examples V. and VI, — Frictional Resistance Mtween a 
Belt or Rope and its Pulley — Frictional Resistance between a Rope and 
a Grooved Pulley— "Slip" or "Creep" of Belts due to Elasticity— 
Horse-power Transmitted by Belt and Rope Gearing — Examples VIL 
and VIIL — Influence of Centrifugal Tension on the Strength of High- 
Speed Belts and Ropes — Example IX. — Questions. 

Velodtj-Batio with Belt and Rope Transmission. — it is shown 
in our elementary treatise that when two pulleys of diameters^ 
Dj, Dg, are connected by a belt or rope, their angular velocity- 
ratios are inversely as their diameters — t.e., if Nj and Ng be 
their respective number of revolutions in a given time, then : — 

Ni:N, = D,:D, (I) 

This equation is only true on the supposition that there is no 
slipping between the belt or rope and the pulleys ; and also, that 
the thickness of the belt or rope is so small in comparison with 
the diameters of the pulleys, that it may be neglected. 

Let d — Diameter of the rope or thickness of the belt. 

Then, the working diameter of the pulleys will be D^ + 3, and 
Dg + 3, respectively. Consequently : — 

Ni : Nj = Dj + a : Di + a (II) 

Example I. — Compare the angular velocities of two pulleys 
of diameters 24 and 10 inches respectively when the thickness 
of the belt is i inch. 

(1) Neglecting the thickness of the belt, we get : — 

Ni _ P2 _ 24 _ 24 
Hj " Di " 10 "■ 1 • 

(2) Taking the thickness of the belt into account, we get :-^ 

Ni __ Dg 4- a _ 24 4- f 195 2-35 
N2 " Di + a ■" 10 + I " 83 " 1 • 

We thus see that by taking the thickness of the belt into 
account the velocity-ratio is diminished, and in this example 
in the proportion of 240 to 235, or by 2-1 per cent. 
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Velocity-Ratio in a Componnd System of Belt Gearing.— When 
there are a number of pulleys, A, B, 0, D, E, F, connected 
together by belting, as illustrated by the above figure, let Dj^, Db, 
(fee, denote their respective diameters, and N^, Ng, &c., their 
revolutions per minute. 

N. = W^> ^^^ n;. == D.' ^^'^ N. 



Then, 



By multiplying together the corresponding members of these 
equations, we get: — 



N« 



JIB V ?i> ^ 

N, No "" N 



D. De D. 
Db ^ D. ^ D. 




Velocity-Ratio in a Compound System of Belt Gearing. 

Since the pairs of pulleys, B and 0, and D and E, are fixed to 
their respective shafts, Nb = Nc and N^, = Nb- By cancelling 
these equal values, we get : — 



N, 



Bj, X Dp 



(III) 



If we call pulleys A, C, and E the drivers and B, D, and F 
the folloipers, we obtain the following rule : — 

Frodact of diameters of all the 
Bevolntions of last follower drivers. 



Frodact of diameters of all the 
followers. 
Speed of first driver x product oftJie diameters of all 
tJie drivers, 

= Speed oflastfoUotoer x product of the diameters of all 

Hie followers. 



Revolutions of first driver 
Or, 
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The radii or circumferences of the pulleys may be substituted 
for the diameters. 

' If the thickness of the belts be taken into account, then the 
pulley diameters must be increased by the thickness of the belts. 

Example II. — ^An engine is employed to drive a fan by 
means of pulleys and bands, the first driving band passing over 
the flywheel of the engine. The train consists of (1) the fly- 
wheel, A ; (2) two pulleys, B and C, on one axis ; (3) two other 
pulleys, D and E, on another axis ; and (4) a pulley, F, to the 
axis of which the fan is attached. The diameters of A, B, 0, D, 
E, F are as 12, 3, 8, 2, 5, 1 respectively, and A makes 20 revolu- 
tions per minute. How many revolutions does F make per 
minute ? 



Here D^ = 12 ; Db = 3 ; Dc = 8 ; D^, = 2 ; Db 

N^ = 20. 



Then, 



Np 
N, 



Da X Dp X Di 

Db X Dd X D 



12 X 8 X 5 
3x2x1 



5;Dp=l; 



= 80. 



Np = N^ X 80 = 20 X 80 = 1,600 revs, per miu. 



Length of a Crossed Belt. — An endless belt stretched over 
two pulleys may be either crossed or open, according as the 
pulleys are required to rotate in the same or in the opposite 
direction. We shall now prove by aid of the following figure 




Length of a Crossed Bblt. 



that a driving belt when crossed will serve for any pair of pulleys, 
so long as the distance between the centres of the pulleys is 
the same, and the sum of the diameters is constant. 
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Let E,, D = Radius and di^tmeter.af pulley, A, 
r, d = Radius and diameter of pulley, B, 
a = Distance, A B, 
L = Length of belt, 
2 = Sum of diameters = D + c^, 
A = Difference of diameters = D — d. 

Then, L = 2 (arc H D + D F + arc FK}. 

Or, Ij = 2 in y^ + <I>Y+ acos(t> + ?M | + ^) } 

L = + ^^ (D + d) + 2acos<f>. . . . (lY) 

If (D + d) has always the same value, then <^ will also remain 
iconstant ; and, therefore, L will be a constant length. 
From the figure we see that : — 



. ^ AD, R + r D + c^ 2 

sin 9 = . T3 = - — ^ = >v— 

^ AB a 2a 2a 



. (V) 



But, cos 9 = V 1 — sm^ <^ = ^ 

L= (g +</>)2 + V4a2-2^ (IV«) 

This is one equation from which the length of a crossed belt 
naay be calculated. 

In using equation (I V^ ) it must be observed, that <^ is expressed 
in circular measure. After obtaining sin </> from equation (V), 
the angle </> can be found in circular measure or in degrees by 
referring to Trigonometrical Tables of Natural Sines. If <j>he 
expressed in degrees, let it be denoted by <^°, then the circular 
measure of <j> is found by multiplying <j>° by 00175.* 

Thus, <f> = ff}"" X 0-0175. 

Example III. — A shaft making 100 revolutions per minute 
carries a driving pulley 2^ feet in diameter and communicates 
motion by means of a belt to a parallel shaft at a distance of 
• 6 feet, carrying a pulley 1 foot in diameter. Find the speed of 
the belt and an expression for its length when crossed. Find 
also the number of revolutions per minute of the driven Shaft, 
cdlowing a slip of 1 J per cent. (S. & A. Adv. Exam., 1893). 

* How this number is obtained is explained farther on in this Lecture. 
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Anbweb. — (1) Speed of belt = Circum/ererUial speed of driving 

pulley, 

„ „ =cDN, 

„ „ = 31416 X 2J X 100 = 785-4 feet 
per minate. 

(2) The length of a crossed belt has been shown in the text 
to be: — 



L = g + ^) 2 + s/^a^ - 22. 



From the data, we get :— 2 = D + c? = 25 + 1 = 3*5 feet, 

2) 3'5 
a = 6 feet, and sin tf = ^r- = tt = '2917. 
' 2a 12 

Eeferring to a table of Natural Sines, we find the angle whose 
sine is = -2917 to be about 17'. 

Hence, ^ = 17 x 0-0175 = -2975 radians. 

L = (-^ + -2975^ 3-5 + ^ 4 x 6^ - 352. 

i.e., L = 6-54 + 11-48 = 18-02 feet.* 

(3) If there were no slip, the speed of the driven pulley would 
be:— 

J) 2*5 

n = N X -^ = 100 X ^ = 250 revolutions per minute. 

* The student should notice that sin and agree to the second decimal 
figure, and this is true for all angles up to about 21°. The smaller the 
angle the more nearly do sin and agree in numerical value. Now, in 
the examination room, no tables of Natural Sines are allowed, and the 
student is not expected to calculate from the value of its sine. But in 
engineering; problems of this kind it is considered sufficiently accurate to 
take numbers to two or three decimal figures ', hence the student may 
assume that — 

= sin = -292. 

Then, L = ('^^^ + •292'\ 3*5 + V4 x 6^ - 3-6% 

i.€., L = 6-52 + 11-48 = 18 feet. 

This only differs by about '1 per cent, from the correct answer. The 
error introduced when we take = sin is -2975 - '292 = '0055, or 
-55 per cent. only. 
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But since there is 1^ per cent, slip the actual speed is only 
per cent, of this. 

98*5 
/7i = yqq X 250 = 24625 revolutions per minute. 

The length of the belt could also be obtained bv drawing the 
figure accurately to scale. The student should, therefore, obtain 
an answer in this way to the second part of the above question, 
and compare his results with those which we have just found. 

Example IV. — A shaft, having a stepped speed-cone with 
four steps, revolves at a constant speed of 180 revolutions 
per minute, and is connected, by a crossed belt, to another 
shaft having a similar stepped cone. The diameter of the largest 
step of the cone on the driving shaft is 16 inches. The driven 
shaft is required to run at speeds 480, 300, 160, and 90 revolu- 
tions per minute respectively. Determine the diameters of the 
remaining steps of the two cones. 

Answer. — Let D^, Dg, Bg, D^ denote the diameters of the four 
steps of the cone on the driving shaft ; D^ being the diameter of 
the largest step. 

Let 5j, (a?2, ^3, c?4 denote the diameters of the four steps of the 
cone on the driven shaft ; cfj being the diameter of the smallest 
step. 

Then, B^ + d^ =^ B^ + d^ = T>2 + d^ -- D^ + d^ = 2. 

Let N denote the speed of the driving shaft, and let N^, Ng, 
N3, N4 denote the four different speeds of the driven shatft, so 
that 

N = 180; Ni = 480 ; Ng = 300 ; Ng = 160 ; N^ = 90. 

We have first to determine Jj, and thereby 2. 

di = Tyo ^ 1^ = ^ inches. 
2 = 16 + 6 = 22 inches. 
For steps Dg, d^, we get : — 

D2 _ N2 . . I)2_ ^ _ N2_ _ 

d^ N ' •*• Dg + d.2 Na + N * 

«--' ^^ = 300^ ^ ^' = ^'-'^ ^"^^^" 
And, (/g = 22 - 13-75 = 825 inches. 
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Similarly, 
And, 
Again, 
And, 






+ N ^ ~ 160 



160 



180 



22 = 10-35 ins. 



rfg = 22 - 10-35 r= 11-65 inches. 






N4 



N4 + N 
22 - 7-3 



2 = 



90 



90 + 180 
= 14'6 inches. 



X 22 = 7-3 inches. 



Hence, we have: — 
Driving Cone. 

D, - 16 inches. 
D, = 13-75 „ 
D; = 10-35 „ 

D4 = 7-3 „ 



Driven Cone. 

6 inches. 
8-25 „ 



dl = 11-65 
d^ = U-6 



Length of an Open Belt. — By referring to the next figure 
and proceeding as before, we can determine the length of an 
open belt connecting any pair of pulleys. 

Here, L = 2 { arc HD + D F + arc F K }. 

Or, L = 2 jll ^1" + f j + a cos f> + r ^1 - 9^ I . 



Or, 



L = ^(D + d) ■\- (p{I) - d) + 2aoo3(p, 



L = ^- S + (p A + 2 a cos (p. 



(VI) 




Length of an Open Belt. 



Here 2 and A cannot both be constant quantities for two or 
more pairs of pulleys. Hence, if the sum of the diameters of 
each pair of pulleys be the same, an open belt of constant length 
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cannot be made to work equally tight on the various pairs of 
pulleys. 

We shall now obtain an approximate and more convenient 
formula for the length of an open belt than that given by 
equation (VI). 

Since, in this case, <p is always very small, we may write : — 

9 = sin f . 
But, smp = ^=.-. \ 

(p = ^— , approximately. J 



(VII) 



^^=2a' 



n/ 4 a2 - a2 



Also, cos ^ = ^/ 1 - sin2 p = 

Substituting these values of f A and cos <p in equation {VI), 



A2 



We get, L = ^2 + ~ + ^/4a2 - A^. 

By the binomial theorem, we can expand the last expression 
in this equation to any required number of terms. 

The third and following terms on the right-hand side are very 
small, since -r—^ is of itself very small. We may, therefore, 
neglect all terms after the second. 

^ " faV ^^ " 8^' approximately. 

T f A^ A^ ) 

Hence, L - ^ 2 + 2 a| j^, + 1 - g— ,}. 



L = ^S-h2 



°{^^^4- • • <^^-> 



This is evidently a more convenient expression for the length 
of an open belt than equation (VI). 
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In the case of a crossed belt it has been shown that the belt 
will work equally tight and well on any pair of pulleys on the 
same shafts so long as the sum of the diameters of the two pulleys 
is constant. Thus, if a crossed belt be used for connecting two 
stepped speed cones, the sum of the diameters of alternate 
pulleys must be constant. If, however, an open belt be used 
the sum of the diameters of each pair of working pulleys will not 
be constant. Consider two pairs of pulleys on the stepped cones. 

Let Dj, c?i = Diameters of first pair. 
„ Dg, c?2 = Diameters of second pair. 
„ 2i = Di + d^; 2-2= Dg + c?2, 

„ A^ = Dj - d^; Ag = Dg - e/g. 

Then, since the length of the belt is constant, we get : — 



Zj = 2i + 



A?- Al 

2ca 



• (VIII) 



aE 



1 . t 
D, [^ D^ 



p!^ 


?^ 


m 

i 


k 
1 


i 




m 


1 


1 



Stepped Cones. 



This formula gives us the sum of the 
diameters of the second pair of pulleys in 
terms of the sum and difference of the 
diameters of the first pair. The difference, 
Ag, of the diameters of the second pair of 
pulleys also enters into this equation, and 
this must be found before ^2 ^^^ ^^ ^^ 
tained. 

Let A B be the main shaft running con- 
stantly at N revolutions per minute. Let 
Nj, Ng be the speeds of the shaft C D 
when the belt is on the pulleys 1 and 2 
respectively. 

Now, calculate Ag on the assumption 
that the belt is crossed. This is not ex- 
actly, but very approximately, correct. 
Hence, neglecting the thickness of the 
belt, we get : — 






J>.2-Cl, 



N2- N 



D, + d, N, + N ' 



^^ = 



N.2 - N . 



2., ~ N, + K 



^-^^^- ■ • <^^> 
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But, since we are ta assume that the belt is crossed in this 
calculation, we must have 2^ = 2^ 

N - N 
^2 = jj^-^pj5^ 2i, approximately. . . . • (IX.) 

Substituting this approximate value for Ag in equation ( VIII), 
we get Sj. Having now calculated ^^^ we can easily find D, 
Thus:— 



andc;?2* 



??_^2. . P2 N^ 



°« = H7TTr2„andrf, = g-:^22- • • (X) 

In the very same way, the diameters of all the other pairs of 
pulleys in the stepped cone can be found. 

Hence, the following practical rule for designing a set of 
stepped speed-cones, worked by an open belt : — 

Let N = Constant speed of driving or main 
shaft, AB. 
Nj, Ng, Ng, &c., = Required speeds of driven shaft, C D. 

(a) Fix on convenient diameters D^, d^ to give the required 
velocity-ratio with any one pair of pulleys. This will give 2j 
and A^. 

(6) Next calculate A^, A3, &c., for the other pulleys on the 
aasumptio^fi that ike hdt is crossed; or by formula (IXa)- 

(c) Insert these values successively in equation (VIII), from 
which Sg, 2g, <kc., can be found. 

(d) The diameters can then be found from equations (X). 

Example Y. — The centres of two pulleys, 4 and 2 feet in 
diameter respectively, are 8 feet apart. The pulleys are con- 
nected by an open belt ; find its length. 

Answer. — Here 2 = 6 feet ; A = 2 feet ; a = 8 feet. 
From equation (Vic) ^^ got : — 



L=|2+2 



«{l+o} 



„=^x6 + 2 x8{l+^Jfeet. 

„ = 9-4248 + 16-125 = 25-55 feet. 

Example YI. — ^If the speed cones in Exiample IV. are con- 
nected by means of an open belt instead of a crossed one, and 

23 
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the distance between the centres of the two shafts is 8 feet, 
determine the diameters of the various steps. 

Answer. — Using the same notation as in Example IV., we get, 
as before, D^ = 16 inches; di = 6 inches; a=8xl2 = 96 
inches ; 2^ = 22 inches ; and A^ = 10 inches. 

(1) TofindI>2, and d^ 

First, calculate D2 and d^ on the assumption that the belt is 
crossed. 

From Example IV. we get : — 

Dg = 13*75 inches, and c^g = 8*26 inches. 
Hence, as a first approximation, we may write : — 

Sg = 22 inches, and Ag = 5*5 inches. 
Next, recalculate ^2 from equation (VIII) in the text, viz. : — 

S^ = S, + ' ^ = 22 + ^" " ° ° = 22-1155 inches. 
2^« 2x^x96 

Substituting this new value of Sg in equation (X), we get : — 

D„ =: ^2 2„ = ?2? X 22-1155 = 13-822 inches. 

rfg = 221155 - 13-822 = 8-293 inches. 

These are the diameters of the second step as obtained for 
one correction. If a closer approximation be required, then we 
must again recalculate ^2 ^i^om the results just obtained.- 
Thus:— 

. A2 = 13-822 - 8-293 = 5-529 inches. 
.-. 2. = 2, -H 4^' = 22 . m^:^ = 22-1148 inches. 

Substituting this new value for S2 in equation (X), we get: — 

^2 = 300™ ^^^-^^^^^^^-^'^^^^^^^^^ 
.-. rfg = 22-1148 - 13-8217 = 8-2931 mches. 

which are the values of Dg and d.^ corrected twice. 

It will be at once seen that these last values differ very 
slightly from those obtained by. one correction. Hence, it will 
be sufficiently accurate to make one correction only. 
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(2) ToJlndD^anddy 

As before, calculate D3 and d^ on the assumption that the 
belt is crossed. From Example tV., we get : — 

Dg = 10-35 inches, and d^ = 11-65 inches. 

23= 22 inches, and A3 = 1-.3 inches. 

Next recalculate Ss from equation (VIII). 

.-. 2s = 2i + ^f-^ == 22 + ^^' ; ^'^' =22-163 inches. 

2.x -=- X 96 

Substituting this value in equation (X), we get : — 

Do = ^ 2o = ^ — — — X 22-163 = 10-43 inches* 

3 N3 + N 3 160 +180 ^ 

/.(/g = 22-163-10-43 = 11-733 inches. 

(3) In a similar way, we get :— 

D^ = 7-359 inches. 
And, d^ = 14-718 inches. 

Hence, for an open belt we get the following sizes for the 
steps of the cones : — 



Driving Cone. 


Driven Cone. 


D, = 16 inches. 
D„ = 13-822 „ 
D. = 10-43 „ 
D^ = 7-359 „ 


di = 6 inches. 
d. = 8-293 „ 
d. = 11-733 „ 
d, = 14-718 „ 



Frictional Resistance between a Belt or Rope and its Pulley. — 
In Lecture VII., we deduced a formula for the ratio of the 
tensions of the two parts of a belt or rope when stretched round 
a pulley or post, viz. : — 

m 

lOg^ ijij = A* A- 

Where Td = Tension on driving or tight side of belt or rope» 
„ T, = Tension on driven or slack side of belt or rope. 
„ ycb s Coefficient of friction between the belt or rope 

and the pulley. 
„ 6 ^ Circular measure of angle subtended at the centre 

of the pulley by the belt or rope. 
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The following values of fi> have been obtained by experiment : — 

For leather heUs on iron pulleys^ a^ = 0*3 to 0*4. 

For hemp or cotton ropes on iron f a* = 0*35 (puUeys dry), 

puUeySy \ ycb = 0*15 (jnUl^a greased). 

For wire ropes on iron puUeys^ ^t = 0'15. 
For wire ropea on iron pulleys, \ 

the grooves being lined with > a^ = 0'25. 

leather or guttapercha, j 

Slipping of a belt generally occurs at the smaller pulley, the 
angle of contact, tf, being smaller on this pulley than on the 
larger one. Hence, in calculations relating to the slipping of a 
belt it is usual to consider the small pulley only. The average 
length of arc embraced by the belt on the small pulley may be 
taken at ^ of the whole circumference-^i.e., ^ = 4 x 2 t = 2*5133 
radians. If, then, we take fL = 0*3, we can easily find the ratio 
between T^ and T« in the case of a leather belt. 

Thus, log, ^ = 0*3 X 2*5X33. 

Or, changing this into common logarithms, by multiplying 
by 0*4343, we get :— 

Log ^ = 0*3 X 2*5133 X 0-4343 = -327457 
„ „ = log 2-125, nearly. 
Td = 2 T, approximately. 

If the angle of contact between the belt and the pulley be 
expressed in degrees, then the equation requires to be modified. 
Let tf* = angle of contact expressed in degrees. Then, we 
know that : — 

^ Circular measure of two right angles ^ 

^ " 24 umber of degrees in two right angles ~ 180* 

* = ^ X f = 0-0176 ir. 

Sabstitating this value for t, we get : — 

log.^ = 00175/*^ (XI) 

Or, changing into common logarithms, by multiplying by 
0*4343, we get :— 

T 

log -^ = 0*4343 X 001 76 a^ tf' = 00076 /t r. . ( XI. ) 
T» 
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Gbbatbst Value 


OF THE Ratio of Tensions on 


Tight and Slack 






Sides of Belting.* 






Angle embraced by Belt. 


Batio of Tensions s ^ • 


In Degrees. 


InClroiiIar 
Measure. 


In Traction 
of Circum- 
ference. 


M=0-2. 


M=OS. 


A* = 0-4. 


/l»=:0-6. 


P*. 


9. 


«»/860'=«y2«'. 










30 


•624 


•083 


1110 


1170 


1-233 


1-299 


45 


•786 


•126 


1170 


1-266 


1-369 


1-481 


60 


1047 


•167 


1-233 


1-369 


1621 


1-689 


76 


1-309 


•208 


1-299 


1-481 


1-689 


1-924 


00 


1-571 


-260 


1-369 


1-602 


1-874 


2-193 


105 


1-833 


•319 


1-443 


1-733 


2-082 


2-600 


120 


2094 


•334 


1-621 


1-876 


2-312 


2-851 


135 


2-366 


•376 


1-602 


2-027 


2-665 


3-247 


150 


2-618 


•417 


1-689 


2-194 


2-849 


3-702 


165 


2-880 


•468 


1^778 


2-372 


3163 


4-219 


180 


3-142 


•600 


1876 


2-666 


3-614 


4-808 


195 


3-403 


•541 


1975 


2-776 


3-901 


6-483 


210 


3-666 


•683 


2-082 


3-003 


4*333 


6-252 


240 


4-188 


•666 


2*311 


3-614 


6-340 


8119 


270 


4-712 


•760 


2-666 


4-112 


6-589 


10-560 


300 


6-236 


•833 


2-849 


4-808 


8^117 


13-700 



Frictional Resistance between a Rope and a Grooved PnUey. — 
In rope transmission the pulleys over which the rope passes are 
provided with grooves, and we saw in our last Lecture" that for 
hemp or cotton ropes the grooves are so constructed that the 
ropes get wedged into them and bear on their sides. This, as 
we have seen, is the method adopted in order to increase the 
resistance to slipping. In Lecture YII. we found that the ratio 
between T^ and T« in this case is given by the equation : — 

^08. X^ = A* cosec 2 6. 

Where fi = Coefficient of friction between rope and sides of 
groove. 
„ a = Angle which sides of groove make with each other* 
„ tf = Angle embraced by rope on pulley. 

Comparing this equation with that for flat pulleys we see that 
the logarithm of the ratio of the tensions is increased in this case 

Ob 

in the proportion :— cosec « • !• 

* From Unwinds Machine Design, part I., p. 377. 
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Grener&lly the groove angle, a, is about 45*, and then we get : — 



Hence, 



oosec 22^" = 2-6. 
Log. J^ * 2-6 fj. I 



Or, oonTerting into common logarithms, we get : — 
Log ^ = 0-4343 X 2-6 /x 6 = 113 fL 0. 

We have already stated that /x = 0'15 to 35 for hemp or 
cotton ropes, the smaller value being taken when the pulleys 
are greased. Substituting these values in the last equation, we 
get:— 

T 

Log m" = 0*17 ^ (pulleys greased). 

T 
Also, Log iJ = 0-39 & (pulleys dry). 

If for fi cosec ^ we write fi^ the equation becomes : — 



(XII) 



Where /a, can be looked upon as the coefficient of friction for 
grooved pulleys. 

Converting into common logarithms, by multiplying by 0*4343, 
and substituting tf* for d, equation (XII) becomes : — 

Log^ = 0-4343 X 0-0175/^1 tf° = 00076 /t^^ . . . (Xlla) 
Values of /ti^ Corresponding to Different Values of /ti and ok 



Angle of 




Values of Ml when 




Oroove in 












Degrees 












a. 


/t* = 0-15. 


/[» = 0-20. 


A* =0-25. 


A* =0-80. 


A* = 0-85. 


30 


•58 


•77 


•97 


116 


135 


35 


•50 


•66 


•83 


100 


116 


40 


•44 


•58 


-73 


-88 


102 


45 


•39 


•52 


•66 


•78 


•91 

s 
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Gbeatest Value op the Ratio of Tensions on Ti&ht and Slack 
Sides of a Rope Woukino in Gbooved Pullets. 



Angle Embraced by Bope. 


Batio of Tensions = -=7 • 






In Frac- 












; 




In 


tion of 














In De- 


Circular 


Circum- 














grees. 


Measure. 


ference. 


W = 0-4. 


A*i = 0-6. 


/ui=0^6. 


f*i = 0'7. 


fci = 08. 


A*i = 0-9. 


ff>. 


e. 


ff» 
360" ~ 2«'- 














60 


1047 


•167 


1-52 


169 


1-87 


2-08 


231 


2-57 


90 


1-571 


•250 


1-87 


219 


257 


3-00 


3-51 


4-11 


120 


2094 


•334 


2-31 


2-85 


351 


433 


5-34 


6-59 


150 1 2-618 


•417 


2-85 


3-70 


4-81 


6-25 


8-12 


1055 


180 


3 142 


•600 


351 


4-81 


6^69 


902 


12-35 


16-90 


210 


3-665 


•583 


4 33 


6-25 


9 02 


13-01 


18-77 


27-08 


240 


4-188 


-666 


5-34 


8^12 


1235 


18^77 


28-53 


43^38 



" Slip " or " Creep '' of Belts due to Elasticity.— Although there 
may be no actual slipping as a whole between a belt and its 
pulleys, yet the unequal stretching of the two parts of the belt, 
due to the unequal tensions, T^ and T«, causes a diifference in 
angular velocity-ratio, which becomes very serious when this 
requires to be kept uniform 

lb will be seen in a subsequent Lecture that any elastic 
material subjected to tension becomes elongated, and that the 
elongation depends directly on the stretching force. Hence, the 
belt will be stretched to a greater extent on the driving side than 
on the slack side. 

Let I = Length of belt which would leave either pulley in 

* unit time, if the belt were unstretchable or inelastic. 

„ la = Length of belt running on to driving pulley in unit 

time. 
„ Ig = Length of belt running on to driven pulley in unit 

time. 
„ e = Elongation produced by a tension of 1 lb. on a length 
of 1 foot of belting. 

Then, Zd = Z + e Td Z = (1 + 6 Td) ^. 

Similarly, l, = (I + e T«) I. 

Since we have supposed that there is no actual slipping 
between the belt and pulley as a whole, it is dear that the 
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length of belting coming on to a pulley in unit time will be 
equal to the length of the arc described by a point on the 
circumference of the pulley in the same time. In other words, 
the length of belting coming on to the pulley in unit time, is 
equal to the circumferential speed of pulley. Hence, for the 
dnving pulley, ^ D N = ^^ ; and for the driven pulley, «• c? n = /g. 



dn 
DN 


= 1 = 


(i+, 




M 

iff 


= ri 




)l . . . . 



Or, 

If we knew the value of e in all cases, and then calculated 
T^ and T^ by the previous formulae, we might obtain the actual 
velocity-ratio for such cases. From experiments by M. Kretz, 
it appears that : — 

1 4- p T 

^ * = 0-976 /or new, and = 0'Q78 for old. leath&r belts. 

1 + eTd 

Taking these results, we get : — 

/? D % 

^ =r 0*975 X -rfor new leather belts, \ 

And, g = 0-978 x -n^for old leather belts. I 

It therefore appears that the velocity of the driven pulley is 
about 2 per cent, less than it would be if the belt were inelastic. 
This loss of velocity is termed the " slip," or " creep," due to 
elasticity. Consequently, when motion has to be transmitted 
through several belts, this loss becomes serious, and renders belt 
gearing unsuitable for exact velocity-ratios. 

Horse Power transmitted by Belt and Rope Gearing.^When 
one pulley, A, drives another pulley, B, by means of a belt or 
rope, there is necessarily a difference in tension in the two parts 
of the belt or rope. First of all, there is a resistance to motion 
offered by the follower, B. Hence, when the driver. A, is made 
to rotate, the friction between the belt or rope and the pulleys 
prevents slipping, with the result that the tension in that part 
of the belt or rope going on to the driver increases, while the 
tension in the other part decreases. This increase of tension 
in the driving side, and the decrease in the slack side, will go 
on until the resultant moment of the tensions in the two parts 
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of tbe belt or rope acting on the follower overcomes the resisting 
couple acting on that pulley. When this takes place : — 

Let T^ = Tension in driving side of belt or rope. 

„ T, = Tension in slack sidp of belt or rope. 

^ M = Moment of couple resisting rotation of follower* 

„ V = Velocity of belt or rope in feet per minute. 

„ D = Diameter of driver in feet. 
„ d = Diameter of follower in feet. 

„ N = Speed of driver in revolutions per minute. 
„ n = Speed of follower in revolutions per minute. 
„ H.P. = Hopse-power transmitted. 




PowBR Transmitted by ▲ Belt ob Rope. 



d 



Then, M = (T^-T,)| 

per minute 



Work transmitted ) nr n / m m \ j 

V = M X 2flrM = (Td - T, ) X vdn. 



H.P. 



But^ 



(T, - T^)^rf/y 
33,000 
V = firDN = 'Tdn. 

' • 33,000 33,000>' 



(XIV> 



Where P = T^ - T^, and is called the driving force or tension* 

^ 33,000 H.P. 
r = ^ 
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Let T = Initial or average tension ; or tension in both paitB 

of belt when at rest. 

The average tension during motion must be the same as the 
tension before motion commenced, since the lengthening of the 
belt on the driving side must be equal to the shortening of the 
belt on the slack side. 



T = 



Td + T,. 



This must be the tension with which the belt should be 
initially stretched over the pulleys. 

If, for these reasons, we suppose T^ = 2 T,, we get the 
following practical rules for belt gearing : — 



Driving Tension = P 



33,000 H.P. 



Greatest Tension = T^ = 2 P. 
Initial Tension = T = 1 J P. 

Td 2P 



Breadth of Belt = jS 



/ /• 



Where, / is the safe working tension per inch of width or 
breadth /3. 

The following table gives the safe working tension, f, in lbs. 
per inch of width for leather belts, when the safe stress in lbs. 
per square inch cross sectional area is known : — 

Working Tension of Leather Belts. 



Thickness of Belt 
in Inches. 


Safe working tension,/, in lbs. per inch of width when the safe 
stress in lbs. per square inch of cross sectional area is :— 

■ 


250 


300 


350 




47 • 

55 

62 

78 


56 
66 
75 
94 


66 

77 

87 

109 



In the case of hemp or cotton rope gearing, the tension T^ may 
be taken at 140 lbs. per square inch of gross sectional area, or 
about y^^ of the working strength of the rope. 
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The following table gives the working strength and driving 
force for hemp or cotton ropes : — 

WoRKiNa Strength, &c., for Deiving Kofes. 



Diameter of Rope 
in inches. 


Girth of Rope 
in inches. 


Working strength 


Driving Force 
in lbs. 


^ d 


- 7 




= p 


1 


3* 


842 


76 


li^ 


41 


1,548 


140 


H 


4J 


1,940 


176 


IH 


. 5i 


2,602 


236 


2i^r 


^ 


3,633 


330 



Taking the greatest stress in a hemp or cotton rope at 140 
lbs. per square inch gross sectional area, and assuming that 
Td = 4 T,, so that the driving tension P = T^ - Tg is 105 lbs. 
per square inch gross sectional area, we get the following table 
showing the horse-power transmitted by a single rope for given 
speeds : — * 

Horse-Power Transmitted by a Single Rope at High Speeds. 



Diameter 
of Hope 
in Inches. 


Girth Of 

Rope 

in Inches. 


Horse-power Transmitted by one Rope when the Speed in 
Feet per Minute is :— 


) 


y 


3,000 


3,500 


4,000 


4,S00 


5,000 


5,500 


6,000 


1 
H 

H 

n 

H 
1* 


3-14 
3-53 
3-93 
4-32 
4-71 
510 
5'50 
5-89 
6-28 


7-60 
9-48 
11-72 
14-18 
16-87 
19-80 
22-97 
26 37 
30-00 


8-75 
11-07 
13-67 
16-54 
19-69 
2311 
26-80 
30-76 
35-00 


1000 
12-66 
16-62 
18-91 
22-50 
26-41 
30-62 
. 35-15 
4000 


11-25 
14-24 
17-58 
21-27 
25-31 
29-71 
34-45 
39-55 
45 00 


12 -'60 
15-82 
19 53 
23-63 
28-12 
33-01 
38-28 
43-95 
50 00 


13-75 
17-40 
21-48 
26 00 
30-94 
36-31 
42-11 
48-34 
55-00 


15-00 
18-98 
23-44 
28-36 
33-75 
39-61 
45-94 
52-73 
60 00 



The following table of particulars regarding power trans- 
mitted, &c., by wire ropes, as calculated by Roebling, is given 
in Un win's Machine Design, Part I., p. 434. The ropes have 
«ach 42 wires. 



* From Low & Bevis's Machine Drawing and Design^ p. 161. 
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Power Traksmittbb bt Wire Ropks. 



Diameter of 
Bopein 
Inchefl. 


Diameter of 
PoUey 
in Feet. 


Knmberof 
EeTolvtiona 


Velocity 

of Belt in 

Feet per 

Second. 


Breaking 
Strength of 
Bopein Iba. 


Horse-power 
Transmitted. 


ti 

i 


5 
6 

7 


100 
100 
100 


26 
31 
36 


4,260 
6,660 
8,200 


8-6 
13-4 
211 



Example VII. — The belt pulley of an engine is 6 feet in 
diameter, and the engine makes 80 revolutions per minute. 
What width of belt would be required to transmit 30 H.P. 
from the pulley, supposing the belt to be | of an inch in thick- 
ness, and the tension on the slack side to be -^j^ of that on the 
tight side of the belt 1 The stress in the belt is not to exceed 
300 lbs. per square inch of section. (S. & A. Adv. Exam., 1892.) 

Answer.— Here D = 6 ft. j N = 80 ; H.P. = 30. 
Thickness of belt = 3 = f inch. 
Greatest stress allowed = / = 300 lbs. per sq. inch. 
Let /3 s= required width of belt in inches. 

Then, Total stress on )_rii _ a ^ r 
driving side of belt ) " "^^ 

„ „ = /3 X f X 300 = 112-5 fi lbs. 

Again, T, = y^Ta = 45/3 lbs. 

Driving force = P = Td - T, = 67-5 /3 lbs. 
P X crDN 



H.P. = 



33,000 
22 



Or, 



30 = 



67-5/3 X -=- X 6 X 80 



/8 = 



33,000 
33,000 X 30 X 7 



67-5 X 22 X 6 X 80 



= 9-72 ins. 



Example YIII. — Two pulleys on parallel shafts 10 feet apart, 
and having diameters of 6 feet and 1 foot respectively, are 
connected by an open belt 8 inches broad. The larger pulley 
makes 120 revolutions per minute. Find the greatest power 
which can be transmitted, when the maximum stress in the belt 
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has not to exceed 80 lbs. per inch \f width, and taking the 
coefficient of friction between belt and pulleys at 0*4. 

Answer. — The first thing to be determined here is the ratio. of 
the tensions in the two parts of the belt. This is obtained from 
the equation : — 

Log ^= -4343 A^tf. 

Where, is the circular measure of the angle subtended at the 
centre of the smaller pulley by the part of the belt in contact 
with that pulley. 

To obtain this angle we must first find the angle, ^, used in 
equations (VI) and (VII) in this Lecture, for finding the length 
of an open belt, deferring to these equations and the figure 
at that part of the text, we clearly see that : — 

tf = 180' - 2 <^° = (cr - 2 <^) radians. 

From equation (VII), 

<^ = sin <^ (approx.) = -^^ = 2 x 10 " '^^' 
6 = 3-1416 - 2 X -25 = 2-64 radians, approx. 

Hence, Log^ = -4343 x -4x2-64 = •45862L 

Beferring to a table of common logarithms, we find that : — 
458621 = Log 2-87, 

5^=2-87. 

Since, from the question, the greatest stress in the belt must 
not exceed 80 lbs. per inch of width, and the width is 8 inches, 
we get : — 

Td = 8 X 80 = 640 lbs. 

•*• ±g = '9 .07 ^ ^^o lbs. 

P = Td - T, = 417 lbs, 

22 
And^ V=flrDN =-y-x6x 120 ft. per minute. 

p_ 417 X ^ X 6 X 120 
••• =-^' = -33:000 3P00 28-8 nearly. 
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This is the greatest power which can be transmitted. If the 
power to be transmitted be greater than this, then slipping will 
take place between the belt and the smaller pulley. 

Influence of Centriftigal Tension on the Strength of High-Speed 
Belts and Ropes. — When belts or ropes are run at high speeds 
the tensions in the two parts of the belt or rope between the 
pulleys are greater than that calculated from the horse -power 
transmitted. This increase of tension is due to the centrifugal 
force set up in those parts of the belt which are in contact with 
the pulleys. In addition to this increase in tension the centri- 
fugal action has also the effect of diminishing the normal pressure 
between the belt and the pulleys, and, therefore, of diminishing 
the resistance to slipping. 

Let w = Weight of belt or rope, in lbs, per linear /ooL 
,, v == Velocity of belt or rope, in feet per second, 

„ r = Radius of the pulley in. feet 

„ Td, T, = Tensions in driving and slack sides of belt or rope 

as calcvlated from power transmitted. 
„ Td, T, = Tensions in driving and slack sides of belt or rope 
corrected for centrifugal action. 

For simplicity, suppose the belt embraces half the circumfer- 
ence of the pulley considered. 

Then, Centrifugal force of belt per linear foot = lbs. 

In the figure, let ah 
represent a part of the 
belt 1 foot in length. Let 
mn \i% the projection of 
ah on the diameter A B. 
It will be shown in a sub- 
sequent Lecture, that the 
horizontal component of 
the centrifugal force on the 
part, ahy of the belt is : — 

gr 




Belt Embkaciko Half Ciroumperence 
OF Pullet. 



Hence, for the whole arc of contact, A C B, we get : — 



Total horizontal component I _ «? t?^ 
of centrifugal force J "" gr 



AB 



2wv^ 



lbs. 
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One-half of this centrifugal tension is felt at A, and the other 
half at B. Therefore, the actual tensions m the two parts of tho 
belt are : — 

Tl = T, + — 

From these equations it will be seen : — 

(1) That the diameters of the pulleys have nothing to do with 
the results, and 

(2) That the driving force or tension, P = Ti - TJ = T^ - J, 
and is, therefore, the same as before. 

If the speed be great, the above value for T^ must be taken 
when calculating the size of a belt or rope to transmit a given 
power. 

The values of t^ may be calculated from the following ap- 
proximate formulae : — 

Let fi = Breadth of leather "belt in inches, 
„ 3 = Diameter of rope, or thickness of belt in inches. 
„ 7 = Girth of rope in inches. 

Then, w = 0-43 fi d lbs., nearly, for leather belts. 

w = 0-281 52 „ ) , , 

w = 00285 f i, ; " ^ ^^^ ^ ^*^** ^'^>P^' 

to = 0*3376 52 „ ) „ wet or ta/rred h^mp or cotton- 
ID = 0342 72 J, j ropes. 

i£7 = 1-341 32 „ „ mre ropes. 

Example IX. — Determine the horse-power which may be trans- 
mitted by a leather belt, 5 inches wide and J inch thick, running 
at a speed of 50 feet per second, the tension in the loose side 
being y^ of that on the tight side of the belt, and the stress 
allowed being 275 lbs. per square inch (S. & A. Hons. Mach. 
Const. Exam., 1886). Again, taking the weight of a cubic foot 
of the leather at 60 lbs., determine the effects due to centrifugal 
action. 

Answer. — Here, Y = 3,000 ft. per minute; /8 = 5 inches;* 
a = J inch ; f = 275 lbs. per square inch ; T, = j*^ T<t 
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(1) Neglecting centrifugal action, 

P = Td - T, = -6 Td. 
But, Td = 3a/» 5 X i X 275 = 343-75 lbs. 
Hence, P = -6 x 343-75 = 206-25 lbs: 

• HP - ^^ 206-25 X 3,000 

^■*^- " 33,000 " 33,000 ~ ^^ '^' 

(2) Taking centrifugal action into account 

Let W = Weight of a cuhic foot of leather in lbs. 
„ w = Weight of a linear „ „ 

„ A = Cross sectional area of belt in square inches. 

Then, clearly, w iW = A: 144. 

WA 

Substituting the values given in the question, we get : — 

60 X 5 X i 

^ = m — - = '521 lbs. 

144 

Substituting this in equation (XV), in the text, and observing 
that t; = 50 ft. per second, we get : — 

Increase of tension due ) ^ «^ ^ '521 x 50 x 50 _^^^ ^^^ 
to centrifugal force } g 32 

But the maximum tension allowed in the belt is 343-75 lbs., 
hence : — 

Maximum effective tension = 343-75 - 40-7 = 303 lbs. nearly. 

P = -6 X 303 = 181-8 lbs. 

HP- ^^ - 181-8 X 3,000 . 

"•'^- ~ 33,000 " 33,000 ~ ^^ ^^ 

This example shows that the power is reduced by about 12 per 
cent, when centrifugal action is taken into account. 



QUESTIONS. 369 



Lecture XVIII.— Questions. 

1. Find an expression for the length of a crossed belt, and show that the 
same driving belt will serve for any pair of pulleys, so long as the belt is 
crossed and the distance apart of their centres and the sum of their 
diameters remains constant. 

2. The centres of two pulleys, 4 and 2^ feet in diameter respectively, 
are 12 feet apart. Find length of crossed belt required. Avis. 35*1 feet. 

3. A crossed belt is employed to connect two equal coned drums, having 
their axes parallel, and their vertices lying in opposite directions. Prove 
that the belt will be equally tight in aU positions when shifted along the 
cones. Would the same be true if the belt were not crossed ? 

4. By aid of a graphical construction determine the length of a crossed 
belt required to embrace either of two pairs of pulleys which are mounted 
on parallel shafts 3 feet 6 inches apart. The smaller ]>ulley on each shaft 
is 8 inches diameter, and the velocity-ratio at the higher speed is required 
to be four times that at the lower speed. (S. & A. Adv. Mach. Const. 
Exam., 1892.) ^n«. 10 4 feet. 

5. The diameters of the pulleys of a stepped speed-cone for a machine 
are 13^, 11^, 9^, and 7^ inches respectively, and the diameter of the 
smallest pulley of the stepped driver is 8^ inches. The connection being 
made by means of a crossed belt, what should be the diameters of the other 
pulleys of the stepped driver? If the driving shaft makes 120 revolutions 
per minute, find the revolutions per minute of the machine pulley for all 
positions of the belt. (S. & A. Adv. Mach. Const. Exam., 1885.) Ana. 
<1) 10^, 12i, and 14^ inches; (2) 75-5, 109-6, 157*9, and 232. 

6. A shaft having a stepped speed-cone, with four steps, revolves at a 
constant speed of 150 revolutions per minute, and is connected by means 
of a crossed belt to another shaft having a similar stepped cone. The 
diameter of 'the largest step of the cone on the driving shsift is 13^ inches. 
The driven shaft is required to run at speeds 250, 200, 120, and 60 revolu- 
tions per minute. Determine the diameters of all the remaining steps of 
the two cones, and the length of belt required, the distance between the 
two shafts being 8 feet. Ans. (1) D2 = 12 inches, D3 = 9*333 inches, 
D4 = 6 inches; d\ = 7*875 inches, rfj = 9 inches, d^ — 11*667 inches, 
d^ = 15 inches ; (2) 18*94 feet. 

7. Find an expression for the length of an open belt. The centres of two 

{)ulleys, 5 and 2} feet in diameter respectively, are 15 feet apart. Find 
engtn of open belt required. Ans, 42*26 feet. 

8. Two pulleys, whose diameters are 4 feet 8 inches and 2 feet 3 inches 
respectively, their centres being 10 feet apart, are connected by an open 
belt, determine, by a graphical construction, the length of belt required. 
Ana. 31 feet. 

9. Explain how you would design a set of speed cones to be worked by 
an open Delt, the angular velocity-ratios being given you. 

10. A countershaft revolves at a constant speed of 250 revolutions per 
minute, and carries a stepped speed-cone with four steps, and drives a 
similar cone on another shaft by means of an open belt. The driven shaft 
is required to run at speeds 520, 300, 245, and 180 revolutions per minute 
respectively. Given the diameter of the largest step on the driving cone 
22 inches, and the distance between the shafts 84 feet ; find the remaining 
sizes of the steps on both cones. Ana, Dg = 17 *87 inches ; Ds = 16 *22 inches; 
D4 = 13*70 inches; rfi= 10*58 inches; ^2= 14*90 inches; ^3= 16*56 inches; 
d^ = 19 04 inches. 

24 



\ 
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11. Deduce a formula for the greatest ratio of the tenBions in the two 
parts of a belt stretched over a pulley whcu slipping is just about to take 
place. Two pulleys, whose diameters are 5} and 2 feet respectively, are 
15 feet apart. Find the maximum ratio of tensions in tight and slack sides 
of belt (1) when the belt is crossed, (2) when the belt is open, given /*=0*3. 
A-M, (1) 3: 1; (2) 2-38: 1. 

12. Deduce a formula for the greatest ratio of the tensions in the two 
parts of a rope stretched over a grooved pulley, the rope being wedged into 
the grooves slipping being just about to occur. Find the greatest ratio of 
the tensions in the two parts of a cotton rope running over grooved pulleys, 
the arc of contact on the smaller pulley being ^ of the whole circumference, 
angle of groove 40°, coefficient of friction, m .— 0*25. -4ns. 6*77 : 1. 

13. Explain the following paradox in connection with belt gearing : — 
For every foot of belt length that goes on to the driving pulley, less than 
a foot comes off and goes on to the driven pulley. Would the statement 
still be true if we substituted unit weight of belt instead of unit length of 
belt ? If not, why not ? 

14. Explain how the formula for obtaining the ,power transmitted by a 
stretched belt running over pulleys is arrivea at. What horse-power may 
be transmitted by a belt 10 inches wide, and \ inch thick, running at a 
speed of 42 feet per second ; the tension on the slack side of the belt being 
0'4 of that on the driving side ? The stress allowed is 300 lbs. per square 
inch of belt section. Am. 68*72 H.P. 

15. A belt is required to transmit 4 horse-power from a shaft running at 
120 revolutions to one at 160 revolutions per minute. Find the stresses in 
the belt, the small pulley being 2 feet in diameter, and the ratio of the 
tensions on the belt being as 7 is to 4. Find also the width of belt that 
would be required in the above case, if the stress is taken at 100 lbs. per 
inch of width. Ann. 306-25 lbs. ; 175 lbs. ; 3-06 inches. 

16. A pulley, 3 feet 6 inches in diameter, and making 160 revolutions per 
minute, drives by means of a belt a machine which absorbs 7 horse- power. 
What must be the width of the belt so that its greatest tension shall be 70 
lbs. per inch of width, it being assumed that the tension in the driving side 
is twice that in the slack side? Take * = 3f . (S. & A. Exam., 1891.) 
A'M. 4 inches. 

17. In the modem system of transmitting power through long distances 
by a slender wire rope moving at a high velocity, the following example 
occurs :— The pulley which drives the rope is 15 feet in diameter, making 
100 revolutions per minute, and the energy to be transmitted is measured 
by 250 horse-power. Find the tension of the wire rope, which in this case 
is \ inch in diameter. An». 1,750 lbs., or 3,960 lbs. per square inch nearly. 

18. A leather belt is required to transmit 2 H.P. from a shaft running at 
80 revolutions per minute to a shaft running at 160. Find the stresses in 
the belt, assuming that the smaller pulley is 12 inches in diameter, and 
that the ratio of the tensions in the tight and slack sides of the belt is 
2J : 1. Hence, find the width of belt, taking the working stress at 
100 lbs. per inch of width. (S. & A. Hons. Mach. Const. Exam., 1882.) 
AuB. 23b*31b8.; 105 lbs.; 2*36 inches. 

19. Suppose the friction of two pulleys is such that the ratio of the 
tensions in the tight and slack sides of the belt is 1 "75. Also, suppose the 
greatest safe working tension to be 120 lbs. per inch width of belt. Find 
the width of a belt to transmit 10 horse-power, the circumferential speed 
of the pulleys being 20 feet per second. (S. & A. Hons. Mach. Const. 
Exam. , 1883.) Aim. 5*34 inches. 

20. Assuming that the arc embraced by a belt on the smaller of two 
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pulleys over which it runs is ^ of the circumference, and that fi is 
taken = 0*3, prove the following simple approximate rule for the breadth 

208 H P 
of a leather belt : — ^ = — ^ ^' inches ; where H.P. is the horse-power 

transmitted, V the velocity of belt in feet per minute, and d the thickness 
of belt in inches. Greatest working stress, 300 lbs. per square inch. 

21. It is required to transmit 10 H.P. from a pulley 5 feet in diameter, 
and making 200 revolutions per minute, to one 18 inches in diameter, by 
means of an open belt, the centres of the pulleys being 12 feet apart. 
Taking coefiicient of friction between belt and pulley at 0*35; find (1) angle 
of contact on smaller pulley ; (2) the speed of smaller pulley ; and (3) the 
width of single belt ^ inch thick which will be necessary. Ana, (1) 163°; 
(2) 62-36 feet per second; (3) 3 inches. 

XSSOlt is required to transmit 16 H.P. from a pulley 20 inches in diameter 
by means of a belt which embraces only ^ of the circumference of the 
pulley. Find the tensions in the two parts of the belt when slipping is 
just prevented, and the width of belt required, the thickness of the belt 
being J inch, speed of pulley 120 revolutions per minute, coefficient of 
friction fi = 0-35. ^4Wr~filr74-54bff.> ISSa*^ lbs,; lOiSSinches. 

23. What circumstances affect the action of a belt when the speed is 
high? (S. & A. Hons. Mach. Const. Exam., 1882.) 

24. Find an expression for the increase in the tensions in the tight and 
slack sides of a belt, taking centrifugal action into account. In question 14 
make the necessary corrections for centrifugal action, being given that the 
weight of a cubic foot of leather weighs 60 lbs. Ana, 63*45 H.P. 

25. In question 17 make the necessary corrections for centrifugal action, 
given that the weight of a linear foot of wire rope J inch in diameter is 
3 lbs. Am, 2,330 lbs. 
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LECTURE XIX. 

Contents. — Hooke's Coupling or Universal Joint— Double Hooke's Joint 
—Aggregate Motion— Examples I. and II.— Epicyclic Trains of Wheels 
— Epicyclic Train for Drawing Ellipses— Examples III. and IV.— 
Sun and Planet Wheels— Sun and Planet Cycle Gear— Cams— Heart 
Wheel or Heart-shaped Cam— Cam for Intermittent Motion— Quick 
Eetum Cam—Cam with Groove on Face— Cylindrical Grooved Cam — 
Example V.— Pawl and Ratchet Wheel— La Garousse's Double-acting 
Pawl— Reversible Pawl— Masked Ratchet— Silent Feed— Counting 
Wheels— Geneva Stop— Counting Machine— Watt's Parallel Motion- 
Parallel Motion — Questions. 

In this Lecture we shall examine a few more of the many devices 

for transmitting circular motion and for converting it into 

rectilinear motion, or vice versdy together with other miscellaneous 

mechanisms. 

Hooke's Coupling or Universal Joint. — This is a contrivance 

sometimes used for connecting two intersecting shafts. Each of 

^^ the shafts ends in a fork, Fj, Fg, 

which embraces two arms of the 

crosspiece, O. The four arms of 

this cross are of equal length. As 

Cj rotates, Fj and Fg describe 

circles in planes perpendicular to 

their respective axes. Since these 

^^^ planes are inclined to each other 

■^ ^ the angular velocity of Cg at any 

— , , instant is different from that of Oi, 

Hooke's Joint. v x xi. i i •*• 

but the mean angular velocities are 

equal to one another, because at one instant Cg goes faster than Cj, 

and at another slower. This joint will not work when the two 

shafts are inclined at 90°, or any smaller angle, to each other. 

Double Hooke's Joint. — The variable velocity ratio obtained with 

a Hooke's joint may be obviated by the use of two joints instead 

of one. The forks are connected by an intermediate link, Cg, 

which must be carried on corresponding arms of the two crosses, 

as shown in the next figure. If the intermediate shaft be equally 

inclined to the other two shafts, the irregularities caused in the 

motion by its transmission through the first coupling are exactly 

neutralised by the equal and opposite ones caused by the second 

^ joint. The first and third shafts, therefore, revolve with the same 
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velocity at every instaDt. The double joint works equally well 
whether the two extreme axes are iaclined as shown in the 
figure, or are parallel to each 
other but not in line. 

Both the single and double 
Hooke's joint are, as a rule, used 
only for light work, such as for 
astronomical instruments.*" 

Aggregate Motion.— The motion ^<^^^^^ Hoobe's Joint. 

of a piece of machinery is not always a simple one, but is very 
often the resultant or aggregate of several independent motions 
impressed upon it simultaneously. 

Thus, the motion of a screw working in a fixed nut is the 
aggregate of the circular motion of the cylinder and the axial 
motion caused by the thread. These two together, give a helical 
motion to any point on the screw. Weston's differential pulley 
block, which the student has already studied, forms a very good 
example of aggregate motion. Here, the actual motion of the 
load is the resultant of two opposite and nearly equal motions 
imparted by the two parts of the chain supporting it. 

In some printing machines, the following arrangement is adopted 
in order to double the horizontal motion obtained from a ccank 
and connecting-rod. The end of the connecting-rod carries a 
pinion which runs between two racks. One of these racks moves 
horizontally between guides while the other is fixed. The motion 
of the movable rack is composed of that of the connecting-rod end 
plus that due to the rotation of the pinion. Sometimes, as in 
Example II., two wheels of different sizes are keyed together on 
the connecting-rod end, one gearing with a fixed rack and the 
other with a movable one. In this way the travel of the rack 
may be made greater, or less, than the diameter of the crank-pin 
circle in any desired proportion. In all these cases, where the 
several impressed mo- 
tions are in parallel 
directions, the resul- 
tant is simply their 
algebraic sum. fi ft. per second 

Example I. — A 
toothed wheel runs in 
gear with two parallel 
racks, one above and Pinion Dbivkn by Two Racks. 

the other below it, the 
wheel being free to run between the racks. If the upper rack 

* A recent application of this device is to be met with in the steering 
gear for the Admiralty torpedo-boat destroyers. 
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has a velocity of 2 feet per second in one direction, and the lower 
rack a velocity of 3 feet per second in the opposite direction, what 
is the velocity of the centre of the wheel ? (S. & A. Exam., 1887.) 

Answer. — When a wheel rolls along a road with a velocity, v, 
it is clear, that the point on the rim which is at any instant touch- 
ing the ground is for the moment at rest, while the point on the 
rim vertically over the centre will be moving with a velocity twice 
that of the centre of the wheel ; that is, its velocity will be 2 17. 

Now, suppose the lower rack fixed. Then, from what has been 
said, it is evident that the wheel will run between the racks with 
a velocity equal to half the velocity of the upper rack. That is, 
the wheel will be moving to the right with a velocity of 1 foot per 
second. 

In the same way, if we suppose the upper rack fixed the wheel 
will move to the left with a velocity of 1^ feet per second. 

When both racks move, as shown, then the wheel will have 
a velocity equal to half the difference of their velocities ; that is, 
the velocity of the wheel will be = lj — 1=J foot per second, 
and in the same direction as the lower rack. 

Example II. — A crank, 12 inches long, is attached by a con- 
necting-rod to the axis of a spur wheel 24 inches in diameter,, 
which runs upon a fixed harizontcU rack. On the axis of the spur 



Back Driven bt a Crank and Movable Pinion. 

wheel, and locked to it, is a second spur wheel, 32 inches in 
diameter, which gears with a/ree horizontal rack sliding in guides. 
Find the travel of the rack in inches for each revolution of the 
crank. (S. and A. Exam., 1890.) 

Answer. — There are two answers to this question, according as 
we consider the two racks (the fixed and movable racks) to be on 
the same, or on the opposite, sides of the axis of the spur wheels. 
In either case^ the motion of the movable rack is ma^e up of two 
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motions — one due to the motion of the axis of the wheels, and the 
other due to the circular motion of the wheels about their common 
axis. Suppose the crank to make one-half turn from the inside 
dead point to the outside dead point in the direction shown by the 
arrow. Then, evidently, the axis of the wheels will be moved 
towards the left by an amount equal to twice the length of the 
crank =2 x 12 = 24 inches. Also, any tooth on the smaller 
wheel will turn through an arc of the circumference equal to 
24 inches. Any tooth on the larger wheel will turn through an 

arc of its pitch circle equal to — x 24 = 32 inches. Hence, the 

1^ 

exact motion of the movable rack consists of a motion of 24 inches 

along with the axis of the wheels, and another of 32 inches due to 

the turning of the wheels about their common axis. 

First, suppose the racks to be on opposite sides of the axis. 

Then, from an inspection of the figure, it is clear that the motion 

of the movable rack will be the sum of these two separate 

motions. 

.*. Motion of movable rack per 1 o>4 . qo kc • i. 

half turn of crank ^ | = ^4 + 32 = 56 inches. 

During the other semi-revolution, the rack moves back the same 
distance — i.e,, it moves 112 inches in all. 

Secondly, when the racks are on the same side, of the axis, it is 
equally clear that the motion will be equal to the difference of the 
two separate motions. 

.\ Motion of movable rack per ) o^ oo o • i. 

half turn of crank ^ | = 24 - 32 = - 8 inches. 

This shows that the rack moves in the opposite direction to 
the axis. The whole motion in this case per revolution of the 
crank is 8 inches each way or 16 inches in all. In this latter 
case it is evident that the axis of the wheels must be guided 
horizontally in. order to keep them in gear with the racks. 

EpicycliciTrains of Wheels.— We sometimes find that the axes 
of some of the wheels in a train are not fixed, but rotate around 
another axis. Such trains are called Epicyclic Trains. The 
movable axes are fixed to an arm, called the Train Arm, which 
rotates about that axis. Epicyclic trains are used in those 
machines where some motion is required which it would be 
difficult, or inconvenient, to obtain with an ordinary train. For 
instance, they are used in the " Cordelier," or rope making 
machine, in order to twist the fibres of the strands in one 
direction while the strands themselves are being twisted together 
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in the opposite diirectioii. If this were not done the fibres would 
be getting untwisted while the strands were being twisted, and 
a useless rbpe would result. By putting a little extra twist on 
the fibres, the rope will be hard and firm and will not tend to 
untwist. 

The student has already studied an application of the epicydic 
titdn in Lecture VIII. — viz., the Rotatory Dynamometer. In 
this case the train is one of bevel and not of spur wheels as in the 
other examples we will consider here. 

The motion of any wheel in an epicyclic train is an aggregate 
motion ; for, the wheel has a certain angular velocity due to its 
rotating about its own axis, and another caused by the rotation 
of that axis along with the train arm. In this case also, the 
resultant motion is the algebraic sum of the several parts. 

Let^ Nd = Number of revolutions of driver in unit time rela- 
tive to some fixed point. 
„ Nf = Number of revolutions of follower in the same time 

relative to the same fixed point. 
„ N^ = Number of revolutions of the arm in the same time 
relative to the same fixed point. 

^Number of revolutions of 
follower in a given time 

e = Yalue of the train = 



relative to the arm. 



Number of revolutions of 
driver in the same time 
relative to the arm. 

Care must be taken to give e its proper sign ; for, e is negative 
if the driver and follower rotate in opposite directions relative to 
the arm, and positive if in the same direction. 

Now, since the driver rotates Nj, times in unit time and the 
train arm N^ times, their relative motion will be (Nj, - N^^^) turns. 
Similarly the number of revolutions of the follower relative to the 
arm will be (N, - N^). 






A 



(I) 



It should be noted that if the driver and follower rotate in 
opposite directions, one of them must be considered the positive, 
and the other the negative, direction. 

Epicyclic Train for Drawing Ellipses. — The figure shows the 
wheel work of an instrument for tracing ellipses by means of 
rolling circles. Suppose the circle A 1 to roll inside a circular 
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arc, DI, of twice its radius. Then, as was proved in Lecture 
XIII. in connection with the hypocycloid, the point, I, will move 
along the straight line I A (A being the centre of the arc, D I), 
and it is manifest that B (the centre of A I) will descabe a circle 
round A. Any other 

point in B I, or B I pro- ^*-^ 

duced, must, therefore, 

trace out an ellipse. It \jj 

is inconvenient in prac- *--"'""—-*. \ 

tice to roll the circle, /'' """., \ 

A CI, inside D I, and / ^*\ \ 

the same result may be / \\ 

obtained by aid of an 
epicyclic train. Let A 
be a wheel JUced at 
the centre of the arc, 
D I, and B another, of 
half its size, concentiic 
with the rolling circle, 
A CI. These are con- 
nected by the train arm, 
A B, which rotates about 

A, and an idle wheel, E. 
B I is a tracing arm, 
rigidly fixed to the wheel, 

B. Let the train arm, 
AB, now rotate. A, the driver, does not rotate; therefore, 

Np = 0, and e = 4 = 2. 




^I 



..-'' 
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Then, from equation (I) we get :— 



e = 






.. 2 = ^' 



N, 



0-N. 



Ni, = - Nx. 



Or, the tracing arm, B I, and train awn, A B, rotate in opposite 
directions with equal velocities. This is obviously the same as if 
the tracing arm were a radius of the imaginary rolling circle, 
A C I, rolling inside the arc, D I. We can thus see that if we put 
a tracing point on B I, it will trace out an ellipse. 

Example III. — An epicyclic train consists of three wheels, A, 
B, C, taken in order, and in gear with each other. The first 
wheel. A, has 75 teeth, B has 60 teeth, C has 45 teeth ; also, the 
driver, A, rotates three times in a minute, and the arm rotates four 
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times in a minute, and in the opposite direction. How many 
rotations do B and C make respectively per minute ? 

Answer. — ^The arrangement is shown diagrammatically in the 
above figure. 

(I) To find the motion of B. — Here, nsing the same notation 
as in the text, we have : — 

Nd = 3; N^= -4; and c^ = -^ = -j. 




Efictclio Train of Whebis, 
From equation (I) we get : — 

"^ "" Ni, - N^' • • 4 "" 3 + 4 ' 

N^= -^-4= -12f. 

That is, the follower, B, rotates 121 times per minute, and in 
the opposite direction to the driver, A. 

(2) To find the motion o/Q, — In this case, ^2 = ^n ^ 7^ — "5^ 
As before. 



Whence, turns 7| times per minute, in the same direction 
as A. 

These results may be arrived at otherwise as follows : — Suppose 
the wheels and arm rigidly connected, so as to move as one piece ; 
then, let the arm turn for one minute, so as to receive its four 
negative turns; each of the wheels will then also receive four 



«a = 






• • 


5 
3 


~ 3 


+ 4 
+ 4' 


r„ = 


35 

' 3 


- 4 = 


7f. 
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negative turns. Now, suppose the arm to be fixed, and let the 

wheel, A, receive seven positive turns, so as to cancel the four 

negative turns already given, and leave the nett motion of three 

positive turns, as required by the question. 

75 
The effect on B will be to give it 7 x ^ = 8f negative turns, 

and on C to give it7xr^xj^ = ll§ positive turns; hence, the 

total motion of B in one minute will be - 4 - 8f = 12f negative 
turns, and of C, - 4 + llf = 7f positive turns. 

Example IV. — What is an epicyclic train of wheels? Two 
«pur wheels, A and B, whose diameters are 2 and 3 respectively, 
are in gear with an an- 
nular wheel, C, whose 
diameter is 8. The 
wheels A and have a 
common axis, but B is 
carried by an arm centred 
on the axis of A. If 
A make five revolutions 
while C makes one re- 
volution, both in the 
same direction, find the 
angle described by the 
arm during this time. 
<S. «fe A. Exam., 1888.) 

Answeb. — ^An epicyclic 
train of wheels is one in 
which the axes of the 
wheels are not fixed in 
space, but are attached 
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to a 



rotating frame or bar, in such a 
manner that the whole train of wheels can derive motion from the 
rotation of the bar. 

Using the same letters as before, and calling A the driver and 
O the follower, we have :— N^ = 6 ; Nf=1; ande= -f x|= -J. 

Then, from equation (I), e = ^ =^. 

]Sr^ = 1^ turns. 

That is, the train arm has made 1|- turns in the same direction 
as A and C. 
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Son and Planet Wheels. — This device was invented by "Watt to 
convert the oscillatory motion of the beam ia his engines into the 
circular motion of the flywheel. As will be seen from the first 
figure, it consists of a wheel, D, rigidly fixed to the connecting 
rod, I) B, and kept in gear with another wheel, C, by the link, 
DEO. The wheel, C, is keyed to the flywheel shaft. As the 

beam oscillates up and 
down, the connecting-i*od 
pulls D up one side of C, 
and pushes it down the 
other. It thereby causes 
C to rotate, and with it 
the flywheel and shaft. 
The student will easily 
see that the wheels, D 
and 0, form an epicyclic 
train, of which the link, 
DEC, is the train arm. 
We may, therefore, apply 
the formula already 
given for epicyclic trains, 
to find how often the fly- 
wheel revolves for each 
up and down movement 
of the beam. Doing this, 
and assuming D and C to be 
of the same size, we get: — 

Nd = Number of revolutions of the driver, D, for each up and 

down movement = ^0. 
Nj. = Number of revolutions of the follower, C, for each up and 

down movement. 
N^ = Number of revolutions of the arm, DEO, for each up and 

down movement = 1. 
e= -1. 




Sun a>d Planet Wheels. 



From equation (I), e 
Or, N,, 






N,^ 



I.C., 



1 = 



Np - 1 
"U - 1 • 



From this we see, when the wheels are equal, that the flywheel 
goes round twice while the connecting-rod goes once up and down. 
If the wheel D be twice as large as the wheel C, we would find, in 
the same way, that went round three times during this period. 
The following figure shows these sun and planet wheels as applied 
to Watt's double-acting steam engine.* 

* See Lecture 11. of the Author's Text-Book on Steam and Steam Engines, 
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Snn and Planet Cycle Gear. — The illustration on next page 
(which has been kindly supplied by the makers of this gear, the 
** Elliptic " Cycle Syndicate of Grantham) shows a recent inter- 
esting application of the sun and planet wheels. Both wheels are 
elliptic in this case, and, therefore, give a variable velocity-ratio. 
By means of this gear, the pedals, which travel in an elliptical 
path, are caused to move at a uniform speed. The ve]ocity-ratio 




Watt's Doublb-Acting Steam Engine, showing Sun and Planet 
Motion (S. & P.M.) and Parallel Motion (P.M.). 

between the cranks and driving wheel has a double variation at 
each revolution of the cranks, which move more quickly at the 
top and bottom positions. The quicker movement caused by the 
gearing is counteracted by the quick vertical movement of the 
jtedals, due to, and governed by, the position at which the crank- 
pin bearing is attached to the pedal bar. The result is a regular 
and uniform movement of the pedals in an elliptical path; the 
train value being 2:1. 
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It is claimed by the inventor, that a bicycle having an elliptical 
pedal path, with a uniform movement, has a great advantage over 
a circular pedal path, as the pressure can be applied continuously, 
whilst in the circular path nearly one-quarter of the travel at top 
and bottom is horizontal, and, therefore, not in an effective 
direction. 

The shape of the planet wheel governs the double variation, and, 
consequently, must always be an ellipse, but the sun wheel may be 
made eccentric, and with half the number of teeth of the elliptical 
wheel, the value of the train then being 3 : 1. 




Habbison's Elliptic Cycle Gear. 

Gams. — Cams are usually of the form of discs or cylinders. 
They rotate about an axis, and give a reciprocating motion to some 
point in a rod by means of the form of their periphery or suiiace, 
or by grooves in their surface. 

The cam generally revolves uniformly round its axis, whilst the 
reciprocating motion may be of any nature, depending on the shape 
of the cam, and may be in a plane inclined at any angle to the axis 
of rotation. In the following examples, uniformity of rotation is 
assumed in the case of the cam, and the motion of the reciprocating 
piece takes place in a plane jHirpendicular to the axis. 
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Heart Wheel or Heart-shaped Cam. — Suppose that it is required 
to give a uniform reciprocating motion to a bar moving vertically 
between guides, and in a line passing through, C, the centre of 
motion of the cam plate. 

Let the sliding bar be at its lowest position, as shown, and when 
in its highest position let its extremity be at the point 6. The 
distance thus moved is called the travel and will be passed over 
during one-half revolution of the cam. The required curved outline 
may be obtained in the following manner: — With centre, C, describe 
circles passing through the extreme positions of the end of the rod. 
Divide the travel into, say, six equal parts at the points 1, 2, 3, 
Ac. Divide the semi-cir- 
cumference into the same 
number of equal parts by 
radial lines C 1', 2', *kc. 
Then with centre, C, draw 
the concentric arcs 1, 1'; 
2, 2'; <fec., intersecting these 
radii in the points 1', 2', 3', 
Ac. The dotted line drawn 
through these points will re- 
present the required curve. 

If the end of the sliding 
bar rests on this curve it is 
clear, that for equal angles 
turned through by the cam, 
the bar will move outwards 
through equal distances, 
and consequently, will have 
uniform linear motion im- 
parted to it. The return 
motion will evidently be 
obtained by the similar and 
*qual curve 1", 2", 3", (fee, 
on the opposite side of the cam. 

A cam so formed would impart the required motion to a point 
If the end of the sliding bar be provided with a roller in order to 
diminish the friction, then the shape of the cam must be altered so 
that the centre of the roller shall move over the outline of the 
cam as traced above. To accomplish this we must draw a curve 
inside the original one by describing small arcs with centres on 
the original curve as at T, 2', 3', <fec., and with a radius equal to 
that of the roller, and then by drawing a smooth curve touching 
these arcs, as shown by the heavy line in the figure. 




Hkart-shaped Cam. 



25 
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Cam for Intermittent Motion. — Sometimes the motion imparted 
by a cam is intermittent. For instance, a common form of lever 
punching machine is fitted with a cam which gives the punch 
an upward movement, then a period of rest, and finally a down- 
ward movement during each revolution. As an example of this, 
let us set out a cam to impart vertical motion to a bar, so that 
the latter shall be raised uniformly during the first half revolu- 
tion, remain at rest during the next one-sixth, and descend 
uniformly during the remainder of the revolution. 

As before, suppose the reciprocation to be in a line passing 
through, C, the centre of motion of the cam plate. Then, with 
centre, C, draw circles passing through the extreme positions of 
the end of the bar. Divide the circumference into three parts 
corresponding to the periods of one-half, one-sixth, and one-third 




Cam Giving an Interval of Rest. 



0am Giving a Quick Retukk. 



revolution, by drawing radial lines making angles of 180% 60% 
and 120"*. Since the motion is to be uniform, divide the travel 
into a convenient number of equal parts, say twelve; and the 
circumference into the same number of equal parts by radial lines. 
■Draw the concentric arcs 2, 2"; 4, 4"; &c., and 3, 3'; 6, 6' ; &e.^ 
as shown. The curves through the points so determined will give 
the required motions. The interval of rest will evidently be given 
by the circular portion from 12" to 12'. The complete outline is 
represented by the heavy line in the diagram. 

Quick Return Cam. — The student will readily understand from 
the right-hand figure, that if two-thirds of a revolution be 
occupied in raising the motion bar and the remainder in lowering 
the same, the return stroke will be performed in half the time of 
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forward stroke. The curves of this cam are found in the same 
way as in the previous examples. 

Cam with Groove on Face. — When the reciprocating bar has to 
be pulled as well as pushed by the cam, it is evident that the cams 
already qonsidered would not drive it, but leave it at its extreme 
position. In such a case the periphery of the cam plate is not 
used, but a groove is cut in its face, as shown by the accompany- 
ing figure. The end of the rod carries a pin which works in this 
groove. The rod, therefore, gets pushed out by the inner face of 




Cam with Gkoove on Face. 



. the slot and pulled in by the outer face. The central dotted tjurve 
is obtained in precisely the same way as before, and the two full 
curves are drawn parallel to it at a distance on each side of it 
equal to the radius of the pin. 

Cylindrical Grooved Cam. — This differs from the above in that 
its rim is cylindrical and long. A groove is cut around its 
cylindrical surface, but it is not made circular. Parts of it are 
spiral, and so act on a pin like a screw. This gives a motion to 

. the bar parallel to the axis about -which the easi .rotates. ^^ 
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Example V. — ^A vertical bar, moving in guides, is driven by 
a circular cam plate having a centre of motion in the centre line 
of the bar. The distance from the centre of motion to the 
centre of the plate is 2 inches, and the bar exerts a pressure of 
10 lbs. when rising, but falls by its own weight Find the work 
done in 100 revolutions of the plate. 

Answer. — Since the distance between the roller, S R, and the 
centre of the plate^ C F, remains constant as the plate revolves. 




Index 
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G representa 


Guides. 


VB 


Vertical bar. 


SR 


Slipping roller. 


CCP 


Circular cam plate. 


CP 


Centre of plate. 


CM 


Centre of motion. 



CM 



Circular Cam Plate. 

it is evident that the bar will move as if it were actuated by a 
-crank of length equal to the distance between C M and C P, and 
a connecting-rod of length equal to the radius of the plate. Hence 
the stroke of the bar will be 4 inches, or ^ foot — i.e., twice the 
length of the equivalent crnnk. Neglecting friction, the work 
^one in raising the bar by one revolution of the plate, will be : — 



10 X 1 (ft -lbs). 



/. Work done in 100 revdtiHons « 100 x 10 x J = 333-3 ft.-lbs. 
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Pawl and Ratchet Wheel — A toothed wheel which is acted 
upou by a vibratiDg piece, termed a click or pawl, is called a ratchet 
wheel. Ratchet wheels are made in many different forms, and are 
used for a variety of purposes. For instance, clocks and watches 
are usually provided with ratchet wheels to allow the spring or 
weight to be wound up, without disturbing the rest of the works, 
and they are used to drive the feeding arrangements of many 
machines. When, as in the latter case, the click or pawl drives 
the ratchet wheel, it is carried on a vibrating arm. In the first 




Pawl and Ratchet. 

figure, AB is the vibrating bar which drives the ratchet wheel, by 
means of the click, BC, and teeth, Cc, when moving in the 
direction shown by the arrow. When A B moves back to A B', 
the click slides over the top of the next tooth and drops behind it. 
It Is then ready to drive the wheel through the space of another 
tooth when A B again moves forward. While the pawl is moving 
back from B to B', the wheel is prevented from moving with it 
by another pawl or detent^ b c. In this case, the vibrating bar is 
on the same axis as the ratchet wheel; but this is not always 
so, as will be seen from the next example. The reactions between 
the teeth and the pawl have to keep them in contact with each 
other. The resultant pressure of the teeth on the pawl must 
therefore be such, that its moment tends to turn the pawl 
towards A, the centre of the ratchet wheel. This condition 
evidently is. satisfied if CD, the direction of the resultant pressure 
at C, passes between A and the axis, B, about which the pawl 
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turns. Similarly, tire moment of the resultant pressure an* tthe 
detent must tend to turn it towards A, but its direction, dc (not 
cd), must lie outside Ab, because this detent ends in a hook. 
Both pawls might have been like B C, which acts by pushing^ or 
both hooks, which act by pulling, like b c. The pawls are pressed 
against the ratchet by their own weight, or by springs, according 
to circumstances. When a ratchet wheel is used only to prevent 
the recoil of the axis on which it is fixed, the vibrating arm is, of 
course, not required, and only the detent is used. 

La Garousse's Double-Acting Pawl. — This is a pawl which 
advances the ratchet wheel at each stroke. As will be seen from 




DouBLE-AcnNG Pawl. 

IdJW'diagram', it is composed of two clicks, K M and H L, carried by 
an arm, K G H, which vibrates about its centre, G. While the-amn 
is turning in the direction of the straight arrow, H L. advanoea Idie 
ratchet by the space of half a tooth while K M retires another half, 
and; therefore, drops behind, the next tooth. During the nstum of 
KGH, Km drives the ratchet while HL moves back. It wiil 
thus be seen that no detent is required, and that the motion ofthe 
ratchet is nearly continuous. The pawls may be hooks, when,, of 
course, the teeth will be modified to suit. Tbe positions of. the 
clicks and arm may be found in the folbwing manner: — Disuwany 
ooavenient radius, AL, of the pitch circle, BB, and from it set ou^ 
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the angle, LAD, equal to the desired mean obliquity of the clicks. 
Draw L D perpendicular to A D, and describe the circle C C with 
radius AD; the directions of the clicks at mid-stroke will be 
tangents to this circle. Make angle DAE equal to an odd 
number of times half the pitch angle of the teeth, and draw E M, 
the tangent, at E. Let this intersect the tangent L D at F, and 
the pitch circle in M. Draw F G, bisecting angle M F L, and take 
O, any convenient point in it, for the centre of the rocking shaft. 
Lastly, make GH and GK perpendicular to HL and KM 
respectively. Then, K G H is the position o*f the vibrating arm, 
and HL and KM the lengths of the two clicks, and their positions 
at mid- stroke. The effective stroke of the clicks is half the pitch of 
the teeth, and the total stroke as much greater as may be necessary 
to ensure their clearing the teeth. 

Reversible Pawl. — The next figure shows a form of click used 
in the feed motion of shaping and other machines. The ratchet 




Reversible Click. 



wheel is here an ordinary toothed wheel, and the click, B C, is so 
shaped as to be able to drive it either way. When the click is in 
the position shown in full lines, it drives the ratchet wheel in 
the direction of the arrow. When, the wbsel is. cecyoixiod) to. isotote 
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the other way, the click is lifted over to the dotted position ; and, 
if it be desired to stop the feed motion without stopping the 
machine, the click is put in an upright position. A portion of 
the pin at B, which turns with the click, is triangular in section. 
A spring presses on this part and so keeps the click in any one 
of its three positions. The ratchet wheel is keyed to A, the axis 
of the screw which moves the slide carrying the cutter, and the 
friction between this screw and its nut is sufficient, without any 
detent, to prevent the ratchet from moving back. The vibrating 
arm, A B, which carries the click is driven by a small eccentric 
or crank. The pawl may, of course, be made to move the I'achet 
more than one tooth at a time by adjusting the angle through 
which AB vibrates. 

Masked Ratchet. — In numbering machines it is often necessary 
to print the same number twice, as in cheques and their counter- 
foils. The ratchet which shifts the type wheels must, therefore, be 
moved at every alternate back-stroke of the printing machine. 
This may be accomplislied by putting a second ratchet, running 
free on the shaft, alongside the driving one and making the pawl 
broad enough to move both. The second ratchet has the same 
number of teeth as the other, but its teeth are made alternately 
deep and shallow. It is also a little larger than the driving 
ratchet, so that the pawl passes over the top of the teeth of the 
latter, without moving it, when in a shallow tooth. Next stroke 
the pawl drops into a deep tooth. This allows it to catch the 
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G W for Grooved wheel. 
EC,, Eccentric cam. 

L ,, Lever. 
ED,, Eccentric detent. 
ER ,, Eccentric rod. 




WoRssAM^s Silent Feed. 

teeth of the main ratchet and so shift the type wheel, 
arrangement is called a masked ratdiet, -"* • : ,ii*m'^ 



This 



Silent Feed. — A ratchet wheel is always more or less noisy in 
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action, and the wear caused by the sudden drop of the pawl is 
considerable. To avoid this, a friction catch is sometimes sub- 
stituted for the pawl and a gi'ooved wheel for the toothed one. 




Vertical Sawing Machine, by John M*Dowal & Soks of Johnstone, 
Showing Silent Feed. 

The pawl and ratchet then becomes a silent feed. The action 
of this arrangement will be easily understood by a reference to 
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the figure.* E G is an eccentric cam wbicli is tapered air its' 
edge to fit the groove in the grooved wheel, G W. It can turn 
on a pin carried by the lever, L. When E C moves as shown by^ 
the arrow, the friction causes it to turn about its axis, and, since 
the axis is not concentric with the circular part of its rim, it 
gets wedged in the groove. Hence, for the rest of the stroke, the 
lever carries G W round with it. At the beginning of the return 
stroke, E C turns in the opposite direction, and so gets released 
from the groove. A detent, E D, precisely similar to EC, but 
carried on a fixed arm, prevents the wheel from moving back- 
wards. The lever, L L, is worked by an eccentric, and the length 
of its stroke may be adjusted by altering the position of the end of 
the eccentric rod, E E*, in the slot. The second illustration shows 
a sawing machine, witii this feed motion at the right-hand side. 

Counting Wheels. — In counting machines, the wheel carrying 
the figures for the tens must turn through one-tenth of a revolution 
while the units wheel shifts from 9 to 0, and it must remain at 
rest at other times. The same is tnie of the wheels for the 
hundreds and tens, and so on. The most obvious way to do this 
is to put ten teeth on the follower on the tens shaft, and only one 
on the driver on the units shaft. Every time the units wheel 
passes a certain point it will, therefore, shift the tens wheel by 
one tooth. The teeth on the follower are usually pins, and a 
roller is pressed between them by a spring. This roller serves to 
bring the wheel to its exact position, and to lock it there. 

Another device is shown in the accompanying figure, which 
avoids the shock that always takes place in the first arrange- 
ment. Here, A ia the shaft whose revolutions require to be 
counted, and B the centi-e of the counting wheel. The wheel fixed 
to the shaft, A, carries a pin, C, which moves the coimting wheel 
by gearing with the sides of the slots. While the pin i» in» a slot, 
the horns, G, K, <fec., pass through the part, MGHL,.aflthe 
driving wheel, which is cut for the i)urpose. After the pirn has 
left the slot, the curved part, G H K, bears on the convex, arc, 
H K M, and so locks the counting wheel in the position shown, in 
the figure. The figure shows only five slots, but thei-e may be ten, 
or any other required number. When used for counting, tfaere 
would, of course, be ten. 

The following construction may be used for finding the propor- 
tions of the various parts : — Join A B, and set out angles B A, 

AB D, &c., each equal to -^^^ — , or , where n is the number of 

^ 2n n 

* We hive to thank Messrs John M'Dowal & Sons, of Johnstone, tfae 
makers of this machine, for these two figures. 
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dots required. Draw AC and AD perpendicular to B C and BD 
respectively, and complete the regular polygon, of which C A and 
A D^are the halves of two adjacent sides. In the figure^ this is< a 



t-.. 




CouNTiNa Wheel. 

regular pentagon. Then each alternate line radiating from B, such 
as B C or B D, is the centre line of a slot, and the athers, as B A, 
the centre lines of the ciieular arcs> Cr H K, ibc. With ceiskcB 
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A and radius AC, describe the circle CED, to represent the 
path of the centre of the pin, and another circle, with £ as centre, 
to. touch it. Then, at the points where this latter circle cuts the 
centre lines of the slots, make semicircles of the same radius as 
the pin, C. The sides of the slots may then be dmwn parallel to 
their respective centre lines to touch these semicircles. The arcs, 
G H K, are drawn with radius equal to A H, and their centres at 
the angles of the polygon, so as to be concentric with H K M 
when in gear with it. The arc, M L H, has its centre iu A C, 
and its radius equal to B G or B K. 

Geneva Stop. — This is a modification of the above, used to 
prevent watches being overwound, and such like purposes. This 
is effected by filling up one of the slots, as shown by the dotted 
circle at N. The i)in on A is arrested when N reaches C or D. 
The same thing would result from filling up one of the hollows 
like G H K. It is obvious that the shaft, A, can make one 
complete turn for every slot, exce[>t the stopping one, and a 
complete turn all but the angle, G A K, for that one. 

Counting Machines. — The accompanying illustration shows a very 
good form of counting-machine (with three of its dials removed) 




The "Uxiversal" Counter. 



which works on a modification of the first of the above-mentioned 
methods.* The driving mechanism consists essentially of a short 
lever, L, which can oscillate about the pin, P, and which drives 
the ratchet wheel, R W, by two projections on its end. Below 
this lever, L, there is a circular plate from which a pin projects 
into the hole in L. This pin, not being concentric with the 
circular plate, will cause L to oscillate when the plate rotates. 
The rod, Z, is attached to the back of this plate when the instru- 
ment is used to count revolutions, and the lever, H, to its edge, as 
shown in the figure, when used to count oscillations. The ratchet 
wheel spindle carries the first or units dial, and also a disc, D, 
having a pin projecting downwards from its lower edge. The 
next spindle, to which the tens dial is attached, has a toothed 

* This and the following figure were kindly supplied by the makers of 
these instruments, Messrs. Sch'afifer & Budenberg of Glasgow, &c. 
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wheel, TW, with twenty teeth. These teeth are alternately 
broad and narrow, and the wheel is locked by the disc, D, gearing 
between two consecutive broad teeth. At the proper time, the 
pin on D conies into gear with a narrow tooth, and, at the same 
time, a notch on the edge of the disc allows one broad tooth to 
pass round. The tens spindle, therefore, makes one-tenth of a 
revolution. The same arrangement is adopted for the other dials. 
The case of the instrument has windows which allow only one 
figure on each dial to be seen at a time. In order that the dials 
may be easily set to zero, their spindles are each mounted on 
separate levers, which are locked in their places by the bent lever 
to which V is attached. Pulling V to the left frees these levers, 
and permits them to be so turned as to put the toothed wheels 
out of gear with their respective discs, when the dials may be 
set to zero. 

Another counter by the same makers is shown in the second 




Harding Counter. 



figure. In this instrument the dials are cylindrical and all run 
loose on one shaft. To the right-hand side of each (except the 
first) is fixed a number of pins, and to the left (except on the last) 
two only. Above the dials, between each pair, a set of little 
toothed wheels is mounted loosely on a secondary spindle. These 
toothed wheels gear with the pins on the dials, and every alternate 
tooth is also broad enough to gear with the side of the right-hand 
dial, which locks them in the same way as the disc in the " Uni- 
versal " counter. The two pins on the left of a dial come into 
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gear at the proper time, and a slot on tbe side of the dial allows 
the little pinion to turn two teeth. This is just sufficient t9 
cause the next dial to turn through one-tenth of a revolution. 
The same thing is true of each of the other dials. This instrument 
ifi driven in a similar way to the previous one. 

Watt's Parallel Motion.— Referring to the illustration of Watt's 
double-acting engine, previously given in this Lecture, the student 
will notice that the beam and piston-rod are connected by a set of 
links. This system of links has been called Watt's Parallel Motion. 
The first part — viz., that for guiding a point in a straight line — is 
usually termed a " parallel motion," although this term properly 
belongs to the portion which makes certain other points travel in 
paths parallel to that of this guided point. The next figure will 




Watt's Approximate Straight-Line 
Motion. 



Construction for Lengths 
of Links. 



serve to show the principle on which an approximate rectilinear 
motion is obtained. Part of the beam of the engine is shown in 
three different positions, C T^, C Tg, and C T3. The point, T, in 
it is connected by the link, T ty to the end of a lever or radius rod, 
c ty pivotted at c. In their mid positions, C Tg, c t^, these two 
levers are usually parallel to each other, and perpendicular to tKe 
line Pj Pg P3. The point, T, describes an arc of a circle round C, 
and t round c. As these arcs curve in opposite directions, we 
should expect some intermediate point on the link, T t, to curve in 
neither direction^ but to describe an approximate straight line. 



PARALLEL MOTION. 
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P < C T 
This point, P, may be found by making .pTn = — t-« The actual 

X J. C t 

path of P is like the figure 8, and the parts which cross are very 
nearly exact straight lines for a short distance on either side of 
the crossing. 

Prof. Rankine gives the following construction for the lengths 
of the links in his Machinery and Millwork : — Let A be the centre 
of the beam, G D the centre line of the piston-rod's motion, and B 
the mid position of its end. Draw A D perpendicular to G D. 
Make D E equal to one-fourth of the stroke, and join A E. Draw 
E F perpendicular to A E, and meeting A D in F. A F is the 
length of the beam. If G be the point where the radius rod cuts 
G D, draw G K at right angles to G D, and make D H equal to 
G B. Join A to H, and F to B, and produce A H and F B to 
meet G K in K and L. Then, F L is the connecting link, K L is 
the radius rod, and B is the point on the link, F L, to which the 
piston-rod must be attached. 

Parallel Motion. — We will now consider the parallel motion 
proper. In the accompanying figure A B T < is a parallelogram, 
and c is a point in A ^ produced. In the meantime we will 
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Parallel Motion. 



Parallel Motion for Richard's 
Indicatok. 



leave the links CT and BD out of account and consider the 
parallelogram only. Join B c and we have two similar triangles, 
B A c and P < c. 



Yt_ tc_ .p^^g^li^a constant. 

BA Ac Ac 

That is, in every position of the parallelogram the point, P, 
remains in one fixed position in the link, T U Moreover, the ratio 
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Be 

;^— is constant, and, therefore, whatever path P traces out, B will 

X C 

trace out a similar one. This is the principle of the pantograph^ 
which is used for enlarging or reducing drawings. Now, we have 
just seen how we may make P move in an approximate straight 
line by the link, C T. B will, therefore, also move in an approxi- 
mate straight line. We might have guided B instead of P with 
a radius rod, but this would have necessitated longer and heavier 
links and would have occupied more space. 

In applying this motion to his engine. Watt made Ate the beam, 
and attached the piston-rod to B and the air pump-rod to P. The 
lengths Acy tc were, therefore, proportional to the strokes of the 
piston and pump bucket respectively. Sometimes a third link 
wi^ added so as to get a second parallelogram and a second point 
moving parallel to P, and this was used to drive the feed-pump. 

The right-hand figure shows the ])arallel motion of Richard's 
steam engine indicator.*^ The student will at once see that it is 
a modification of Watt's parallel motion. In this case the piston- 
rod, P R, is attached by the link, E F, to the bar, C D, between 
D and the centre, C. The motion of p, to which the pencil is 
attached, is, therefore, a magnified copy of the piston's motion.* 

* See Lecture XVI. of the author's Elementary Manual of Steam and the 
Steam Engine for a description of this indicator. 
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Lbctubb XIX.— Questions. 

1. Describe Hooke's joint for connecting two axes whose directions meet 
in a point. Investigate a method of setting out in a diagram the angles 
described by the axes in the same sdven time. (Hons. S. and A. Exam., 
1895.) ^ ' . 

2. Sketch and describe the double Hooke's joint, and explain why it is 
used in certain cases in preference to the single joint. 

3. The rods of a double-barrelled pump are attached to a double-cranked 
shaft, at the end of which is a wheel with .30 teeth. The wheel gears with 
a pinion of 8 teeth driven by a winch handle. Find the number of single 
strokes performed by each pump rod while the winch handle makes 15 
revolutions, and sketch the arrangement. Am, 8. 

4. In printing machines the table is sometimes made to reciprocate by 
running a pinion between two racks, whereof one is fixed and the other is 
attached to the table. The pinion may be actuated by a crank and con- 
necting-rod, but in that case the reciprocation of the table is not uniform, 
how may a uniform reciprocation be obtained? (Hons. S. and A. Exam., 
1893.) 

5. What is an epicyclic train, and where are such trains chiefly employed ? 
Investigate a formula for ascertaining the relative velocities of the first and 
last wheels of such a train. In an epicyclic train, where the first wheel 
has 20 teeth and is fixed, the second and third wheels are on one axis and 
have 30 and 40 teeth respectively, and the last wheel has 50 teeth, find the 
number of rotations of the last wheel for 30 rotations of the arm. In which 
direction does the last wheel rotate relatively to the arm? (S. and A. 
Exam., 1893.) Am. 14 ; in the same direction. 

6. In a rope-making machine, the reels containing the strands are carried 
round in a circular path, but no twisting or untwisting of the strands occurs 
during the operation. Sketch and describe the epicyclic train, or other 
device, by which yon would accomplish this. If a little extra twist be 
required to be put on the strands, how may this be done ? Explain your 
answer fully. (S. and A. Exam., 1891.) 

7. Prove the formula which gives the velocity of rotation of the last 
wheel of an epicyclic train in terms of the velocities of the first wheel and 
the arm, and arrange an epicyclic train in which the last wheel and the 
arm shall rotate with equal velocities in opposite directions. (S. and A. 
Exam., 1889.) 

8. A train of three spur wheels is carried by a revolving arm, the first- is 
a dead wheel of 60 teeth, the second has 30 teeth, and the third has 45 
teeth. Prove the formula for determinin^s[ the number of revolutions of the 
second and third wheels for each revolution of the arm, and ascertain the 
actual numbers in this example. (S. and A. Exam., 1890.) Ans, 3; -■^. 

9. Investigate the kinematic properties of an epicyclic train formed by a 
-combination of three equal bevel wheels in gear. Describe, with sketches, 
the manner in which this combination has been applied in Houldsworth's 
differential motion. Mention other useful applications of the combination, 
pointing out the special results obtained. (Hons. S. and A. Exam., 1895.) 

10. An epicyclic train supported on a frame consists of (1) a spur wheel, 
A, having 40 teeth ; (2) a disc, B, having the same axis as A, and carrying 
at equal intervals three pinions of 16 teeth, each of which gears with A ; 
(3) an annular wheel, C, of 72 teeth coaxial with A and B, and gearing with 
the three pinions. If A be made a dead wheel and C be the driver, find the 
velocity ratio of B to C, both as regards magnitude and direction, proving 

26 
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any formula which you employ. If B be locked to the frame, and A be the 
driver, find the same as regards C and A. How would you alter the gear- 
ing on B, so that C and A may rotate in the same direction while the disc 
B remains locked to the frame ? How may the driving gear of a bicycle be 
arranged bo that the vehicle may travel more slowly up-hill, while the pedal 
axis runs at the same rate as on level ground? (Hons. S. and A. Exam., 
1894.) Ans. A;- f 

11. Explain the manner in which Watt used the so-called Sun and Planet 
Wheels as a substitute for a crank and connecting-rod, and account for the 
result which he obtained. (S. and A. Exam., 1892.) 

12. What are elliptical wheels, and for what purpose are they used? 
What peculiar property of the ellipse has to be taken into account in de- 
signing them, and how are they arranged in practice? Give a sketch. 
(Adv. S. and A. Exam., 1892.) How are these wheels applied to the 
driving of cycles ? 

13. Sketch a cam for giving a bar a uniform reciprocating motion, and 
explain how you find the form of its periphery. 

14. Set out a form of cam which, when acting on a bar by uniform 
rotation, will cause the backward and forward motion of the bar to have 
an interval of rest between each. Describe some other method of obtaining 
an intermittent motion of this kind. (Adv. S. & A. Exam., 1888.) 

15. Describe, by the aid of the necessary sketches, how the circular 
motion of the driving pulley is converted into the reciprocating motion of 
the punch in an ordinary machine for punching holes in metal plates. 
Calculate the approximate maximum pressure in pounds at the end of a 
punch in cutting a hole 1 inch in diameter through a steel plate f- inch 
thick, the resistance of the plate to shearing being taken as 50,000 lbs. per 
square inch of section. (Adv. S. & A. Exam., 1894). ^4n«. '98,175 lbs. 

16. Sketch and describe what form of cam you would use when it is 
required to drive the bar both ways, (1) at right angles to the axis of the 
cam, and (2) parallel to it. 

17. Sketch a pawl and ratchet wheel as used for preventing the recoil of 
the gear. 

18. Sketch and describe some form of pawl which will drive a ratchet 
wheel during both the forward and backward strokes. 

19. Sketch a ratchet feed motion, such as is suitable for a planing 
machine, and explain the manner in which the amount of feed is regulate<L 
(S. & A. Adv. Exam., 1892.) 

20. It is sometimes useful to advance a ratchet wheel at every alterncUe 
forward stroke of the driver, instead of at every stroke, as is commonly 
the case; describe and sketch a mechanical contrivance which will give 
such a movement. 

21. Describe, with the necessary sketches, some form' of silent feed 
arrangement commonly used instead of a ratchet wheel, for advancing the 
timber in sawing machines. Explain the principle of the friction grip upon 
which such a contrivance depends. Within what limit as to deviation of 
the line of pressure from the common normal is a friction grip possible, and 
why? (Adv. S. & A. Exam., 1893.) 

2^. Sketch and describe a vertical sawmill, showing how the silent feed 
is applied. 

23. Sketch and describe an arrangement for counting the number of 
strokes or revolutions of an engine. 

24. Explain the principle of Watt's approximate straight line motion, 
commonly called a parallel motion. By what combination of linkwork is 

-^act straight line motion obtained ? Prove the geometrical proposition 
Hich the result depends. (S. & A. Hons. Exam., 1893.) 
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White's transmission dynamo- 
meter, 162 

Winch, or crab, . .219 

Wire ropes, .... 335 
„ haulage and trans- 

port, . .339 
, , — Power transmitted 

by, . , .364 

,, —Pulleys for, . . 337 

Work — Definition of, . . 3 

, , done by an elastic spring, 15 

,, ,, by an expanding 

gas.. . .21 
,, ,, by a force, . . 5 

»» >t by turning efforts 

and couples, . 40 
,, „ in elevating a body , 7 

,, ,, in elevating a body 

by a rope, . 19 
,, ,» in elevating a 

chain, . . 17 
,, ,» in raising a body 

up a rough in- 
clined plane, . 173 
„ — Graphical representa- 
tion of, . . . 12 
,, lost by friction in 

journals, . . 104 

,, lost by friction in 

toothed gearing, . 298 
,, — Principle of, . . 49 
,, ,, applied to 

machines, 5 1 , 197 
,, ,, applied to 

steam engine, 200 

,, — Rate of doing, . . 24 

,, — Units of, . . .4 

„ —Useful and lost, . 26, 50 

Working strength of ropes, . 363 

„ tension in belts, 323, 362 

Worm and wormwheel, • . 190 



BELL AND BAIN, LIMITED, PRINTEBS, MITCHELL STREET, QLASOOW. 



